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Boundary Layer in Compressible Fluids 


TH. VON KÁRMÁN апа Н. S. TSIEN, California Institute of Technology 


Presented at the Aerodynamics Session, Sixth Annual Meeting, I. Ae. S. 
January 26, 1938 


Summary 


The frst part of the paper is concerned with the theory of the 
laminar boundary laver in compressible fluids. ‘The known 
solution for incompressible fluids is extended to large Maeh's 
numbers by successive approximation. The compressibility ef- 
fect on surface friction is discussed, and the results applied to exti- 
mate the ratio between wave resistance and frictional drag of 
projectiles and rockets. In the second part the heat transfer 
between a hot fluid and a cool surface, then between a hot body 
and a cool fluid is discussed. А белега] relation between drag 
and heat transfer us function of Mach's number is given. The 
limits where cooling hecornes illusory because of the heat produced 
by friction are determined. 


Е solution of flow problems in which the density 
variable is in general very difficult; hence, every 
case in which an exact or even an approximate solution 
of the equations of the motion of compressible fluids 
ean be obtained has considerable theoretical interest. 
Several authors noticed that the theory of the laminar 
boundary layer can be extended to the case of compres- 
sible fluids moving with arbitrarily high velocities 
without encountering insurmountable mathematical 
difficulties. Busemann! established the equations and 
calculated the velocity profile for опе speed табо. (By 
speed ratio is understood the ratio of the airspeed to 
the velocity of sound.) Frankl? also made an analysis 
of the same problem, however, it is complicated and 
depends on several arbitrary approximations. The sen- 
ior author? obtained a first approximation by a simple 
but apparently not sufficiently exact calculation. 
Hence, in the first part of the present paper, a better 
method for the solution of the problem is developed. 

‘The boundary layer theory for very high velocities is 
not without practical interest; First, the statement 
can be found often in technical and semi-technical litera- 
ture on rockets and similar high-speéd devices that the 
skin friction becomes more and more insignificant at 
high speeds. Of course, it is known that with increasing 
Reynolds Number, the skin friction coefficient is de- 
creasing, ie. the skin friction becomes relatively small 
in comparison with the drag produced by wave forma- 
tion or direct shock. Since high-speed flight will be 
performed mostly at high altitude where the air is of 
very low density, so that the kinematic viscosity is 
large, the resulting Reynolds Number will be relatively 
small in spite of the high speed. 

Another interesting point in the theory of the bound- 
ary layer in compressible fluids is the thermodynamic 
aspect of the problem. In the. case of low speeds the 


influence of the heat produced in the bounday layer 
can be neglected both in the calculation of the drag 
and of the heat transferred to the wall. In the case of 
high speeds, however, the heat produced in the bound- 
ary layer is not negligible, but determines the direction 
of heat flow. In the second part of the paper a few 
simple examples of heat flow through the boundary 
layer are discussed. 

it has been found necessary in most parts of this 
analysis to make the assumption of lamipar flow. 
This assumption was found necessary because of the 
lamentable state of knowledge concerning the laws of 
turbulent flow of compressible at high speeds. 
‘This assumption is somewhat justified by the fact 
that--as mentioned above--in many problems where 
the results of this ‘paper can be applied, the Reynolds 
Numter is relatively small, so that a considerable por- 
tion of the boundary layer is probably, de facto, 
laminar. Ackeret' called attentioti to the possibility 
that the stability conditions in supersonic flow might 
be quite different from those occurring in flow with low 
velocities. The authors also believe that the stability 
criteria as developed by Tollmien and others, cannot be 
applied without modification. Finally, some conch- 
sions of the paper, as will be pointed out, are also ap- 
plicable to turbulent How. In other cases. as in the 
calculation of drag, the assumption of laminar flow 
surely gives ut-least the lower limit of its value. 


If the x-axis is taken along the plate in the direction 
of the free stream, the y-axis perpendicular to the plate, 
and w and т indicate the x aud y components of the 
velocitv at any point, then the simplified equation of 
motion iu the boundary layer із 


where both the density р aud the viscosity р are vari- 
ables. 
The equation of continuity in this case is 


o 


САРАСЫ © 


A third equation determines the energy balance be- 
tween the heat produced by viscous dissipation and the 


E 
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heat transferred by conduction and convection. With 
the same simplification as used in Eqs. (1) and (2), 
опе can write 


o о or ‘ди: 
ot eT + = ЗЫ (=) 
(3) 


where c, is the specific heat at constant pressure, and 
Ais the coefficient of heat conduction. If Prandtl's 
number, си is assumed to be equal to 1, then it can 
be easily shown that both Eqs. (1) and (3) can be 
satisfied by equating the temperature T to a certain 
parabolic function of the velocity only. This rela- 
tion between Т and u is 


тот. (T. Аида E 
rG рее wi 3) 


ч) 
where 
U = free stream velocity. 
М = speed ratio, or Mach's number of the free 
stream. 
Ту = temperature of the free stream. 
T, = temperature at the wall of the plate. 


Differentiating Eq. (4) one obtains 
LQ) -3[ 
КАСТА 


where the subscript refers to conditions existing at the 
surface of the plate. Now (ди/ду)„ is always positive; 
therefore, if (е — D/2]M* > (T,/T) — 1 heat is 
transferred from the fuid to the wall, if (к — 1)/21М% 
= (Т,/Т) — 1 there is no heat transfer between the 
fiuid and the wall, and if [(к — 1)/2|M*< (7,/7)-1 
heat is transferred from the wall to the fluid. If there 
is no heat transfer, the energy content per unit mass 
(2/2) + eT is constant in the whole region of the 
boundary layer.** 

The pressure being constant the relation between p 
and T is, 


®© 


2278 

= пт 

‘The expression for, the viscosity based on the kinetic 
theory of gases is 

ш(т/ту” а) 


However, the following formula is іп closer agree- 
ment with experimental data 


в = pol T/T) (7a) 


Busemann! calculated the limiting case for which 
lk = 1)/2]M? = (T,/T) — 1 using Eq. (7) and found 
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Tamil 
мо + 2 5 10 9 
ө 1.16 120 1% 1.39 150 1.57 


that for a high Mach's number, the velocity profile is 
approximately linear. The senior author, using this 
Jinear velocity profile, the integral relation between the 
friction and the momentum, and Eq. (7) found that 


Frictional force per unil width of plate 
(007/2) X length of plate 


aod fiu izle V 
-oyi [1+ ? м} 


‘The dimensionless quantity Ө shown in Table 1 is a 
function of Mach's number only. 
However, if Eq. (7a) is used, then 


=o yee { жые" (а) 


It is evident that this linear approximation is not 
satisfactory for small values of Mach's number. For 
М = 0, the case is the same as the Blasius solution" 
for incompressible fluids for which Ө is 1.328. 

To solve the problem more rigorously, one has to 
resort to Eqs. (1) and (2). Ву introducing the stream 
function y. which is defined by 


С = 


® 


bye -...2 
"T5 м’ әх 


the equation of continuity, Eq. (2), is satisfied auto- 
matically. Now, if in Eq. (1) V is introduced as the 
independent variable as was done by von Mises* in 
his simplification of the boundary layer equation for 
incompressible fluids, and all terms are redused to non- 
dimensional form then 


”-. ga (ureter Эш) 9 
where 
"I 
nt = n/L 
V* = (О) уро 
ot = ol 
w= aloe өз 


and L is a convenient length, say length of the plate. 
Eq. (9) can be further simplified by introducing a 
new independent variable 2 = V*/v/n*, 
t du* 


then 
= df arp E 
ads (5 *к ж 
This сап be solved by the method of successive ар 
proximations. Ав ре and и* are functions of tempera- 


(10) 
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a 


а 


osh Еш 

й $t 
Fic.2. Skin friction coefficients. (а) No heat trans- 
ferred to wall. (b) Wall temperature 1/, of free stream 
temperature. (c) von Kármán's first approximation. 


С Л 


ture only as shown in Eqs. (6) and (7) or (7a) and the 
temperature is & function of u* then by starting with 
the known Blasius’ solution* the right-hand side of 
Eq. (10) can be expressed in terms of ў. Therefore, 
опе can write 


пра? = ДО 
Consequently, the solution of Eq. (10) is 


* = ТЕ 
и* = С f 7 dr an) 
where 
РА а) 
roe (- Г 
and С is determined by the boundary condition, 
1 “г 
РЫ Á 7 d (из) 


A second approximation can be made based upon the 
value of «* obtained from Eq. (11). It has been found 
in the cases investigated that the third or fourth ap- 
proximation gives sufficient accuracy. 

Having computed the final 47, the у corresponding 
to ut can be calculated from 


y VUmjus = SF ТАҒЫ (12) 


Also the skin friction can be computed by the mo- 
mentum law, 


аз) 


The velocity profile, the temperature distribution, 
and the frictional drag coefficient are calculated for 


> 


Velocity and temperature distribution when no 
heat is transferred to wall. 


different values of the Mach's number of the free stream, 
for the case [(к — 1)/21М% = (Т,/7) — 1 using the 
approximate viscosity relation of Eq. (7a). Тһе results 
are shown in Figs. 2 and 3. The velocity profiles for 
high speeds are very nearly linear, but it can be seen 
that the wall temperature for greater Mach's numbers 
is very high. If the free stream temperature is 40°F., 
then the wall temperature will be 1600°F., 3620^F., 
6540°F., and 10,170°F, for Mach's numbers of 4, 6, 8, 
and 10, respectively. Therefore, there is no doubt that 
the law of viscosity as expressed by Eq. (7a) will not hold. 
Also at such high temperatures, the heat transfer due 
to radiation cannot be neglected. Therefore, the re- 
sults for extreme Mach's numbers are qualitative dnly. 

The change in the constant СВ is appreciable, 
but not great. It decreases from 1.328 for M = 0 
to 0.975 for М = 10, or about 30 percent. However, 
for 0 <M <3 the change of the constant is very small." 

Fig. 2 also shows that Eq. (82) which was obtained 
by using the linear approximatiorrs fairly accurate for 
very high Mach's numbers. 

As examples, consider first a projectile and second, a 
wingless sounding rocket. Taking the diameter of the 
Projectile to be 6 in., the length 24 in., the velocity 
1500 ft./sec. and the altitude 32,800 ft. (10 km.), then 
the Reynolds Number based on the total length is 
7.86 X 10* and the speed ratio is 1.52. From Fig! 2 
the skin friction coefficient is 


Су = (1.286 X 107)/4/7.86 = 0.000459. 


Changing the skin friction coefficient’ (based on the 
skin area) to the drag coefficient (based on the maxi- 
mum cross-section), one obtains 


Cp, = 0.0055. 


or THE 
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fic. 4. Velocity and temperature distribution when the 
wall temperature is 1/ of the free stream temperature, 


The drag coefficient due ta wave formation taken from 
Kent’s experiments? is 


Cp, = 0.190. 


Therefore, the ratio of skin friction to wave resistance 
is 0.0053/0.190 = 0.029. 

However, the ratio is greatly changed in the case of 
the rocket. Taking the diameter of the rocket to be 9 
in., the length 8 ft., and the altitude of flight 50 km.* 
(164,000 fL), the velocity 3400 ft./sec., then the Rey- 
nolds Number based on a density ratio at that altitude 
of 0.00067 and temperature 25°C. (deduced from data 
on meteors) is 6.14 X 105, and the speed ratio is 3.00 
From Fig. 2, the skin friction coefficient is 


C, = азиз X 1073//1LÀ = 0.00360. 
Then 


Co, 


= 0.123. 


* The hydrodynamic equation holds so long as the mean free 
path of the molecules is small in comparison with the thickness 
of the boundary layer. For this case the thickness of the 
boundary layer is zero at the nose, however, et a distance 2/) of 
the length of the rocket it already amounts to 3 2 esi., while the 
calculated mean free path of the air molecules at the alritude 
considered is about 1.1 X 19-tem. Hence it appears that even 
for this case the theory can be safely applied. This conclusion 
i» substantiaied by the experimental results of Н. Ebert in 
“Darstellung der Stromungsvortinge von Gasen bei netdrigen 
Drucken mittels Reynoldsscher Zahlen," Zeuschrift für Physik, Ва 
85, S 561- 564, 1933. 
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"The drag coefficient due to wave formation from Kent's 
experiments? is 


Cp, = 0.100. 


‘Therefore, the ratio of skin friction and wave resistance 
is now 0,123/0.100 = 1.23. If the boundary layer is 
partly tutbulent, the ratio will be even greater. This 
shows clearly the importanct of skin friction ій the 
case of a slender body moving with high speed in ex- 
tremely rarefied air. It also disproves the belief that 
wave resistance would always be’ the predominating 
part in the total drag of a body moving with a velocity 
higher than that of sound. , The reason underlying this 
fact can be easily understood when one recalls that the 
wave resistance of a body is approximately directly 
proportional to the velocity, while the skin friction is 
proportional to the velocity raised to а power between 
1.3 and 2. Therefore, the ratio of skin friction to wave 
resistance increases with the speed. With very high 
velocities and high kinematic viscosity, the wave re- 
sistance may even be a negligible portion of the total 
drag of the body. 


1n order t» point out the thermodynamic aspect of the 
problem two cases will be considered: the flow of a hot 
fluid along surface which is kept at a constant tempera- 
ture inferior to that of the fluid, and the case of a hot wall 
cooled by a fluid of Jower temperature. The problems 
treated in this part have been discussed before in two 
very interésting papers by L. Croeco.* He especially 
gives an elegant treatment of the cooling problem in. 
the case of very high velocities ("Hyperaviatipn"). 
"The authors feel that their treatment is somewhat more 
generat and extended than Crorco's previous analysis. 

An interesting general relation between the heat 
transferred through the wall and the frictional drag can 
be obtained using the assumption that Prandt!'s num- 
ber, іг, the ratio сри/Х, is equal to unity. The same 
assumption was used also in the previous calculations. 
Tt is remarkable that the relation holds also as well for 
laminar as for turbulent flow. The heat flow рег unit 
time and unit area of the wall surface is 


4 = 4ӘТ/Әу),. 
and the frictional drag r per unit area is 


us (Quy). 


Using Eq. (4) the ratio ф/т can be calculated from the 
relation 


чп ( = ғ) 
XU R) + 
vhere Ty is the absolute temperature, and U the velocity 


of the fluid in the free stream, Т„ the absolute tempera- 
cure at the wall, A, and uy are the heat conduction and 


an] (14) 


BOUNDARY LAYER 


viscosity coefficients of the Auid corresponding to the 


wall temperature aud М denotes Mach's number. 
‘Substituting M = 0 one obtains from Eq. (14) 


а M = Te ol 
tT mw U 


‘This is the relation known as Prandtl's or G. 1. Taylor's 
formula, first discovered by O. Reynolds. Hence Eq. 
(14) gives the correction of this resült for compressi- 
bility effects. 

lu the case T, > 7,,1.6., when the wall is colder than 
the free stream, the effect of compressibility is to in- 
crease the heat transferred througir the wall. However, 
it would be erroneous to interpret this result as ан 
"improvement" im cooling because at high speed the 
heat produced in the boundary layer is of the same order 
as the heat transferred through the wall. ln order te 
determine the efficiency of the cooling a complete 
heat balance must be made. For this purpose Eq. (I 
does not give sufficient information and the velocity 
and the temperature distribution in the boundary layer 
must be computed. Such calcuiations were carried out 
for the particular assumption T, = 1/4, ie, for the 
particular case in which the absolute temperature of 
the wall is kept constant at a value equal to one-fourth 
of the temperature of the hot fluid. With the same as- 
sumption for the variation of и as in Part 1, the те 
sults shown in Fig. 2 aud Fig. 4 were obtained. The 
variation of C; /R with АГ is similar to that obtained 
in the case without heat conduction through the wall. 
Also the highest temperature in (he bomndary layer is 
very high ior exireme Mach numbers. However, the 
temperature maximum occurs some distance from the 
wall. к 

The heat transferred from the boundary laver to the 
wall can be calculated as follows: 

‘The initial slope of the velocity profile is equal to 


(8) -EY& (н) ка 
ày. Гу m 
By differentiation of Eq. (4) the relation between the 
velocity slope and the temperature gradient can be ob. 
tained. Using Eq. (7a) and substituting Eq. (16) into 
Eq. (5) then. 


(97/05), = KTV RAL 


(15) 


uo 


un 
where 


K = (4-7/2)00.75 + [< - 0/214) УКС) 


Therefore, the heat transferred to a strip of unit width 
of the wall of length L per unit time is equat to 


eft. 2OREMDAR f^ de 
es f OZ) = - Сэр Rf 


бг approximately 


0 Kx TR 


where K is given in Table 2. 


ая 


IN COMPK 


SSIBLE FLUIDS mc 


[s 


E 


еа: =- 
27772 «$9 вю 


Fie. Heat balance when the wall temper 
= the free stream temperature, 


ure in fa of 


“TABLE 


"The total heat balance is shown iu Fig. 5. The " 
sipation” curve represents in dimensionless form the 
heat produced by friction per unit time and unit width 
of the plate. "The lower curve shows the increase (or 
decrease) of the heat content per unit time and unit 
width, The difference of the ordinates corresponds to 
the heat transferred through the wall. It is seen that 
cooling takes place for M < 2.6. Beyond this limit more 
heat is produced by friction than the amount which 
can be transferred to the wall and. as a matter of fact, 
the fluid is heated. 

In the case Т, > Jo бе, when the wall is hotter 
than the free stream, the ratio between the heat trans- 
fer and the drag decreases with increasing Mach's 
number. This is shown in Fig. 6 where the ordinate 
represents the ratio between 4/: with compressibility 
effect (according to Eq. (HD) to g/r without com- 
ptessibility effect (according to Eq. (15). The caleu- 
lation was carried out for a gas temperature of — 55°F. 
and a wall temperature of 180°. and 30026. It is 
seen that there is по cooling in the former case for М = 
1.69 and in the latter case for M = 2.08. However. 
the decrease of cooling efficiency is appreciable even 
at much lower speeds. This emphasizes the benefit 
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Рю. 6. The effect of high speed on cooling efficiency. 


of the reduction of the speed of cooling air and the 
relatively poor efficiency of cooling surfaces exposed 
directly to a high-speed airstream. The curves in Fig. 
i being derived from Eq. (14) apply to laminar as well 
as to turbulent motion. 
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Зоммлву 


A first approximation is obtained for the side force or the lift 
of a body of revolution inclined іп а supersonic How from the 
linearized equation of metion of compressible fluids. It is shown 
that the lift at any fixed Mack's number is directly proportional to 
the angle of attack of the body. The case of the cone is calculated 
in detail and a general method using step-wise doublet distribu- 
tion is developed for a pointed projectile. 


ІНЕ aerodynamic forces acting on a projectile can 

be divided into three parts: the resistance or 
drag in the direction of the axis of the body, the lift 
іп the direction perpendicular to the axis of the body, 
and the forces due to the rotation of the body (Máguus 
eficct). The first component, the resistance, is, of 
course, the most important one, because it is the pre- 
dominating factor in determining the range of the pro- 
jectile. However, in the case of an actual projectile, 
inclination and rotation are always present, and, there- 
fore, accurate calculation of range is impossible without 
considering the second and thitd components of acro- 
dynamic forces, £.e., the lift and the forces due to rota- 
tion of the body. von Kármán suggested that his 
method of sources for the linearized hydrodynamical 
equation of axial flow! over a slender body of revolution 
can be gencralized to the case in which the projectile 
is inclined to the flight path. This is carried out in the 
present paper. Strictly speaking, the solution is ap- 
plicable only to a very slender body inclined at a small 
angle to the flight path, because second order quantities 
of the disturbance due to the presence of the body 
are neglected.’ However, for the case of axial flow 
over a cone, von Kármán-Moore's first approximation? 
differs very little from the exact solution of Taylor and 
Массой? for vertex angles up to 40°. Therefore, it is 
expected that the first approximation of the lift force 
as obtained in this paper can be applied to a pointed 
projectile with fair accuracy. This is substantiated by 
the example shown at the end of this paper. 

H ф 5 the potential of the small disturbance velocity 
due to the presence of a body of revolution whose axis 
coincides with the x-axis, then the linearized equation 
of motion of compressible fluids in cylindrical çoordi- 
nates x, r, and біз 


yn d'e 
Сев 
In this equation, V is the velocity of the undisturbed 
flow fot which the veiocity of sound is с. If the direc- 


1% 
Ж 1 


| 
о 10 0 


in ЕТІ 0) 


Fi. d 


tion af the undisturbed flow coincides with the axis of 
the body, then $ is independent of 0, and Eq. (1) re- 
duces to 


о 
3% 0 


= ө) 


( E 2) Fey ls 
dió) rr 
The solution of this equation when the velocity of 
the undisturbed flow is greater than the velocity of 
sound, is the same as that for a two-dimensional wave 
diverging from a center. It was obtained by Levi- 
Civita‘ and by H. Lamb. von Kármán and Moore! 
applied it to the present case and showed that it can be 
expressed as a source distribution given by the potential 


° 
ne ГА fale ~ ar cosh нін 
—Ó 


where a = 'VÁV/c! — 1. Analogy with a similar 
case of flow of an incompressible fuid leads one to ex- 
pect the solution of Eq. (1) to be a doublet distribution 
given by the potential 


(3) 


f (e ar cosh и) cosh u du (4) 
actor] 


This can be shown to be true, because, if the solution of 
Eq. (1) is of the fortu. 


фа = cos 8 Р(х, r) 
then Eq. (1) reduces to 


AF, dF ӘР F 
„зук у лок oe К 
C 2) Fe ae a я un 


Differentiation of Eq. (2) with respect to r gives 
-9 = (24) +12 (8) + > (2) - 
( 2 ЕЕЕ Or? Хә». 
1 (28) _ 
Leo ew 


Comparing Eq. (1a) with Eq. (2a), it is easily seen that 
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SUPERSONIC FLOW OVER A BODY OF REVOLUTION 


Eq. (4) is a solution of Eq. (1). The function f has to 
be determined by the boundary condition 


2 


-a Да-а cosh к)совћ? udu (5) 
oriri) 

where s, is the normal component of the velocity V 
of the undisturbed flow, and R is the radius of the body. 
The complete solution of flow over ал inclined body of 
revolution is then obtained by superimposing a cross- 
flow upon an axial flow, 4.2., ф = фу + ¢ This solu- 
tion was also suggested independently by C. Ferrari." 
From the velocity potential ¢, one can calculate the 
pressure distribution over the body and then the aero- 
dynamic forces. . However, since the theory is based 
upon the linearized equation, the cross product terms 
of derivatives of à, and 4 in the pressure calculation 
can be neglected. Therefore the following simplifica- 
tion results: The resistance or drag can be calculated 
from the axial flow alone and the lift can be separately 
computed from the cross flow. Since the resistance 
жаз calculated before,! the following treatment is con- 
cerned only with the lift force. Retaining only first 
order terms, the litt acting in a direction perpendicular 
to the axis of the body and the moment about the ver- 


tex are thus. 
Lo f [эче 
д 
of ГӘ е 
~? ре I 6) 
wr f^ f ae roost dddx (6) 


M =f fretis 
h h 
y f [a 
wi ff 26 ar cos 0 do de 


where Ap is the difference between the pressure at 
the surface of the body and that of the undisturbed 
flow and p is the density of the fluid in the undisturbed 
flow. 

Eq. (5) is a non-homogeneous linear integral equation 
in f which does not have a general solution of simple 
form. However, it is interesting to see how Eq. (5) 
ics in the limiting case when the radius of body 
approaches zero. It is convenient here to use Ẹ = 
x — ar cosh и аз the independent variable, then Eq. (5) 
becomes 


_1 fe f6- Du 
ТЕЛ o Ve-BP-aom 


M c MANUI. 
"uf me-on- Lf mes 


(52) 


where /(0) is put equai to zero, assuming that the pro- | 


jectile Ваз a pointed nose. Since the cross-sectional 
area of the body of revolution is $ = «R', Eq. (5a) gives 


Дх) = (в/к) (45/4х) т” 
Substituting into Eq. (6), the lift force is then 
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EM {ә 
L= sv f f eie MS ану, 
d к dx 


"where A, = area of the base section of the body. 
Hence the lift coefficient can be evaluated as 


bo t, 
ЕНЕРІ 


in which у = angle of attack of the Боду. 

The moment arm d, ie, the distance between the 
point of application of the resultant lift force and the 
vertex can be obtained by dividitig the moment com- 
puted from Eq. (6) by the lift force, and thus 


d = {А, ~ (n/A) i (9» 


where А, = area of the mean section of the body, 
ie., the volume of the body divided by its length, J. 

The results of Eq. (8) and Eq. (9) are identical to 
those found in Munk's theory of airships.’ At first 
sight, this might be surprising. However, if the radius 
of the body approaches zero as assumed, the cross- 
flow pattern is the same as that for an infinitely long 
circular cylinder moving with its exes perpendicular to 
the flow. Therefore, in every plane perpendicular 
to the axis of the body; the flow can be considered as two 
dimensional, i.e., it is independent of the variable x. 
Hence Eq. (1) reduces simply to 


с, aha [5] 


дф 1% 10% 
ant. sw dm 


This is immediately recognized as the equation of mo- 
п for two-dimensional flow of incompressible fluids, 
which is the basis of Munk's theory. 

Due to this two-dimensional character of the flow, 
the distribution of doublets is not effected by the change 
in Mach's number, which is only connected with the 
independent variable x, and, therefore, the lift co- 
efficient and the moment arm аге also independent of 
Mach's number as shown by Eq. (8) and Eq. (9). 
‘This can also be scen from the (act that when r ap- 
proaches zero, the variable £ = (x — оғ cosh и) —x 
and thus the effect of а, which is a function of Mach's 
number, is removed. To study the effect of Mach's 
nuniber on the lift of the body, one has to go back to 
Eq. (5). To avoid the difficulty of solving this integral 
equation, the “indirect method" of solution can be em- 
ployed, i.e., take a function f and determine the neces- 
sary shape of the body to comply with this function f. 

Taking the simplest case 


Дх — ar cosh u) = K(x — ar wsh a) 


where К = а constant. Then 


ae EIU (x ~ ar cosh и) cosku du 
Em 


= ем ұу E: 
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And the boundary condition reduces to 


EGG nim G9) 


Therefore, the solution, Eq. (4a), is evidently a solution 
for a cone with half vertex angle е, if cot e = (x/R). 
By putting (cot «/a) = Г the boundary condition can 
be written in the form 


m 


э = (aK ОМ — i+ cosh-!p] — (5b) 


For any given value of vertex angle and Mach's num- 
ber, the corresponding value of K can be obtained from 
Eq. (55). Then the lift. coefficient can be calculated 
by using Eq. (6)-and it is found io be 

С, = Ку (10) 
where Кү = ХУЙ — ІДУ — 1+ osh p. 
In the limiting case when е approaches zero, Ki — 2 
which agrees with Eq. (8). Similarly from Eq. (6) the 
moment coefficient is 
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Moment about Vertex 2 


Cy cag Kẹ QD 


(o/2) Vt А,1 


which satisfies Eq. (9). 

Both Eq. (8) and Eq. (10) show that the lift at a 
given Mack's number is proportional to the angle of 
attack of the body. This is a general characteristic 
of flow around a body without separation. If the 
fluid separates from the body and creates a “dead 
water" region on the lee side of the body, then the lift 
will be proportional to the square of the angle of at- 
tack as was shown by W. Bollay* The problem, 
whether the fluid separates or not, can only be answered 
by experiments. From the experimental data now 
available,’ it seems that the flow is continuous without 
separation, and, therefore, the lift is proportional to the 
angle of attack of the body. 

Fig. 2 is the result of computation using Eq. (10). 
Calculations were carried out for values of К, 2 I. 
because the value of К, = 1 corresponds to e = f, 
where is the wave angle. For K, < 1 it is found that 
B < є This means that the wave angle is smaller than 
the vertex angle which is, of course, impossible. There- 
fore, K, = ! marks the limit of validity of this solution. 
In fact, even when Кү is near to 1, the solution must be 
considered as qualitative only, since in this region the 
effect of the surface of the body on the shock wave 
cannot be neglected. 
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To generalize the solution for a body of revolution with a sharp point at the origin and cylindrical shape at 


infinity, it is simplest to use a step-wise doublet distribution. Consider the points P,, Ps, 
the meridian line of the body, and designate their coordinates by аз, Ri; zo Res 2 
.. be Then the boundary condition of Eq. (5) can be 


the corresponding values of x — aR by b fs. 
written as 


m 


Py... Py ot 
Ry and 


XV Қ. 
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aR, aR, 


This condition actually gives a set of N equations to determine the N-constants К, This set of equations сап be 
solved rather easily because each following equation in the set only contains one more K; which does not appear in 


the preceding one of the set. 
moment coefficients are thus obtained as 


іле АУ 


PEL 


Ln 


ak, 


When Ks are detersiined, the lift can be calculated by using Eq. (6) The lift and 


СЕВ 


ae OE) 


aR, 


Cae ao * a+ выт i E at 


Оза (а + 5) 
Ry i 


R, 


where Py is the last point on the meridian line, Ry is the base radius, and / is length of the body. 


Fig. 3 is the result of the calculation using Eq. (12) 
for a body of revolution with "6-caliber head” and total 
length of 4.8 calibers, when it is traveling with a ve- 
locity 2.69 times that of sound (a = 2.5). The lift 
coefficient is considerably higher than that of a cone at 
the same angle of attack and at the same Mach's 
number, evidently due to the cylindrical part of the 
body. The position of the resulting lift force is also 
shown in the figure. Since, as mentioned before, lift 
and drag are independent in the first order approxi- 
mation, the calculated lift coefficient can. be combined 
with the drag coefficient taken froni experiments and 
thus give some information on the magnitude and di- 
rection of the resulting force. Fig. 4 shows the method 
applied to this projectile with the drag coeficient takca 
from Kent's experiment.” 

If the projectile has a length of 4.34 diameters in- 
stead of 4.8 diameters and has the same nose shape, and, 
if its center of gravity is located at a point 2.68 diame- 
ters back of the nose, then the calculated moment about 
the center of gravity сап be expressed as M = pV? X 
RyWf(V/o) where f(V/c) = 9.35 for (Т/с) = 2.69. 
This compares closely with the value f(V/e) = 10.7 
extrapolated from R. H. Fowler's experiment, for a 
projectile of the same proportions. This shows that 
the theory developed in this paper can be applied to a 
projectile with fair accuracy. 

The author expresses his gratitude to Professor Th. 
von Kármán for suggesting the subject and for his 
frequent help during the course of the work. 
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PART (I) 
BOUNDARY LAYER IN COMPRESSIBLE FLUIDS 


The solution of flow problems in whioh the density 
is variable is in general very difficult; hence, every case 
in which an exact or even an approximate solution of the 
equations of the motion of compressible fluids oan be obtained 
has considerable theoretical interest. Several authors noticed 
that the theory of the laminar boundary layer can be extended 
to the case of compressible fluids moving with arbitrarily high 
velocities without encountering insurmounteble mathematical 
difficulties. Busemann (Ref. 1) established the equations and 
calculated the velocity profile for one speed ratio. (By speed 
ratio is understood the ratio of the airspeed to the velocity 
of sound.) Frenkl(Ref. 2) elso made ап analysis of the same 
problem, however, it is complicated and depends on several 
arbitrary epproximations, Von Karman (Ref, 3) obtained a 
first approximation by a simple but apparently not sufficiently 
exact calculation. Hence, in Seotion (I), & better method for 
the solution of the problem is developed, 

The boundary layer theory for very high velocities 
is not without practical interest, First, the statement cen 
be found often in technical and semi-technical literature on 
rockets end similar high-speed devices that the skin friction 


becomes more and more significant at high speeds. Of course, 


-l- 


it is known that with increasing Reynolds Number, the skin 
friction coefficient is decreasing, i.e., the skin friction 
becomes relatively smal] in comparison with the drag produced 
by wave formation or direct shock. Since high-speed flight 
will be performed mostly at high eltitude where the air is of 
very low density, so that the kinematic viscosity is lerge, 
the resulting Reynolds Number will be reletively small in 
spite of the high speed. 

Another interesting point in the theory of the 
boundary leyer in compressible fluids is the thernodynenic 
aspect of the problem. In the case of low speeds the in- 
fluence of the heat produced in the boundary layer can be 
neglected both in the calculation of the drag and of the heet 
trensferred to the well. In the cese of high speeds, however, 
the heat produced in the boundary layer is not negligible, 
but determines the direction of heat flow. In Section (II) 

& few simple exemples of heat flow through the boundary 
layer are discussed, 

It hes been found neoessary in most parts of this 
analysis to mske the essumption of leminer flow, This assump- 
tion was found necessary because of the lamentable state of 
knowledge concerning the laws of turbulent flow of compressible 
fluids at high speeds, This assumption is somewhat justified 


by the fact that - as mentioned above - in many problems where 
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the results of this paper can be applied, the Reynolds Number 
is relatively small, so that a,considerable portion of the 
boundary layer is probably, de facto, leminar. Ackeret (Ref.l) 
called attention to the possibility thet the stebility 
conditions in supersonic flow might be quite different from 
those occuring in flow with low velocities. 

Recently Küchemann (Ref.5) studied the stability 
of е linear profile near а wall under small sinuous disturbance, 
and shown thet as the velocity ratio increases, the flow is 
unsteble at increasing wave length of disturbance, However, he 
assumed that the gas is non-viscous and the sound velocity is 
constent. Both assumptions tend to limit the usefulness of the 
theory, especially the later опе; Because the constancy of 
velocity of gas implies the constancy of gas temperature, which 
unfortunately is fer from the truth for a perfect gas as will 
be shown in later celouletions of this section. In spite of 
these uncertainties, some calculations of this section, es 
will be pointed out, are also applicable to turbulent flow. 

In other eases, аз in the calculation of drag, the assumption 
of laminar flow surely gives at least the lower limit of its 
value, | 
Section (1) 
If the Х -axis is taken along the plate in the 


direction of the free stream, the 7 -axis perpendicular to the 
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plate, and И end Y indicate the X and Y components 
of the velocity at any point, then the simplified equetion of 


motion in the boundary leyer is P^ Alden on, pew. 
д д _ 2 24 ; 
Po + pr ig = зу PR) a: 


where both tne density and the viscosit ere variebles. 
y y 


The eguation of continuity in this case is 
3 Pa) + # Pm) -0 (1.2) 


A third equation determines the energy balance between 
the heat produced by viscous dissipation and the heattrensferred 
by conduction end convection. With the same simplification as 


used in Eqs.(1.1 and (1.9), one can write 


2 2/ 2/2 way 
2 (с. 2/6 т) = 2a E) ru ( 8) 
fuss (GT) 49059 ТИ 
(1.5) 
where Ср is the specific heat at constent pressure, and А, 
is the coefficient of heat conduction. If Prendtl's number, 
0, A is assumed to be equal to 1, then it can be 
easily shown that both Eas. (1.1) end (1.3) can be satisfied by 
equating the temperature T to в certain parabolic function of 


the velocity № only. Indeed, introducing $7 = Жи) 


clie 


into equation (1.3) and replacing 2 by же , one 


obtains 


ол - Жа ОГТ В 


Hence Bq. (1.3) is reduced to Eq. (1.1) if Аш) = -f 


or 


GT- Ga tu- Ф 


where [^ i Ü аге constants, Denoting the wall 


temperature ( l7] by dy and remembering that 


T= 7, for = U where (/ = free 


stream velocity, C G can be expressed ir terms 
2 


et 75 end 


of poche fy. #. 
EBB EHD 


(1.4) 
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Differentiating Eq. (1.4) oneobteins 
ALT) uif 2 
7, 0) = Г - 2), (15) 


where the subscript yf refers to conditions existing at the 
surface of the plate. Now (32/24), is alweys 
positive; therefore, if Еру >( 2/5) -7 


heat is transferred from the fluid to the wall; if 


[Uwe] = Tela -1 


there is no heat trensfer between the fluid and the well; and 


[t6] < afri 


heat is trensferred from the well to the fluid. If there is 


if 


xo heat transfer, the energy content per unit mass 


(02/0) р GT is constant in the whole 


region of the boundary layer. (Ref.6) 


The pressure being constant the relation between 


f and p is, 


ҙ- 5-2- ‚ бё 
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surface of the plate. Now (32/24), is alweys 
positive; therefore, if Еру >( 2/5) -7 


heat is transferred from the fluid to the wall; if 
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there is no heat trensfer between the fluid and the well; and 


[t6] < afri 


heat is trensferred from the well to the fluid. If there is 


if 


xo heat transfer, the energy content per unit mass 
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The pressure being constant the relation between 


f and p is, 
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The expression for the viscosity based on the kinetic theory 


of gases is 
E 
pef Eg) ат 


However, the following formule is in closer agreement with 


experimental deta 
226,948 
be A( 1 | (1.76) 


Busemann (Ref. 1) calculated the limiting case for 


och [qe] = (ут) -/ using Eq. 
(1.7) and found that for & high Mach's number, the velocity 
profile is approximately linear. Von Karman (Ref. 3), using 
the linear velocity profile, the integral relation between 


the friction and the momentum, and Eq. (1.7) found that 


f (РОЈ) x length of plate 


olf. BL „7? d (1.8) 
- 0, Wale = 


The dimensions quantity (£) shom in Teble (1.1) is a 


C Frictional drag per unit width of plate 


function of Mach's number only. 


However, if Eq. (1.78) is used, then 


ПЕ -а72 
te o |L [t | 
G 9 ол 2 (1.82) 
Teble 1.1 
М о 1 2 5 10 45 
О 146 1,20 1.058 1.39 1.50 1,57 


It is evident that this linear appromiation is not 
setisfactory for small values of Mach's number. For 27 TO AS, 
the case is the same as the Blasius solution (Ref. 7) for in- 
compressible fluids for which O is 1.328. 

To solve the problem more rigorously, one has to 
resort to Eqs, (1.1) and (1.2). By introducing the stream 


function |) which is defined by 


£u- 2% 
$47 27 


, 
the equation of contimity, Eq. (1.2), is satisfied automatically. 
Now if in Eq. (1.1) y is introduced as the independent 

variable as was done by von Mises (Ref. 8) in his simplification 


of the boundary leyer equation for incompressible fluids then 
2 = _2. EN NE ES НРА 
ж. $^ 3p, dr 57% 
where У, is а coordinate measured in normal direction to 
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q^ coordinate. Using these new coordinates, the following 


relations exist 
Qu — 24 
Ma 7 Ер 
therefor Ед. (1.1) can be written as 
bh 2 Of Sy 04 
24. еі “tp (1.98) 


Eq. (1.98) can be put into non-dimensional form by 


introducing the following set of new quantities: 


ute ut 

nt = ML (1.9) 
yt = OL SUL Ж, = Yi АЖ 

gta gg 


* = 
А-А 
where L is & convenient length, say length of the plete, 


and Д is the corresponding Reynold's Number, then Eq. (1.98) 


becomes 


# # 
a 2 22. ж.ж, OU" 
aut op С DA ay (1.9) 
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Eq. (1.9) can be further simplified by introducing 
а new dependent variable б = y* ут , then 
с dut d [bor dut 
2 at 46 (ut su 42) (1.10) 


This can be solved by the method of successive 


approximations. As p and ж ere functions of temperature 
only as shown in Eqs. (1.6 and (1.7) or (1.7a) and the temper- 
ature is a function of u* then by starting with the mown 
Blesius' solution (Ref. Т) the right-hand side of Eq. (1.10) 


can be expressed in terms of 6 . Therefore, one can write 


ғ 
ийри? #6) and Eq. (1.10)becomes - $4 о] 


Consequently, the solution of Eq. (1.10) is 


S eur 


2 ў 
ur = МЕЗІ where fea c d с 


(2.11) 
and С is determined by the boundary condition that st Ç= оо 
#_) / 3 НЕ 
= ss a (1.11a) 
2 с р f © * 


In the actual computation, two methods of evaluating 
the integrals in Eqs.(1.11) end (1.118) are used. For small 
values of б, € «042 , the function 44 and 

ж) are expanded in a power series of e . Due to 


the uniform convergence of the power series for sufficiently 
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mall values of Z , the integration is carried out term by 
term. For values of € >02 , numerical integration ів 
used, 

A second approximation can be made based upon the 
value of ДЖ obtained from Eq. (1.11). It has been found 
in the cases investigated that the third and fourth approxima- 
tion gives sufficient accuracy, if the velocity profile of next 
smaller Mach's number is used as the starting point of calculet- 
ing the velocity profile of next larger Mach's mmber. 

Having computed the finel — уу ж ‚Че Y 
corresponding to u* can be calculated in the following 
way: 


It is known from Eg. (1.95) that 


и. ти 
Іт (> 
Then remembering the definition of ГА з опе has 
_%& AR ож ж 
ay* Wr к 


However due to the small slope of streem lines, 


47 *- (28 4m (1.122) 


С 
үз MB p. + 2 4 
Ee (1.12) 
Here the expansion of рғы in в power 


series for smell values of © is especially useful due to the 
singularity of integrand at б. =0 . 


The skin friction can be computed by using momentum 


Drag = D- / [tiro 


Using Eq. (1.128), on has 


law, i.e., 


ля L & 
224 NR ре 
D= [es № [owt 
el 
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But N= a sae therefore 


Thus the 


skin friction coefficient can be computed as 


D ИСА 


G 7 END fA (2.33) 


The velocity profile, the temperature distribution, 
end the frictional drag coefficient are calculated for different 


values of the Mach's number of the free stream, for the case 
2 
[9-02 ЈМ? = (L/2)- 7 


using the approximate viscosity relation of Eq. (1.72). The 
results are shown in Figs. 1,2 and 1.3, The velocity profiles 
for high speeds are very nearly lineer, but it can be seen that 
the well temperature for greater Mach's numbers is very high. 
1f the free stream temperature is LOCF., then the wall tempera- 
ture will be 1600°F., 3620°F., 6540°F,, and 10,170°Р. for 
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Mach's numbers of 4, 6, 8, and 10, respectively. Therefore, 
there is no doubt that the lew of viscosity as expressed by 
Eq. (1.78) will not hold. Also at such high temperatures, the 
heat transfer due to radiation cannot be neglected. The effect 
of radiation will be the equalization of gas temperature. In 
the extreme case of complete equalization, the temperature 
will be constant throughout the layer and due to the assumed 
constant pressure throughout the field, the density and viscosity 
of ges will be elso constant throuhgout the field. Then the 
velocity profile will be again thet calculated by Blasius for 
incompressible fluid. By this reasoning, the actual velocity 
profile for lerge Mach's number when radiation cannot be 
neglected is something between the Blasius profile өле that 
shown in Fig. 3. 

The change in the constant G ГЕД ів 
appreciable, but not greet. It decreases from 1.326 for 

JM =0 00.975 tor М = 70 , or about 30 
percent. However, for Q< M< 3 the chenge of the 
constant is very small. 

Fig. 1.2 also shows that Ед. (1.88) which was 
obtained by using the linear approximation is fairly accurate 
for very high Mach's numbers. 

| As examples, consider first а projectile and 


second, а wingless sounding rocket. Taking the diameter of 


ITE 
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the projectile to be 6 in., the length 2l ine, the velocity 
1500 ft./sec, and the altitude 22,800 ft. (10 km.), then the 
Reynold's Number based on the total length is 7,86 X 10° 
and the speed ratio is 1.52. From Fig 1.2 the skin friction 


coefficient is 


G = (1.286 x 107)/ ,/7.86-0.000159 


Changing the skin friction coefficient (based on the skin 
area) to the drag coefficient (based on the maximum cross- 


section), on obtains 

Cop = 0.0055 
The drag coefficient due to wave formation taken from Kent's 
experiments (Ref. 9) is On, = 0,190 
Therefore the ratio of skin friction to wave resistance is 
0.0055/0.190 = 0.029. 

However, the ratio is greatly changed in the case 
of the rocket. Taking the diameter of the rocket to be 9 in., 
the length 8 ft., and the altitude of flight 50 km. (see 
Appendix) (161,000 ft.), the velocity 3400 ft./sec., then the 
Reynold's Number based on a density ratio at that altitude of 
0.00067 and temperature 2596. (deduced from data on meteors) 
is 6.14, x 1», and the speed ratio is 2,00. From Fig. 1.2, 
the skin friction coefficient is 

G — (1.213 х 10°), = 0.00360 


ты 
2% C = 0.123 


24 
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The drag coefficient due to weve formation from Kent's experiment 
(Ref. 9) is 
б, = 0.100 

Therefore, the ratio of skin friotion and w&ve 
resistance is now 0.123/0.100 = 1.23. If the boundary layer 
is partly turbulent, the ratio will be even greater, This 
shows clearly the importance of skin friction in the case of a 
slender body moving with high speed in extremely rarified air. 
It also disproves the belief that wave resistance would always 
be the predominating part in the total drag of a body moving 
with a velocity higher than that of sound. The reason under- 
lying this fact can be easily understood when one recalls that 
the wave resistance of a body is approximately directly pro- 
portional to the velocity, while the skin friction is proportional 
to the velocity raised to a power between 1.5 and 2, Therefore, 
the ratio of skin friction to wave resistance increases with the 
speed. With very high velocities end high kinematic viscosity, 
the wave resistance may even be a negligible portion of the 
total drag of the body. 

Section (11) 

In order to point out the thermodynamic aspect of 
the problem two cases will be considered: the flow of a hot 
fluid along в surface which is kept at a constant temperature 


inferior to that of the fluid, and the case of a hot wall 
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cooled by а fluid of lower temperature. The problems treated 
in this part have been discussed before in two very interesting 
papers by Le Crocco (Ref. 6). He especially gives an elegant 
treatment of the cooling problem in the case of very high 
veloeities ("Hyperavietion"). The author feel з that his treat- 
ment is somewhat more general and extended than Crocco's previous 
analysis. 

, Ап interesting general relation between the heat 
transferred through the wall and the frictional drag can be 
obtained using the assumption that Prandtl's number, i.e., the 
ratio aufa » is equal to unity. The same 
assumption was used also in the previous calculations. It is 
remarkable that the relation holds also as well for leminar ав 
for turbulent flow, The heat flow 2 per unit time and unit 
area of the wall surface is 

2 = diy (27729), 


and the frictional drag 7 per unit area is 


т-д, (24/24), 
Using Eq. (1.4) the ratio 4/T can be calculated from 


the relation 


7701-6), 07 
a o 2), 21м] (ak) 


where 7 is the absolute temperature, and U the 


velocity of the fluid in the free stream, Ушу the absolute 
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temperature at the wall, Ay end Ayr are the heat con- 
duction and viscosity coefficients of the fluid corresponding 
to the wall temperature and м denotes Mach's number, 


Substituting 77-0 one obtains from Eq. (1.14) 


f= Ла Gl, eu) 
T hy U as ale (3.15) 


This is the relation known as Prandti's ог б. І. Taylor's 
formule, first discovered by O. Reynolds. Hence Eq. (1.1) 
gives the correction of this result for compressibility effects. 
In the case % D p i.e., when the wall 
is colder then the free stream, the effect of compressibility 
is to increase the heat transferred through the wall. However, 
it would be erroneous to interpret this result as an “improve- 
ment" in cooling because at high speed the heat produced in the 
boundary layer is of the same order as the heat transferred 
through the wall, Іп order to determine the efficiency of the 
cooling a complete heat balance must be made, For this purpose 
Eq. (1.1h) does not give sufficient information and the velocity 
and the temperature distribution in the boundary layer must be 
computed, Such calculations were carried out for the particular 
assumption p? = 2 i.e., for the particular case 


in which the absolute temperature of the wall is kept constant 
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at a value equal to one-fourth of the temperature of the hot 
fluid. With the same assumption for the variation of A ав 
in Section (I), the results shown in Fig. 1.2 and Fig. 1. were 
obteined, The variation of ^ ЛЕ with 07 із 
similar to that obtained in the case without heat conduction 
through the wall, Also the highest temperature in the boundary 
layer is very high for extreme Mach mmbers. However, the 
temperature maximum ocours some distance from the wall. 

The heat transferred from the boundary layer to the 
wall can be calculated as follows: 


By means of Eq. (1.128), one has 


Hence 


f UR fs Se be “гё 7 
Zyl WE $^ 


2 Ле ж Ded 
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Therefore, combining the above two equations, 


Gh tele 


(1.16) 


Using Eq. (1.7&) and substituting Eq. (1.16) into Eq. (1.5), 


then 


T) 2 к 48. 
p RUE eb 


= (4°°% ат» G 227! LURK G » 85 given 


in Table 1.2. Therefore, the heat transferred to a strip of 


unit width of the wall of length 7; per unit time is equal to 


А 
E P; 747 Hee дү 2 К _ 4 
E Кл ТА $1.18) 


Now the increase in heat content of the gas рег unit time by 


flowing from ЛХ =O to ДЕ, can be calculated as 
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4- 


\ 


4, 


The viscous 


width plate 


ім 
и 


SUG (7- 704) = =. fle De 
Af. [ (- 


74 - LUE fer AC 


(1.19) 


SELTIK «К.А 


dissipation of gas in the boundary layer of unit 


per unit time is thus 


@ = @+ a, (1.20) 


Table 1.2 


олюео 
w 
o 
ғ 
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The total heat balance at different Mach's numbers 
is shown in Fig. 1.5. Тһе "dissipation" curve represents in 
dimensionless form the heat produced by friction per unit time 
and unit width of the plate, The lower curve shows the increase 
(or decrease) of the heat content per unit time and unit width. 
The difference of the ordinates corresponds to the heat trans- 
ferred through the wall. It is seen that cooling takes place 
for 44 < 2.6. Beyond this limit more heat is produced 
by friction than the amount which can be transferred to the 
well and, as a matter of fact, the fluid is heated. 

In the case pe >” i.o., when the 
well is hotter than the free stream, the ratio between the 
heat transfer and the drag decreases with increasing Mach's 
mmber, This is shown in Fig. 1.6 where the ordinate represents 
the ratio between 4/ ps with compressibility effect 
(according to Eg. (1.11)) to 477 without compressibility 
effect (according) to Eq. (1.15)). The calculation was carried 
out for a gas temperature of - 55° F. and а wall temperature of 
180° P. and 300°Р. It is seen that there is no cooling in the 
former case for 1/1 > 1,69 апі in the latter case for 

AM» 2.08. However, the decrease of cooling efficiency 
is appreciable even at much lower speeds, This emphasizes the 
benefit of the reduction of the speed of cooling sir end the 


relatively poor efficiency of cooling surfaces exposed directly 
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to а high-speed airstream. Тһе curves in Fig. 1.6 being 
derived from Eq. (1.14) apply to leminar as well as to 


turbulent motion. 


-23- 


APPENDIX TO PART (1) 


ON TEE VALIDITY OF THEORY IN VERY RAREFIED AIR 


The hydrodynamic equation holds so long es the mean 
free path of the molecules is small in comparison with the 
thickness of the boundary layer. For this case the thickness 
of the boundary layer is zero at the nose, however, at a 
distance + of the length of the rocket it already amounts to 
3,2 сш», while the calculated meen free path of the air molecules 
st the altitude considered is about l.l x ю” cn, Hence it 
appears that even for this case the theory can be safely epplied, 
This conclusion is substantiated by the experimental results of 
Н. Ebert in "Darstellung der Strómungsvorgenge von Gasen bei 
neidrigen Druoken mittels Reynoldsscher Zahlen", Zeitschrift fur 


Physik, Bd. 85, S. 561-564, 1933. 
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PART (11) 
SUPERSONIC FLOW OVER AN INCLINED 


BODY OF REVOLUTION 


The aerodynamic forces acting on a projectile can 
be divided into three parts: the resistence or drag in the 
direction of the axis of the body, the lift in the direction 
perpendicular to the axis of the body, and the forces due to 
the rotation of the body (Magnus effect). The first component, 
the resistence, is, of course, the most important one, because 
it is the predominating factor in determining the range of the 
projectils. However, in the case of ап actual projectile, 
inclination end rotation are always present, and therefore, 
accurate calculation of range is impossible without considering 
the second and third components of aerodynamic forces, 1.6., 
the lift and the forces due to rotation of the body. It is 
found that the solution of von Karman and Moore (Ref. 1) for 
the linearized hydrodynamical equation of axial flow over a 
slender body of revolution can easily be generalized to the 
¢asem in which the projectile is inclined to the flight path. 
Strictly speaking, the solution is applicable only to a very 
slender body inclined at a small angle to the flight path, 
because second order quantities of the disturbance due to the 


presence of the body are neglected, However, for the case of 
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axial flow over а cone, von Karman-Moore's first approximation 
(Ref. 1) differs very little from the exact solution of Taylor 
end Macooll (Ref. 2) for vortex angles up to 10°. Therefore, 
it is expected that the first approximation of the lift force 
as obtained in this paper can be applied to a pointed 
projectile with fair accuracy. 

If f is the potential of the small disturbance v 
velocity due to the presence of a body of revolution whose 
axis coincides with the x-axis, then the linearized equation 
of motion of compressible fluids in cylindrical co-ordinates 
x, г, end Ө is 


у? / 28, 2# ‚/ РЁ „ 
(1- Zu * 134 * 942 1729р 79 (44.1) 


In this equation, V is the velocity of the undisturbed flow 
for which the velocity of sound is c. If the direction of 
the undisturbed flow coincides with the axis of the body, 


then ff is independent of ©, and Eq. (4.1) reduced to 


G- жаа, 2224, uS ш 


2% * әл? (1.2) 


The solution of this equation when the velocity 


of the undisturbed flow is greater than the velocity of 
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sound, is the seme as that for a two-dimensional wave diverging 
from а center, It was obtained by Levi-Civita (Ref, 3) and by 
H. Lemb (Ref. Д), Von Karman end Moore (Ref, 1) applied it to 
the present case and showed that it can be expressed as a 


source distribution given by the potential 


0 


¢ ES TM f(x- Ah сайи) da (83) 


where g= (шо 2 / . Analogy with а similar case of 


flow of an incompressible fluid leads one to expect the 
solution of Eq. (4.1) to be а doublet distribution given by 
the potential 

2 


и 
$ = - “ү L A -x cosh t) cosh t da (ау 

My 

Cah % 

This can be shown to be true, because, if the solution of 


Ба. (1.1) is of the form 
$= wd Fixa) 


then Eq. (1.1) reduces to 


/ : 
2/9 * э m 2? e (ла) 
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Differentiation of Eq. (4.2) with respect to г gives 


2» 22028), 22 Ly. PARS 


0) pl? Jn (22/7 Ел. 


Comparing Eq. (1.1а) with Eq. (428), it is easily seen that 
Ед. (7444) is a solution of Eq. (1,1). The function f has 


to be determined by the boundary condition 


со; = Ay адолй алой іш (2.5) 
CA 8 fu 4 


where v, is the normal component of the velocity V of the 
undisturbed flow, and R is the radius of the body. 

The complete solution of flow over an inclined body 
of revolution is then obteined by superimposing & cross-flow 
upon an axial flow, 1.6, 

6- #24 
This solution was also suggested independently by C. Ferrari 
(Ref. 5). 

From the velocity potentiel Я, one сап calculate 
the pressure distribution over the body and then the aero- 
dynamic forces. However, since the theory is based upon the 
linearized equation, the cross product terms of derivatives 


of f, and f, in the pressure calculation cen be neglected. 
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Therefore the following simplification results: the resistance 
or drag can be calculated from the axial flow alone and the 
lift can be separately computed from the cross flow. Since 
the resistance was calculated before, (Ref.l), the following 
treatment is concerned only with the lift force. The lift 
acting in a direction perpendicular to the axis of the body 


end the moment about the vortex are thus 


3 E 
7; = f Гав ndi cut te sapy[ [Hn mt ttn 
@ "o (deo 2 


© Т 20 
(2.6) 
м] [AA Зада 2p у/, t 2220426 
2% 


where / Ё is the difference between the pressure at the 
surface of the body and that of the undisturbed flow and $ 
_ is the density of the fluid in the undisturbed flow. 

Ед. (4.5) is в non-homogeneous linear integral 
equation in f which does not have a general solution of 
simple form. However, it is interesting to see how Eq. (5) 
simplified in the limiting case when the radius of body 
approaches zero. It is convenient here to use Е = V-lea 


as the independent variable, thenEq. (4.5) becomes 


XAR uL AAR 
LLEN An, 
EE DU ЕЕ 


Us W Urey R? eu 
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Integrating by parts, one has 
KAR 4-04 
е6] өсер) 4 [ee 


Now, if the projectile is pointed nose, the doublet 
strength must be zero st the nose J= , thus Ho) =O. 
Let 6->0 » and writing X instead of & in the integrand 


the above equation reduces to 


(2.58) 


Since the cross-sectional area of the body of revolution is 


S ci rk? » Eq. (1.5e) can be written as 
or 


Differentiating, one arrives at 


Hie 2. 4 (4.7) 
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(€ In order to calculate the lift, one has first to 


find the axial component of disturbance velocity. Thus 


LI) = um fe « сабидей a da 


LE 


- d Ж (EM EAE 


SS 
2 Wít-g)- «X 


аа ft de о 


Substituting into Eq. (1.6), the lift force is obtained as 


72 = 2 
Leesv ff BOE 4 шу = £V A, 


Where A; = area of the base section of the body. 


Hence the lift coefficient can be evaluated вв 


/ 
ео «рф (ав) 
Ё, 2 
iv^ V 
in which y^ = angle of attack of the body. 


The moment arm d, i.e., the distance between the 
point of application of the resultant lift force and the 


vertex can be obteined by dividing the moment computed from 
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Eq. (4.6) by the lift force, and thus 


d= (4 ”)4 (249) 


where Ж = area of the mean section of the body, 
i.e., the volume of the body divided by its length, РА . 
The results of Eg. (1.8) and Eq. (1.9) are 
identical to those found in Munk's theory of airships (Ref. 6). 
At first sight, this might be surprising. However, if the 
radius of the body approaches zero as assumed, the cross-flow 
pattern is the seme as that for an infinitely long circular 
cylinder moving with its axes perpendicular to the flow. 
Therefore, in every plene perpendicular to the axis of the 
body, the flow can be considered as two dimensional, i.e., it 
is independent of the variable 4 . Hence Eq. (5.1) 
reduces simply to 
d Ё 22 + 2 22 


272 72 202 =O (4,15) 


This is immediately recognized ав the equation of motion for 
two dimensional flow of incompressible fluids, which is the 
basis of Моп! з theory. 

Due to this two dimensional character of the flow, 
the distribution of doublets is not affected by the change in 


Mach's number, which is only connected with the independent 
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veriable X , and, therefore, the lift coefficient and the 
moment arm are also independent of Mach's number as shown by 

Eq. (1.8) and Eq. (1.9). This can also be seen from the fact 
that when r approaches zero, the variable E=4- xA айа 
-> X and thus the effect of  , which is в function of 
Mach's number, is removed. To study the effect of Mach's 
nunber on the lift of the body, one has to go back to Eq. (2.5). 
To avoid the difficulty of solving this integral equation, the 
"indirect method" of solution can be employed, ise., take a func- 
tion f and determine the necessary shape of the body to comply 
with this function f, 


Taking the simplest case 
Filz- 4A атш) = K(x- n cosh к) 


where K = & constant, Then 


e 
ф = - Kot zx {л- «A сова) cosh a da 
cash E 
_ -/ 
= Жама | / - ab gt} 


And the boundary condition reduces to 


Aa? ЈЕ руг + 
= уу —/ * ДЫ 
Therefore, the solution, Eq. (2.42), is evidently a solution 


for a cone with half vertex angle € , if cob E = ue e 


By putting 226 = 6 the boundary condition сап 
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be written in the form 
y = ak č 2 -/ 
2 SE CIS) + ой «f (2.5) 


For any given value of vertex angle and Mach's number, the 
corresponding value of К can be obtained from Eq. (2.5) 

In order to celculete the lift, one has first to 
find the axial component of disturbance velocity. Thus from 
Ед, (Zeha) 


/24 ыл Е Nu - 

б) (ie) = EE LEP / (aR! mj 
aK саг 2161 

Substituting into Eq. (2.6), the lift force із found to be 


= 26 vw, f [ M nt t ж 
z А. 


244 dx 


= «Ау eV ore К 
2 
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where ` S = lateral surface area of the cone, Therefore 


274 


А 


_ _/__ «£u 6-7 PP 
% 


But from Eq. (1.55), { is obtained ав 


47; 
«? ЈГ + cob Sf 


Hence 6; = т (2,10) 
7 


2- 
hes: re ыу ыы. 
6 [6 + ab S 
In the limiting case when € approached zero, 


№ —2 


which agrees with Eq. (1.8). Similarly from Eq. (2.6) the 


moment coefficient is 


= moment about vertex — — _ 2 
Ад ТАЙ (2.11) 


which satisfies Eq. (2.9) ғ 
Hoth Eq. (248) and Eq. (3.10) show thet the lift at a given 


Mach's number is proportional to the angle of attack of the 
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body. This is а general characteristic of flow around a body 
without separation. If the fluid separates from the body and 
creates в "dead water" region on lee side of the body, then 
the lift will be proportional to the square of the angle of 
attack as was shown by W, Bollay (Ref. 7). The problem 
whether the fluid separstes or not can only be answered by 
experiments. From the experimental date now available, (Ref. 
&), it seems that the flow is continuous without separation, 
end, therefore, the lift is proportional to the angle of attack 
of the body. 

Fig. 1.2 is the result of computation using Eq. 
(2,10). Calculations were carried out for values of A, 21, 
because the value of А = f corresponds to €-5 $ 
where ГА is the wave angle. For ж < 7 it is found 
that Ê < € « This means that the wave angle is smaller 
than the vertex angle which is, of course, impossible, There- 
fore, A, = / marks the limit of validity of this solution, 
in fact, even when A, is near to 1, the solution must be 
considered as qualtitave only, since in this region the effect 
of the surface of the body on the shock wave cannot be 
neglected. 

To generalize the solution for a body of revolution 
with a sharp point at the origin and cylindrical shape at 
infinity, it is simplest to use a step-wise doublet distribu- 


tion. Consider the points 2 2 spt A so fA of the 
, (6, Я 


37» 


meridian line of the body, and designate their co-ordinates by 
4, А,; А, №, ux My E. 2 wh, hy and the correspond- 
ing values of р- 40 by ЕЕ ее fl ss £s 


Then the boundary condition of Eq. (1.5) can be written as 


ge UE i Z 
y=% ZA fled St cosh 245) 
и 


(2.50) 
д5 Гар &- Er 
(AREE ЖАЙ) 


This condition actually gives a set of // equations to determine 


the N constants A; » This set of equations cen be 
solved rather easily because each following equetion in the set 
only conteins one more which does not appear in the preceding 
one of the set. When и; 5 are determined, the lift can be 
calculated by using Eq. (1.6). The pressure over each section 
of the conical surface is constant, The lift and moment co- 


efficients are thus obtained as 


‹- EE Ир ET Да) 
қ 5 


nen 
ни == byes Ay у 2%, жасы SU X %/6,76 
= 
із; ыу, - ЕЕ Sif ‹ nis 


£20 
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where Р, is the last point on the meridien line, Ж, is 
the base radius and  // is length of the body. 

Fig. 1.3 is the result of the calculation using Eq. 
(2412) for a body of revolution with "6-cliber head" and 
total length of 4,8 calibers, when it is travelling with a 
velocity 2.69 times that of sound ( a = 2.5). The lift 
coefficient is considerably higher than that of a cone at the 
seme angle of attack and at the seme Mech's number, evidently 
due to the cylindricel part of the body. The'positicn of the 
resulting lift force is also shown in the figure. Since, as 
mentioned before, lift and drag are independent in first order 
approximation, the calculated lift coefficient can be combined 
with the drag coefficient taken from experiments and thus give 
some information on the magnitude and direction of the result- 
ing force. Fig. 2.4 shows the method epplied to this projectile 
with the drag coefficient taken from Kent's experiment (Ref. 9). 

If the projectile has в length of 4.34 diameters in- 
stead of Ц.8 diameters end has the same nose shape, and, if its 
center of gravity is located at а point 2,68 diameters back of 
the nose, then the calculated moment about e; center i 
gravity cen be expressed as №7 = $ у “hy А HE 
вые LE) = 935 ғғ K = 269 
This compares closely with the value HE) = /07 


extrapolated from В. H, Fowler's experiment (Ref. 8), for & 


«29- 


рго260%116 of the same proportions. This shows that the theory 
developed in this paper can be applied to a projectile with 


feir accuracy. 
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PART (III) 


APPLICATION OF TECHAPLIGIN'S TRANSFORMATION TO 


TWO DIMENSIONAL SUBSONIC FLOW 


The equations of two dimensional irrotational 
motion of compressible fluids, assuming that the pressure 
is а single-velved function of density only, can be reduced 
to a single non-linear equation of the velocity potential. 
In the supersonic case, the problem is solved by Prandtl, 
Meyer and Busemann by means of the powerful method of 
characteristics. The essential difficulty of this problem 
lies in the subsonic ease especially when the velocity is 
near to the velocity of sound. The first logical step is to 
linearize the equation based on the argument that the disturb- 
ence super-imposed on the parallel rectilinear flow due to the 
presence of a solid body is sufficiently small compared with 
parallel flow. This makes the second and higher order terms 
of disturbance potential to be negligible. An example of 
this method is the well-known theory of thin airfoil due to 
Prandtl and Сіздегі. But the presence of stagnation point at 
the nose of the airfoil makes the application of the linearized 
theory questionable, at least near this region; because there 
the disturbance due to the presence of the body is no longer 


small, Оп the same ground, the theory breaks down in case of 
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bodies whose dimension across the stream is not small compared 
with the dimension parallel to the stream. The next method is 
that derived originally by Janzen end Lord Rayleigh, They 
solved the equation by successive approximations. However, 

the process is very tedious and the method convergent very slowly 
АҒ the velocity approaches that of sound, 

Molenbroeck (Ref. 1) and Tschapligin (Ref. 2) 
suggested the use of the magnitude of velocity and inclination 
of velocity to the x-exis as independent variables and were 
able thus to reduce the equation of velocity potential to a 
linear equation, This equetion was solved by Tschapligin (Ref. 
2) and recently put in a more convenient form by F. Cleuser and 
М. Clauser (Ref. 2). Тһе solution is essentially a series 
each term of which is a product of hypergeometric function and 
circular function. The chief difficulty in practical application 
of thig solution is to obtain a proper set of boundary conditions 
in the transformed plane, or the hodograph plene, 

Tschapligin (Ref. 2) showed that a great simplifica- 
tion of the equation in hodograph plene results if the ratio of 
specific heats of the gas is equal to -1. Then the equation 
becomes the equation of minimal surface whose solution is well- 
known. However, at first, the hypothetical value of ratio of 
specific heats (811 real gas has tho value for this ratio 


renging from 1,00 to 2,00) makes the practical application of 


“lB. 


Techepligin's theory questionable, It was Demtschenko (Ref. 4) 
end Busemann (Ref, 5) who made the meaning of this special value 
of ratio clear, They found that this special value of ratio of 
specific heats really corresponds to take the tengent of f-v 
curve of gas instead $- V curve itself, However, they 
limit themselves to use the tangent at the state of rest of the 
gas. Thus their theory can only apply to velocities up to 0.5 
times sound velootiy. In this part , the theory is generalized 
to use the tengent at the state of gas corresponding to the 
undisturbed parallel flow. Therefore the range of usefulness 
of the theory is greatly extended, In the first section, the 
general theory will be developed. In the second section, the 
theory will be applied to the case of symmetrical Joukowsky 
airfoil at zero angle of attack. 

Section (I) 

If Р is the pressure mU is the density of 
gas, the adiabatic process is expressed as a curve in the py 
plane as shown in Fig, 2.1. Now conditions near to the point 

b. v, can be approximated by the tengent at this 
point. The equation of the tangent at this point сап be 


written as 


Р-р = C(G- v= e(g - ғ) goa 


where $ is the density of the gas. Now the slope C 
B 
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must be equal to the slope of the curve at the point 4, U, 


{= (#) ES GE - - (E) 8 -457 


Therefore £ іші аф 
Hence the approximate ғ % relation near $ 3 % 


oan be written as 
= ate? ft. 4 
р-р = 4% ie y (3.2) 
From the generalized Bernoulli's theorem, the 
following relation is obteined 


2 
Lyte t 
Zu e 71 a 6.3) 


where 4А/ is the velocity of gas, the subscripts 2, 3 
indicate two conditions, But from Eq. (3.2), 2 can be 


expressed as a function of $ , thus 


2o? 
= $$ (3-4) 
dp= TE ag 
$ 
Substituting into the integrand in Eq. (5,5) and integrate, 


the following relation is obtained 


FO 2 Фа se fs 
р’ - Ши; = 24° 15 £g 
Now if «тд, 4% = даг, = $, and DESI 
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2? 9? 4 wie 422,2 
%2 e (3.5) 


where the subsctipt О denotes the rest state of "the gas. 
If the sound velocity @ is defined as the derivative of 


М with respect to © , then Eq. (3.4) gives 


# gi = 4 eg constant (3,0 


Therefore Ед, (3.5) can be written as 
* Sy р ш? 
(6) = 1- д 


ог 


= _ 4L 
[+ т (3.7) 
Furthermore, from Eq. (3.6), $75 - £a А 


thus Eq. (2.7) cen also be written as 


Je. /+ a (5.8) 


It із interesting at this stage, to notice that 
from Eg. (2,8), the density decreases as velocity 4 
increases, as it is expected. Thus from Eq. (3.7), the 


velocity of sound of the gas will increase as the velocity is 


-- 
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increased, This is just opposite to real gas, because in the 
cese of an adiabatio flow, it is well-known that the temperature 
of gas decreases as the velocity of gas is increased end thus 
the sound velocity also decreases, However from Eq. (3.7), the 
ratio ж or Maoh's number increases as the velocity и” 
increases. But this ratio only reaches the value unity when 
DES , or from Eq. (3.8) when $49 . Itis 
thus seen thet the entire region of flow is subsonic and thus 
the equation of motion is always of elliptic type. This may be 
considered as the physical reason why the complex representation 
of velocity potential and stream function is possible in all 
cases, ав will be shown in following pages. However 4% should 
bear in mind that the portion of tangent that could be used as 
an approximation to the true adiabatic curve, must lie within 
the first quadrant. Thus the upper limit of velocity for 
practical application of the theory is when 0 50 By 


using Eqs. (3.2), (3.7) and (3.8), this upper limit ie found to 


be 

Un xeu LE ШЕ: 

ж жара 
“mat. (2) NNa а: 
Or by putting 4° = АЁ » the above equation 
П 
reduces to 
-h7- 


pay = En (pu fr 2» 


" 


a- 
The values of (p7 —À for different values of 4 


7 


are shown in Table 5.1.4 


Table 3.1 

Ei (а ш. Lm 

0 ec 2.186 
9.2 10.91 2.195 
0.4 5.56 2.225 
0.6 3.78 2.265 
0,8 2.92 2.335 
1.0 2.105 2.105 


It is thus seen that for most applications of this 
theory, р will remain positive. However due to large 
deviation from the true adiabatic process at high values of 

T ' , one has probably to limit the ratio Ga) to 


about 2, 
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Now.if the flow is irrotational, there exists a 
e 


velocity potential $ such that 


bey 22. у 


ду | 4 (3.9) 


е 
where K, И are the . ¥, Y = components of the 
velocity M . To satisfy the equation of contiauity, the 


stream function 77 is introduced. It is defined by 


e f 
54 = 4% фу - ££ ` (3-10) 


Now if the angle of inclination of the velocity 447 to the 


x-axis is 4 , then from Баз. (3.9) and (5.10), one has 


Ad = we га BAL + л sin dy 


Ay = -wE onp dt # cosp dy een 
Solving for dy and ay 
ей dg- 272 2 үр 
a 4 «sf (3.12) 


4n wh So 
Ж db + Spe de 


So long as the correspóndenoe between the physical plans and 


ж 
the hodoplane is one to one, or mathematically soe #0 
опе can express X : СА as functions of 44, Ё and so 


also 2 and т as functions Я/ end 4 . Thus 
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dp = 42 дит 7 45 


diem } dur + % 44 Ga». 


where primes indicate the derivative, and subacript indicate 
the variables with respect to which the functions are 
differentiated. Now substitute Eq. (2.13) into Eq. (2.12), 


the following reletions are obtained 


а-а-а Me GAG EBY de 


SA 
( sit ] : (5.14) 
dp Ho Pel Bye EPUM 


Since the left-hand sidesof Eq. (3.14) аге exaot differential, 


one can apply the reciprocity relation and obtains 


HETE 5” j 2d Lop By) 


ни E Id (5.15) 


a * BE) (Раа ЕР 


Carrying out the differentiation, and я hen 


terms in left-hand and right-hand side, 


_ sn ЖУКТІ БЕРЕ Sy буур” 
Ч б ЕИ 
34 


SEU WEB el «kg! ERO 


63 


64 


Using Eq. (3.7), Eq. (3.16) becomes 


_ д7 j $5 nly’ =. C 1, ME S up 

DE - UE = GAs EE 
а), т 5 р! _ sing gr. cg е y On 
oF 6. DE ho ШУ t5 


Ў / y 4 
As in both equations 4, ; v. , and 4 z % 


are connected with e proportional factor, one can solve for 


them, and 


] / 
д =- wa. 
р (3.18) 
7 % 
и =, 


Now Eq. (3.18) сап be further reduced if a new 


variable (4) is introduced, w ів defined as 


= $ 4” 
dw p 


(3.19) 
Then Eq. (3.18) becomes 
4 ГА 
Ш--% 
e a (3.20) 
к=» 
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This is the fundamental set of equations for the present theory, 
It can be easily recognized as the Cauchy-Riemann differential 
equation, and thus 2 + ие must be an analytic 
funotion of А +20 » However for the convenience 
of numerical caloulation, а new variable и is used instead 


ef Ww » such thet 


w 
W = 4, е (3.218) 
Or by integrating Eq. (3.19), 
24, UW 


W = «21 
Arm m 


Hence by inverting, 


да? W (5.22) 


ФАГ = 
Фа - у? 


Thus by substituting into Eq. (3.8), 


о баган 
s haf- We 


(3.25) 


If another set of new variables U- И сӯ 
епі V= W sag are used as independent variables, one 


has 
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20 


ч-т = — av 


7 2 + te = Was уй] „ 
TT 
Using Eq. (3.24), Eq. (5.20) can be written as 

ne Se op 


20 ag 
T T sina BE 


| 


#6. 2 sing 28 


\ 


= jing 2 22. 
inp 26 7 cos AE 


„These equations are satisfied by 


-4E 2% „.дЎ 
2/7 и, 0207 W (3.25) 


These sre the Cauchy-Riemann differential equations, therefore 


the complex potential F - 2 > We is & function 
of U- iV = W . Or. 
ЯР = 2/0-40- HW) 
Hence Ф =й A = {Ун}, Жи) (5.26) 
-52- 


To transform from hodograph plane back to physical 
plane, the expression of 2 and 4 in terms of (оша 
ү must be found. By using Eqs. (3.22) and (3.23), Ба» (5.12) 
сап be written ав 


ah = Lae fy -Ef - a Kap 1+ 


2 2 2 
where W = и + y . These equations can be combined 


into one equation by means of Eq. (3.26). Thus 


Ж 


44- duridy= aoe W dF 


"Za; беп 


For practical application of the theory to the flow 
over an obstacle, the computation proceeds as follows: (1) 
Find the complex potential for the flow of incompressible 


fluid over the obstacle, say 
«г 4/:%7)- « GE) 


where W, , is the velocity of parellel rectilinear undisturbed 
flow, and E » 1] the space coordinate of the physical plane, 


(2) Now let fe W GUS) « Неге ИГ is the 


Сн 
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transformed undisturbed velosity, to be interpreted as Eq. 
(2.21). But the complex variable 5 ^ has no direct 
physiosl meaning. (3) Using the above value of Е „Е. 


(3.27) oan be written as 
dà-4E- JE. VE) 


Integrating, 


6:09 И) Ж “г (3.28) 


Thus it is seen that the complex coordinate in the physical 
plane of compressible fluid is equal to the corresponding 
complex coordinate in the physical plane of incompressible 
fluid plus в correction term. The factor before the integral 
depends upon the Mach!s number of the undisturbed flow only. 


By using Баз. (2.7) and (3.8), end (3.21), one has 


4, 
10И) - (5.29) 
AL uy. ; 
PM dera 


The integration constant of the integral in Eq. 
(2.08) is not important, because it only means a translation 
of the whole 2 - plane. (lh) The velocity af 


corresponds to 2 ean be computed by starting with 
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n 
m ae / 
u; E Z M epi 
W i £O ж” 
Thus by putting и = Ww » one obtaing 


E / 
ЖЕТ 


Thos (5.30) 


Ж 
“w _ _ LK ——— 
"m {/ Д EG) 


Using Eqs. (5.50) and (5.29), the ratio ря can be 

f 
caloulated easily, (5) To determine the pressure acting on 
the surface of the body one has to use Eq, (3.2). With some 


manipulation, the following relation is obtained: 


28 ий LU $$ 
2 S uu gp Se 
gpl З 
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But 


t- | (tr Л 


(3.20) 
Therefore 
= (5.32) 
р "2 2 2 fy aye 
LL =]! E I4 DM) 
ем? E 2 /” f d 


Section (II) 
In this section, the general theory developed in 
Section (I) is applied to the simple case of flow over & sya- 
metrical Joukowsky sirfoil et zero angle of attack. The 


complex potential in the circle-plans (see Fig. 3.2) is known 


to be 
up [pn -Z 
-4) + ; 
A / (K үт? J (3.33) 
where Д, = radius of the sirfoil circle, be 


eccentricity of the airfoil circle, The relation between the 
sirfoil plane and cirole-plane is the well-known Joukowsky 


transformation E 
S= ATE 
(3.5) 
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if the radius of the transforming circle is unity. 
Now the starting point of the calculation is the 


function to find W AF 


ИЕ = 4 244 = em, 
% 


Therefore ДД = nfi- % eff! tH ET. P ере 


Thus the correction term in Eq. (3.28) is 


pe ш. (3.35) 


where 


44 


sar ET елу 
с Gales 


РЕ, Ur 


These integrals can be easily computed and simplified, noting 
that E ле (242-ге б om 
4= & 

1-8 
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j=4 Је“ 267! 3 4 ndi 
» һ=7{#-4° - 286 ў gue АСЕЛ; 
4 =f fc PP log ale ОИ 
4A (7A) 2%, Же we ҙе (3.26) 
Separating the real and imaginary parts, end adding, 
0 (1:4 -2)= 2 3 cut] - cos 32 
J 
2 Ж 
+ 276 ko [+f (MD, (A-24 - Jed 


ur (1- A9) cos 24 + fono] 
(5.57) 


Lm {1 :4-À])- 4 ( - sing 4 d tn 30) 
i us (14 24 - M9) Sind - PEL 26 
-4 октав ЈА LE чуу 


а И 


These give the correction term to Ж end Y 
coordinates, 


The trensformed velocity ИГ over the surface of 
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the airfoil can be easily found by means of graphical method 
(Ref. 6). Then the actual velocity and pressure can be computed 
by using Eqs. (3.22) and (3.32). 

Fig. 5.5 shows the result of calculation for the case 

= 1.20 end E = 0.550. The nose of the 

airfoil is somewhat rounded by transforming into the case o? 
compressible fluid. However, the pressure gradient is steeper, 
as would be expected, The main defect of this type of cal- 
culation is thet during the transformation from incompressible | 
flow to compressible flow, the shape of the body is also 
changed. To isolate the effect of compressibility of the 
fluid, it is necessary to bring back the original shape of the 
body. This is done by first deforming the original Joukowsky 
airfoil, such that the final profile after correction for 
compressibility ів same as the original Joukowsky airfoil. 
The amount of deformation is obtained from the calculation 
assuming that the airfoil was a Joukowsky airfoil at stert. 
Thet is the effect of deformation on the correction term of 
Eq. (3.28) ‘is neglected. This is allowable because the 
quantity neglected is a second order quantity. 

This deformation of Joukowsky airfoil can be 
carried out by using the method developed by von Karman and 
Trefftz (Ref. 7). However, for some practical reasons, the 


Karman-Trefftz method is somewhat modified: 
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Fig. 3.4e shows two airfoils, both having the seme 
chord, one is Joukowsky airfoil desired and the other is the 
airfoil resulted from the first step calculation. Now apply 
the Joukowsky transformation to this figure, thon the Joukowsky 
airfoil will become a circle e while the other airfoil 
а near-circular аһаре/ a shown in Fig. 3.4b, The desired 
deformed Joukowsky airfoil will appear like 0, in this 
figure, The difference between б, апа C is just 
opposite and equal to that between 0, and (7 . Now let 


С, be written as б = А 24 . Obviously, 
a= ft gf) (3.38) 


where 7/6 1) wil be small compared with 1. The function 
which established the conformal transformation of the outside 
of this boundary G into outside of the circle C, may be 


denoted by 


5, = 6, [1+ #6] (3.39) 


where 6 р С> have their origin at the center 
and the absolute value of Жа.) is again small 


compared with 1. Then it is shown (Ref. 7) that 


I0 he 12) =0 Бйр) 


In order to calculate Lt.) we develop the 
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function 28 ) in а Fourier series: 


/%- 2 И (3.0) 


Here only consine terms appear because the airfoil is 
symmetrical about the chord, One the other hand, the complex 
function ftc.) has the form, for [$s {> / 


oo 
у Cn 
Hoda mU Se (5да) 
20 
Now put б, A c , then (3.40) is satisfied by 
Ca = 7 dy 
Thus 
iE =- 4к. 48) 
a 2 


It can be easily seen that the velocity around the deforned 


Joukowsky sirfoil can be calculated as 


45 
22 А2 
w= «7/2 (з.ш) 
where wy = velocity around the Joukowsky airfoil. 


Now from Eqs. (5.29) ші (3.43), 


75 


76 


dS, 2 Фу. = » 
= f A (724, аезі)- (Zona n 


Neglecting small qumtities of second order, end noting Eq. 


(3-41), 
[2 = /+ м-да, cos 79 
2 


oo eo 
= /+ 2) та, cos т D oH 0-9) 
2 о 


үт 22% sn nd - 90 


А trial calculation shows that the convergence of 
the coefficients Ди, is not very good. Therefore, one 
must avoid manipulation on the Fourier series as required by 

20 


Eq. (3.45). This is possible because — 2 7 4, ут 72 
is known to mathematicians as the allied or conjugate series 
E 


of 25 ds Cos 10 z . It is also known 


(Ref. 8) that if 2” = 7 4, сог 72 
2 


2 
= | / (4*0 - F-E) 
= 27419 = sp ff 2. 54 
42 
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Therefore 


E z 
2 : j PR 
f Z «mue | 109210 Ly 


Integrating by parts, 


x я 
Ld 2- AH)» ##-#, 
аис 
© 0 


E 
0 ез 


2 


Л 
2524 ji He ИИ а, 


Hence Eq. (2.15) can be written as 


Е, ` 
hin pL f pm au) d HD ga 
САА fp [eee Hoa 


The integral is evidently convergent for any continuous regular 
function 7/4 7) , beomuse then the integrand is always 
finite, Its evaluation can be done numerically, 
Fig. 5.5 is the result of calculation for a 
Joukowsky airfoil with the thickness parameter д =220 Р 
4 


at two speeds, -4 = 0.450 and 0.550. The suction 
, 


peaks are considerably higher with higher speeds, Also the 


“be 
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positions of pressure peaks tend to move backward with increas- 
ing speed. Both are in agreement with the experimental results 


obtained by J. Stack ( Ref. 9). The values of (, 22717. Р 


Л 
fi a Bon 
ar a, 4, 


real sir will attain a velocity equal to the local sound velocity 


= 0.550 and = 0,450 at which 
are equal to -1.655 and -2.755 respectively, It is thus seen 
that the effect of compressibility on pressure distribution is 
appreciable, even when nowhere the local sound velocity is 
reached. One should, however, bear in mind that the effect on 
the force coefficient of the airfoil will probably not be so 
marked as with the pressure distribution, because the resultant 
force on the sirfoil is the algebraic difference of pressure 


force acting on two sides of the section. 


APFEIDIX ТО PART (111) 


COMPARISON WITH OTHER METEODS 


In order to check the accuracy of the method 
developed in PART (III), the flow over a finite circuler 
cylinder with its axis perpendicular to the direction of 
undisturbed flow is studied. The method exposed in Section 
(11) of PART (III) for correction of shape of body is used. 
The following is the result of oalculation for velocity at the 
top of the circuler section, compared with results by other 
methods [collected by E. Pistolesi (Ref. 10)]. 


M 
T 0.100 
Eee’ 
uw 
Method w at top of section 
Part (111) 2.268 
Rayleigh 2.206 
Poggi 2.19 
Taylor's 
Electric 2.188 
Analogy 


ж = 2,000 for incompressible fluid. 
Thus the present method gives & higher value. However, the 
flow over & cylinder is rather an extreme case. Beceuse the 


difference between the velocities to be calculated and the 
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and the undisturbed velocity is large, and thus this 


approximate method involves larger than usuel error. 
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PART (IV) 
FLIGHT ANALYSIS OF A SOUNDING ROCKET WITH SPECIAL 


REFERENCE TO PROPULSION BY SUCCESSIVE IMPULSES 


Introdution 

In 1919 R. Н, Goddard (Ref. 1) published the 
historically important paper which suggested the use of nitro- 
cellulose powder as a propellant for raising a sounding | 
rocket to altitudes beyond the range of sounding balloons. To 
determine the feasibility of this propellent, a series of ex- 
periments had been carried out and it was found that thermal 
efficiency of 50% coulé be expected if the powder was exploded 
in a properly designed chamber and the resulting gases were 
ellowed to escape at high velocity through en expending nozzle. 
In 1931 В. Tilling used a mixture of potassium chlorate end 
naphthalene as propellant and actually reached an altitude of 
6,600 feet. More recently, Le Damblanc (Ref. 2) made static 
tests with a slow burning black powder and from these 
estimated that & height of 10,000 feet could be reached using 
а two-step arrangement, The resulta so far reported offer ап 
incentive to further &nslysis, 

The effect of decreasing gravitational acceleration 
on the maximum height reached by a rocket has been considered 


by А. Bartocci ( Ref. 2). However, he assumes that the 
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rocket itself has a constant acceleration during powered 
flight. L. Breguet end Е. Devillers ( Ref. Ц) also con- 
sidered the effect of the variation of д. To simplify the 
snalysis, tHey assumed that the acceleration of the rocket was 
eqial to a constant multiple of ge Since the sounding rocket 
for practical reasons will be propelled by a nearly constent 
thrust or a uniform rate of successive impulses, in Section 
(I1) the author hes studied the problem anew according to 
this mode of propulsion, 

When the sounding rocket is ascending through the 
sir the maximum height reached is less than that re&ched for 
flight in vacuo. Recently, studies have been made of the 
problem by Ж. Ley and H, Schaefer (Ref. 5) and by Е. 4. 
Malina and А. М, 0, Smith (Ref. б), Оп the basis of the 
letter study a group of new performence paremeters have been 
isolated from the general performance equation, end these are 
discussed in Section (III). 

Notetion 

Referring to Fig. (4.1), the following notation has 

been used throughout the paper: 


44 = weight of propellent and propellent container ejected 
per impulse, lbs. 


kæ ratio of container weight to sum of conteiner and 
propellant weight ejected per impulse, 


he (1-4) 


W = initial weight of rocket, lbs. 
о 
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A, а initial mass of the rocket, slugs. 
ША = instantaneous weight of rocket, lbs. 


с ratio of initial weight of propellants to initial total 
weight of a rocket propelled by constant thrust. 


= ratio of initial weight of propellants to initial total 
* weight of a rocket propelled by successive impulses. 


с/ж C № 
И. = number of impulses per second. 

N = total number of impulses occuring during powered flight. 
1 = time, вес, 

Ai жа interval between impulses, sec. 


a, = initial acceleration imparted to rocket, ft/sec^, 


4 гі acceleration of gravity аб the starting point of flight, 
n ft/sec?, 


9 = acceleration of gravity above the starting point of 
flight, ft/sec”. 


(С = effective exhaust velocity of ejected propellent, ft/sec. 
y = instanteneous velocity, ft/sec. А 


АЛ ж velocity imparted to rocket by the nt impulse, 
й,7 ft/sec. 


y= velocity at the end of the nth interval, ft/sec. 


= velocity of sound corresponding to the atmospheric cone 
$) ditions at the starting point of the flight, ft/sec. 


17 = velocity of sound corresponding to the atmospheric con- 
4 ditions at the height reached by the rocket at the time 
t, ft/sec. 
B = Mech's number = uh, 
V = Velocity of rocket at start of coasting flight, ft/sec. 
mar 
-n- 


" 
= 


= velocity of rocket at start of coasting flight if g is 
constant and emal to g,» ft/sec. 


= altitude above see level, feet, 


h= height reached at the beginning of the nth 


interval, feet. 


Е : 
Å = height reached at the end of the At} interval, fect. 


Hp = height traveled during powered flight, feet. 


Hp = height travelled during powered flight, if g is constant 


and equal to 6, feet. 


H. = height travelled during coasting flight, feet, 


й. = height travelled during coasting flight, if g is 


constant and eqial to g,, feet. 


H = height travelled during powered flight and coasting 


flight, feet. 


= height travelled during powered flight and coasting 


flight, if g is oonstant end equel to Бе, feet. 

radius of earth, 2.088 x 108, feet. 

drag on rocket due to air resistance, lbs. 

drag coefficient of rocket shell. 

drag coefficient of rocket shell at the velocity of sound. 
drag-weight factor (discussed in the section on the effect 
of air resistance), 


mass density of air at the starting point of the flight, 
slugs per cu. ft. 


ratio of air densities at altitude and at the starting 
point of the flight. 


absolute temperature of the atmosphere at the height 
reached by the rocket at the time T, °F. 


absolute temperature of atmosphere at the starting point 
of flight, °F, 
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A = largest cross-sectional area of rocket shell, sq.ft, 
d = largest diameter of rocket shell, ft. 
{ = length of rocket shell, ft. 

Section (I) 

An approximate method of calculating the maximum 
height reached by a rocket propelled by powder was developed 
by В. Н, Goddard (Ref. 1). То simplify the analysis a contin- 
uous loss of mass was assumed and the problem was so stated 
that a minimum mass of propellant necessary to lift one pound 
of mass at the end of the flight to eny desired height was 
determined, However, if high-powered powder is used, the rete 
of burning is so rapid that the propulsive action is insfenten- 
eous. The rocket is thus acted upon by an impulse rather than 
by a constent thrust. 

In the following analysis, it has, therefore, been 
assumed that the propulsive force is an impulsive force, i.e., 
the force acts for such е brief interval of time that the 
rocket does not change its position during the application of 
the force, although its velocity and its momentum receive a 
finite chenge, If the combustion process of the propulsive 
unit takes place at eonstant volume this assumption is 
justified, Further, a study of interior ballistics of small 
‘arms reveals that the period between the ignition of the 


powder charge and the bullet's arrival at the end of a two- 


“Be 


foot barrel is of the order of ll ten-thousandths of a second, 
If the gases are not restrained and their travel through the 
burning chamber and the nozzle is of much shorter length, as 
is the case for the rocket motor, even shorter periods of 
duration of action can be expected. 

Assuming that the propulsive force acts as an im- 
pulse, then the motion of the rocket can be calculated by 
Newton's third law, which states that impulses between two 
bodies are equal and opposite. Hence, eqisting the momentun 
of the exhaust gases to the momentum imparted to the rocket, 
using the quantities defined in the list of notation and 
referring to Fig. 4.1, the following relation cen be written 
for flight in vacuo 


Aw - Ж ay 


2 24% (әл) 
were d= /-# ма M= W -Aw (he?) 
WA Z dc / y 
r T = = ute f ; 
“ 49 e "RES Emi (4.5) 
еге = wh = E^ 
uM A 


During the interval between impulses, AL в 
the velocity is reduced by the action of gravity so that at 


the end of the ath interval, the velocity of the 


The 
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rocket will be 


, 
Y'= фа +AT - gat (ы) 
Therefore 
$24 
/ 
%- 2720 -agat (ыз) 
d- 
Substituting for 4 7; from Eq. (h.l) 


/ 
—— о -Ag at 
М 55 RI % (4.6) 


The height gained during each interval will be 
represented by the area under the velocity curve in the 


interval, or 


h -h = Yat tz d lay’ is 
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Therefore, at the end of the Nth interval which is 
the end of the powered flight, the height will be 


AN Я 
Zi atr X440 


й=/ 
Substituting for Lo its value in Eq. (l.6) 
ж 
И = at { S46 A -agat fr glib? 
| 2, N 2 SLE] 

Nr/-2 сш; 

= EA, py 204 Matt Zieh) 

N дм 21) 

A ab J - Ag P" (в) 

A-N 


where a = b N* /-# 


The maximum height reached will be the sum of the 
height at the end of powered flight and the height travelled 
during асау ог 


кс i ufa =, Тат (ы) 


о 


То calculate the maximum height опе has first to 
evaluate the sums 51 and Soe Noting that 
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5] cen be written in the form 


К о I2 б 6% " 
ars / rid (e “7 dy 
2 4-/ 
/ Үз UE 
= s е емі 
е - ах 
2 /- e 

Putting = Ae the above integral becomes 


том Lae 
Sa- Afe (78) 


- A VGU- WE] 


(4.10) 


where (2) = #107] , the so-called psi- 
function (Ref. 7,8). 


Similerly, 85 can be summed as 
Sole MAEVE us 
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Substituting Eqs. (1.10 вай (4.11) into Eqs. (4.6) and (4.8), 
and then into Eq. (4.9) finally 


gy- 4e [i bf (ыг) 
where 2 ы p- VA) - PE-N) 


For convenience of calculation in Fig. 4.2 the 
quantity WP is plotted against N for different values 
Й 
of Z, . 


It oen eesily be shown that when N = 1 


и AA 2 
^ Б 24 167 (4.128) 


Also, as N — оо, Vo. - 44-4) thus Eq. (5,12) 


reduces to 


E 42 
Яш, = Aff ly б yy din а 


where 4,7 —-pnAc 22 = "i 7 (4.120) 
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The quantity 4, 


o can be considered ав the initial 


acceleration of the rocket if Н —> 20 . It is 
interesting to notice that Eq. (№.12Ъ) is the equation ob- 
tained by Melina end Smith (Ref. 6) for calculating the 
maximum height of а constant thrust rocket, as expected. 

Fig. 1.2 shows the variation of а, же 
with 04/5, for different valves of ©,” 
and for four valves of N. These curves show that when the 
total number of impulses, N, becomes larger then 100, the 
maximum height reached is imperceptibly changed by increasing 
the number, 

At this point it is necessary to discuss the 
similarity existing between a rocket propelled by successive 
impulses and a rocket propelled by constent thrust. The 
former loses not only the mass of the propellant, but also the 
containers for the individual charges. The difference in 
effect on the rocket between the propellant and its conteiners 
is that the propellant has an effective exhaust velocity, c, 
while the ejected containers leave the rocket without apprec- 
ia&ble velocity. The propulsive action, however, will remain 
the seme if the whole cartridge, that is, the prope}lant 
charge and its container, is considered wholly as propellant 
but leaving the motor at a reduced ‘effective exhaust velocity 


ИТА e The rocket propelled by constant thrust loses 
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only the mags equal to the propellant carried, therefore, it 
can be said to be equivalent to the "successive impulses” 
rocket if its effective exhaust velocity and its total mass of 
propellant are equal respectively to the reduced exhaust 
velocity and to the sum of the masses of all the containers of 
the "successive impulses" rocket, Тр other words, c is equal 
to AC and 6 is equal to Ce, . 

In Table 4,1 the heights for four cases have been 
calculated to illustrate the effect of the exhuast gas velocity 
and the total number of impulses given to a rocket whose 
weight ratio, 5 is 0.70. It will be noticed that for 
flight in vacuo a greater height will be reached if a maller 
mmber of impulses is employed. The lower portion of the 
Table shows the maximm height reached by an equivelent "constant 
thrust” rocket for the same four cases with the initial 
acceleration given by Eq. (1.120). The close agreement between 
the meximum height reached by use of successive impulses, when 
the total number of impulses exceeds 100, and that reached by 
the use of constant thrust simplifies the solution of the 
problem of decreasing acceleration of gravity with height, and 
enables prediction for flight with air resistence to be based 
on the results obtained for a rocket propelled by constant 
thrust (c.f. Ref. 6). These problems are considered in the 
following sections, 

Section (11) 
It is well-known that the acceleration of gravity 


decreases with the height above the earth's surfece according 


-80- 
93 


TABLE 4.1 


Successive impulses 


Қа = EEO ah [de EMI 


n 
бале Ft. /зес. Z 2 N Impulses Fax, 
o 
Ac ' рег вес, Feet 
1 10,000 0.76 $26 3 1,472,000 
2 12,900 0.70 10 0.092 1,885,000 
3 7,000 9.70 326 3 560,000 
4 7,099 с.70 10 0.092 676,000 


Constent Thrust 


"ОООО 


v 


Case Ft. /sec. $5 maxo 
C [4 Feet 
1 10,000 0.70 32.2 1,468 ,00¢: 
2 10,000 0.70 32.2 1,468,000 
3 7,060 0.70 12.9 555,000 


> 
Е 
E 
E 
3 
2 
3 
E 
m 
bs 
о 


555,000 


to the following relation 


E Ир 
9= 4 Los (лз) 


At ап altitude of 1000 miles the acceleration is 
only 0.64 times that at sea level. Therefore, for flights up 
to such altitudes the assumption thet g is approximately 
constant is no longer valid. It was shown by Melina and Smith 
(Ref, 6) thet а three-step rocket could theoretically reech such 
en altitude, Thus it is interesting to see how the decrease of 
5 will increase the maximum height reached by the rocket, 

First the effect on powered flight in vacuo will be 
considered and then on coasting flight in vacuo, For powered 
flight the analysis is based on the assumption thet the thrust 
is constant. However, the results can be applied to the case 
of propulsion by successive impulses if the total number of 
impulses, М, exceeds 100 ав was justified in the previous 
section. 

The equivalent mass of gas flowing per second con- 


tinuously for the case of successive impulses is 


% ТЕП 


Assuming that the rocket starts from rest at sea 


level the equation of motion in vacuo is 
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/- mt (14035) 


This is а non-lineer differential eqiation which can 
not be solved by usual means, However, for ell practical pur- 
poses the ratio 4 during powered flight is much smaller 
than 1, ‘therefore, only first order terms in 2 occurring 
in the expansions need to be retained, This approximation 


linesrizes the equation to the form 


ah 2h E 
= -//-+ 
gp ala) rv Бай 


е 


The solution of this equation with the initial condition that 


һа0 and 2 =o when t = 0 is 


fu fu 

С | suf t ye ‚ 

a El J- osh [2h eu Ay 
i-i as ТҰСЫ 2 22) 


(4.17) 
where t= E». end k= E 
At the end of the powered flight, the time is 
A 
dE 
(4.18) 
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Therefore, the height at the end of the powered flight is 


ғеә ИЗ] 


Ae Bil 0444), 24% D Fe) 
с LL a 24) Jes Ü zs (49). 


If the hyperbolic cosine term and the integrals are 
expanded and only first order terms in + are reteined in 


consistency with the linearization of Eq. (4.15), the equation 


becomes 


y- - |5800; G; 2% po, ЖЕТЕРІ 
3 3 E 
4 SEL [ctetu 4) lg ese ve) f (h.20) 


у eu (iE tog 6 (us? 15g #6] 
4 
E i 


Differentiating Eq. (4.17), and substituting the 
relation of Eq. (1.18), the maximum velocity at the end of 
powered flight is 


(14) 


7 
ү. of Bh fh & andan 2%. Улай, 
Н 
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Again expanding end retaining only first order terms in T " 


Eq. (4.21) becomes 


- (e fsa f- 


- ШЕ? P 
(4.22) 


= - - ВЕН НЕ £ft- "pg lrs)t2g - sf 


eu 


It is seen that the second terms of Eq. (1.20) and 
(4.22) are the correction to be applied to H, and Vinay, 
to sccount for the varietion of the acceleration of gravity. 
Since both corrections are first order approximations, they can 
be expected to apply approximately also to the case of successive 
impulses, even when the total mumber of impulses is less than 
100. 

The coasting height reeched by the rocket due to its 
velocity at the end of powered flight can be obtained by 
equating the increase of potential energy during coasting 


flight to the kinetic energy at the end of powered flight. Thus 


tH. 
/ y 2 44 
2 we ^ 4 BEEN 
a Me Й (HE) 
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or 


/ 
4- yl р ЖЫ E б.з) 


2 z £u m 
Putting ЖУЛ, б) = A, which is 


coasting height obtained by assuming a constant gravitational 
acceleration of the value еда] to that at the height A 
i.e., the height where coasting starts, then Eq. (4.23) can 


be written 


Й = ‚= Ж, -/ 
poi 


Upon expanding the second term this equation becomes, 


A= A, f+ (gf welt 66) + өз (ж) 


This equation shows that if the coasting flight 
starts from sea level, and if the maximum height reached is 
about 1000 miles, the increase due to the decrease in g is 


over 25%, which is considerable. 
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Section (III) 

When the sounding rocket is ascending through the 
atmosphere instead of in vacuo, air resistance comes into 
play, censing the acceleration of the rocket to be reduced, 
which decreases the maximum height reached. Since air resis- 
tence increases with the air deneity and with the square of 
the flight velocity, it is desirable to keep the rocket from 
ascerding too rapidly through the lower layers of the atmos- 
phere where the air density is high. For this reason the op- 
timum initial acceleration will no longer be infinite as shown 
ty Eq. (4.12b), For the case of constant thrust Malina and 
Smith (Ref. 6) have found that the optimum acceleration is 
around 30ft./sec.*, For a total number of impulses greater 
then 100, the difference between propulsion by successive 
impulses and by constant thrust is very mali, so one may 
expect the above optimum value of initial acceleration to hold 
for both cases of propulsion. 

The actual amount of reduction in maximm height 
due to air resistence can be calculated by the method of 
step-by-step integration, if feir accuracy is desired. This 
integration is carried out by using the fundamental equation 
for vertical rocket flight which, as given in the previous 


paper (Ref.6) is 


а ELLEN CUP GA 
%; 4-74 үй 12%) gi Hart] LA eom 
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The significance of the ratic G4 was 
discussed in that paper (Ref. 6). Greater ранее can, 
however, be attached to the various terms in the equation if it 
is trensformed into the non-dimensional form 


gal (EA 


4. d$. 97 


4 4 809) РЯ 


(4.26) 


where /\ = 2 


In Eq. (4.26) appear two types of significant 
quantities. First, quantities, called "factors", which ere 
constent for any given femily of rockets, and second, two 
quantities called "parameters", one of which is characteristic 
for a given family of rockets but changes in value along the 
flight path, and one which depends on the physical properties 


of the atmosphere, Thus there are the following factors: 


"initial acceleration factor", a motor 


2 = ratio of initial acceleration to g, 
* characteristic 


C = exhaust velocity in ft./sec. ^. “exhaust 
velocity factor", a motot characteristic 
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A = "drag-weight factor” 

© = ratio of weight of combustibles to totel 
initial weight of the rocket ^v "loading 
factor" 

The first two fectors, 1.6., the "initial accelera- 
tion factor" and the "exhuest velocity factor", determine the 
cheracteristics of the prepelling unit for a given femily of 
rockets while the "dreg-weight factor" and the "Joading factor" 
determine the physical dimensions of the rockets. The "drag- 
weight factor" is a ratio of the drag of the rocket at sea 
level when traveling with the velocity of sound to the initial 
weight of the rocket, Since for any given family of rocket 
shapes the only terms in the factor which oan be varied are the 
maximum cross-sectional area А, and the initial weight Wo, it 
is clear that if the initial weight is doubled then the cross- 
sectional area must also be doubled to keep the factor the same. 
The"loading factor needs to be discussed in some detail as it 
does not appeer explicitly in Eq. (4.26). The Eq.(4.26) is в 
differential equation of the flight path which is satisfied at 
every point along the flight path, The loading factor g 
comes in only when this equation is integrated and the limits 
of integration ere put in. For example, consider two rockets 
with identical performance factors and parameters, with the 
exception that one has а 2 of 0.90 and the other has & 


124 of 0.50. The flight peth of the two rockets will be 
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identical up to the time that 0,50 times the initial weight of 
the rockets is used up as combustibles. At this point the 
rocket having a & of 0,50 will begin to decelerate while 
the one having a 5 of 0.90 will continue to accelerate 
until the remaining combustibles are used up. It is thus seen 
that the value of < controls the maximum height reached. 
The two performance parameters are: 
ot ~ physical properties of the atmosphere called 
7, the "atmosphere рагешебег" 


КА ~ &erodynsmic properties of the rocket shell 
or called the "form parameter" 


The "atmosphere parameter" for the eartht atmospheric 
lever will, of course, be the sane for all rookets if standard 
conditions are assumed end its value depends only on the height 
the rocket has reached above the starting point of the flight. 
The "form parameter" is determined by the shape of the curve of 
Cp against B. This curve will be eltered chiefly by the 
geometrical shape of the shell although it is also affected by 
the change in skin friction coefficient due to the change in 
Reynold's Number. As long as the rocket belongs to a family 
that has the same geometrical shape, which implies the same 
nose shape and the same 4/4 ratio, that is, the ratio of 
the length of the shell to the maximum diemeter, the "form 


parameter" can be assumed to remain constant. 
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It is thus seen that the performance curves calculated 
for a typical rocket will also hold for & whole family of rockets 
determined by the values of the "factors" and of the "parameters" 
of the typical rocket and the design of а rocket to meet certain 
prescribed requirements is greatly simplified. Furthermore, for 
а good rocket form design the variation of -2 д? , the 
form parameter, at the same values of B is small, Also, the 
deviation from standard atmospheric characteristics cannot be 
very large. Then, in view of the fairly accurate but not exact 
basic assumption of constant thrust, it is justified to use the 
seme data for these two parameters for all cases. Thus, the 
performance problem is further simplified and depends only upon 


[7 
the four performenoe factors z PEE -A „А. аш 5. 
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CONCLUSION 


This study shows that a sounding rocket propelled 
by suocessive impulses can theoretically reach heights of 
much use to thoseinterested in obtaining data on the structure 
of the atmosphere and extra-terrestial phenomena if a propelling 
unit gives an exhaust velocity of 7000 ft, per second or more. 

The possibility of obtaining such exhaust velocities 
depends on two factors: first, the ability of the motor to 
trensform efficiently the heat energy of the fuel into kinetic 
energy of the exhaust gases, and secondly, the amount of heat 
energy that can be liberated from the fuel. Іп an actual motor 
which burns its fuel at constant volume by igniting а powder 
charge in the combustion chamber the ratio of the chamber 
pressure to the outlet pressure drops from a maximm at the 
beginning of the expansion to zero et the end of tne process, 
Xt is not possible to design a nozzle that will expend the 
products of combustion smoothly during the whole process, 
Therefore, the attainable efficiency must be less than that 
of & corresponding "constent pressure" motor which has a mixture 
of combustibles, e.g. gasoline and liquid oxygen, fed continu- 
ously into the combustion chamber at a constant pressure equal 
to the maximum pressure of the "constant volume” motor. 


However, very high maximum chamber pressures (up to 60,000 lbs. 
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per 89,32.) can be developed in a motor using constent volume 
burning, while the chamber pressure of a motor using constent 
pressure burning is limited to muoh lower pressures by the 
difficulty of feeding the combustibles. Therefore, the 
efficiency that can be obtained frommtors using either of 
these processes should not be very different. As to the heat 
that can be liberated per unit mass of fuel, the present fuel, 
such as nítro-cellulose powder for a constent volume motor, 
is much lower than the liquid combustibles such as gasoline 
&nd oxygen for & constant pressure motor, 

These considerations indicate thet the attainable 
exhaust velocity of a "constant volume" motor for propulsion 
by successive impulses will probably be lower than that of a 
"constant pressure" motor for supplying a continuous thrust. 
This is the reason why many experimenters abandoned the 
“oonstent volume" motor and turned to the “constant pressure" 
motor, the so-called liquid propellant motor. Theoretically, 
this defect of the "constant volume" motor can be compensated 
if a small total number of impulses (c.f. Fig. 1.5) is used. 
However, the use of few impulses is of doubtful practical 
value because the resulting extreme accelerations will be 
harmfal to instruments carried and will necessitate a heavier 


construction of the rocket, 
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However, even with the lower exhaust velocities of 
the “constant volume” motor it is shown by the analysis in this 
paper thet with the exhaust velocity of 7000 ft./sec. obtained 
experimentally by R, Н. Goddard (Ref. 1) it should be possible 
to build a poder rocket capable of rising above 100,000 feet, 
Thus it seems to the author that a rocket propelled by 
successive impulses has useful possibilities and further ex- 


perimental work is justified, 
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Fig.1.3 Velocity and temperature distribution when no 
heat is transferred to wall 
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Fig.14 Velocity and temperature distribution when wail temperature 


is 1/4 of the free stream temperature 


М = 10 
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Fig. 1.5. Heat balance when the wall temperature is 
l/a of the free stream temperature 
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Fig.3.3 Effect of transformation on Joukowsky airfoil 
with b=0.20 аб wi/ai- 055 
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Fig. 5.4 
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Fig.3.5 Effect of compressibility on the pressure distribution 
of Joukowsky airfoil with b=0.20 
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Flight Analysis of a Sounding Rocket with Special Reference to 
Propulsion by Successive Impulses 


HSUE-SHEN TSIEN and FRANK J. MALINA, California Institute of Technology 


{Received July 6, 1938) 


Summary 
In Part I of this paper an exact solution of the problem of 
determining the height reached by а body in vertical flight in 
vacuo propelled by successive impulses is presented, On the 
basis of this analysis it is concluded that a rocket propelled by 
successive impulses—the impulses being obtained, for example, 
from rapidly burning powder—can theoretically reach much 
greater heights than is possible by sounding balloons and, there- 
fore, farther experimental research is justified. In Part II the 
effect of the variation of the acceleration of gravity with height 
above sea level on the flight performance of a sounding rocket 
is analyzed. For а 1000 mile sounding rocket the decrease in 
gravitational pull accounts for а 25 percent increase in the 
‘maximum height reached over that calculated on the basis of a 
constant gravitational acceleration, In Part ПІ the funda- 
mental performance equation for fight of а sounding rocket in 
air is expressed in terms of dimensionless parameters and factors 
and their physical significance is discussed. Finally, in Part IV 
the theory of the preceding sections is applied to a specific case 
of а sounding rocket propelled by successive impulses which are 
supplied by a reloading type of powder rocket motor. 


INTRODUCTION 


№ 1919, R. H. Goddard’ published the historically 
important paper which suggested the use of nitro- 

cellulose powder as a propellant for raising a sounding 
rocket to altitudes beyond the range of sounding 
balloons. To determine the feasibility of this pro- 
pellant, a series of experiments had been carried out 
and it was found that a thermal efficiency of 50 percent 
could be expected if the powder was exploded in a 
properly designed chamber and the resulting gases 
were allowed to eseape at high velocity through an 
expanding nozzle. In 1981, R. Tilling used a mixture 
of potassium chlorate and naphthalene as propellant 
and actually reached an altitude of 6600 feet. More 
recently, L. Damblanc? made static tests with a slow 
burning black powder and from these estimated that 
a height of 10,000 feet could be reached using a two- 
step arrangement. The results so far reported offer 
an incentive to further analysis. 

The propulsion obtained by the use of powder charges 
in a rocket motor, which are supplied by a reloading 
mechanism, is referred to in this paper as propulsion 
by successive impulses. This type of propulsion is 
essentially different from the type of propulsion made 
available by a rocket motor which continuously burns 
a combustible mixture at constant pressure. The 
thrust of the latter rocket motor is nearly constant, 
whereas in the former case, due to the rapidness of the 


128 


combustion of the powder charges, the propulsion 
consists of a series of uniform impulses. 

The effect of decreasing gravitational acceleration 
on the maximum height reached by a rocket has been 
considered by A. Bartocci? However, he assumes 
that the rocket itself has a constant acceleration during 
powered flight. L. Breguet and R. Devillers* also 
considered the effect of the variation of р. То simplify 
the analysis, they assuraed that the acceleration of the 
rocket was equal to a constant multiple of g. Since 
the sounding rocket will be propelled by a nearly 
constant thrust or a uniform rate of successive im- 
pulses, in Part II the authors have studied the problem 
anew according to this made of propulsion. 

When the sounding rocket is ascending through the 
air the maximum height reached is less than that 
reached for flight in vacuo. Recently, studies have 
been made of the problem by W. Ley and H. Schaefer! 
and by Е. J. Malina and А. М. О. Smith. On the 
basis of the latter study a group of new performance 
parameters and factors have been isolated from the 
general performance equation, and these are discussed 
in Part III 


NOTATION 


Referring to Fig. 1, the following notation has been 
used throughout the paper: 
w = weight of propellant and propellant con- 
tainer ejected per impulse, 1bs. 


k = ratio of propellant container weight to sum 
of container and propellant weight ejected 
per impulse. 

A= (1 0). 

Wo = initial weight of rocket, Ibs. 
Mo = initial mass of the rocket, slugs. 
W, = instantaneous weight of rocket, Ibs. 

$ = ratio of initial weight of propellants to 
initial total weight of a rocket propelled 
by coustant thrust. 

{з = ratio of initial weight of propellants to 


initial total weight of a rocket propelled 
by successive impulses. 

P/N 

= number af impulses per second. 

total number of impulses occurring during 
powered flight. 


ВЕ. 


To 


FLIGHT ANALYSIS OF A 


time, sec. 

interval between impulses, sec. 

initial acceleration imparted to rocket, 
ft. per sec.? 

acceleration of gravity at the starting point 
of flight, ft. per sec? 

acceleration of gravity above the starting 
point of flight, ft. per sec.? 

«lective exhaust velocity of ejected pto- 
pellant, ft. per sec. 

instantaneous velocity, ft. per sec. 

velocity imparted to rocket by the rth 
impulse, ft. per sec. 

velocity at end of the rth interval, ft. per sec. 

velocity of sound corresponding to atmos- 
pheric conditions at the starting point of 
flight, ft. per sec. 

velocity of sound corresponding to atmos- 
pheric conditions at height reached by 
Hietucket at time f, ft. per sec. 

Mach's number = 2/5. 

velocity of rocket at start of coasting flight, 
ft. per sec. 

velocity of rocket at start of coasting flight 
if g is constant and equal to go, ft. per sec. 

altitude above sea level, feet. 

height reached at the beginning of the rth 
interval, fect. 

height reached at the end of the rth interval, 
feet. 

height traveled during powered flight, feet. 

height traveled during powered flight, if g 
is constant and equal to go, feet. 

height traveled during coasting flight, feet. 

height traveled during coasting flight, if g 
is constant and equal to ge, feet. 

height traveled during powered flight and 
coasting flight, feet. 

height traveled during powered flight and 
coasting flight, if g is constant and equal 
мо an, feet. 

radius of earth, 2.088 X 10%, feet. 

t duc to air resistance, Ibs. 

nt of rocket. 

drag coefficient of rocket at velocity of 
sound. 

drag-weight factor (discussed in the section 
on the effect of air resistance), 

mass density of air at the starting point of 
flight, slugs per cu.ft. 

ratio of air density at altitude to air density 
at the starting point of flight. 

absolute temperature of atmosphere at the 
height reached by the rocket at time 
1, “F. 

absolute temperature of atmosphere at the 
starting point of flight, °F. 


SOUNDING ROCKET 51 


1 r rl 1 


Fic.l. Variation of the flight velocity г with the time £ 
A = largest cross-sectional area of rocket shell, 
sq.ft. 
d = largest diameter of rocket shell, ft, 
1 = length of rocket shell, ft. 


1 


An approximate method of calculating the maximum 
height reached by a rocket propelled by powder was 
developed by В. Н. Goddard.! To simplify the anal- 
ysis a continuous loss of mass was assumed and the 
problem was so stated, that a minimum mass of pro- 
pellant necessary to lift one pound of mass at the end 
of the flight to any desired height was determined. 
However, if high-powered powder is used, the rate of 
burning is so rapid that the propulsive action is in- 
stantaneous. The rocket is thus acted upon by an 
impulse rather than by a constant thrust, 

In the following analysis, it has, therefore, been 
assumed that the propulsive force is an impulsive force, 
ie., the force acts for such a brief interval of time that 
the rocket does not change its position during the 
application of the force, although its velocity and its 
momentum receive a finite change. If the combustion 
process of the propulsive unit takes place at constant 
volume this assumption is justified. Further, a study 
of interior ballistics of small arms reveals that the period 
between the ignition of the powder charge arid the 
bullet's arrival at the end of а two-foot barrel is of the 
order of 14 ten:thousandths of a second. If the gases 
are not restrained and their travel through the burning 
chamber and the nozzle is of much shorter length, as 
is the case for the rocket motor, even shorter periods of 
duration of action can be expected. 

Assuming that the propulsive force acts as an 
impulse, then the motion of the rocket can be cal- 
culated by Newton's third law, which states that 
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ро. 2. Variation of ¥ with N for various values of 037. 


impulses between two bodies are equal and opposite. 
Hence, equating the momentum of the exhaust gases 
to the momentum imparted to the rocket, using the 
quantities defined in the list of notation and referring 
to Fig. 1, the following relation can be written for 
flight in vacuo: 


Өш/едс = (Ив) Av, (1) 
where 
л=(-Ю and Ж, = W ~ rw (2) 
ог 
Е cUm e 
where 


Bh = ШМ = А 


During the interval between impulses, Af, the 
velocity is reduced by the action of gravity so that 
at the end of the rth interval, the velocity of the rocket 
will be 


vf = t ВА =v,’ №, - М [C 
Therefore 
y = 5 Au, — ем (5) 
= 
Substituting for Av, from Еч. (3) 
им oe O 


киту 
or 


PEST — гым 


N 


where 


oe 
EC = 

‘The height gained during each interval will be герге- 
sented by the arca under the velocity curve in the in- 
terval, or 

hh, = s AE АКАЙ? (9) 

Therefore, at the end of the Nth interval which is 

the end of the powered flight, the height will be 
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„= YS вещ + QUID: 
A 
Substituting for n,’ its value in Eq. (6) 
NN 
p "ieu Ec eap 
Meant 


ao» 7) 


КІР 


e i-r 27 
go AN)? (8) 


МТ 
Se CAE 


The maximum height reached will be the sum of the 
height at the end'of powered flight and the height 
traveled during coasting or 


Ны, = Нь + Но = Hr, + У 1260 (9) 


To calculate the maximum height one has first to 
evaluate the sums 51 and S;.* Noting that 


i р 
los femme, 
1-378) y $ j 


S; can be written in the form 


Г 


ЕРДІ 
- f Г d 
s 
Putting 


өн " 
= Ny/ts', the above intergral becomes 


mn em (Ez. 12), 
Bip) 0 
where уй) = duis T(g)]. (The reader is referred 


to references 7 and 8 for detailed information on this 
function. Similarly, 5, can be summed as 


s-E[v-[E- ev] x 
OE е 


Substituting Eqs. (10) and (11) into Eqs. (6) and (8), 
and then into Eq. (9) 


Eee spe» 


2go 2 


* The authors wish to thank Prof. H. Bateman for his sugges- 
tion of this method of summing. 
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Tro 8. М.а with пе/р, for various values of ў". 


where и = 1/44, and t = 4(N/5) — V(N/5/) — МІ. 
For convenience of calculation in Fig. 2 the quantity 
Wis plotted against N for different values of 2”. 
It can easily be shown that when N = 1 
Y-n70 m 
so that Eq. (12) reduces to 


Mer р у 

1- =) 
Also, as N— œ, Y — —log(1 — ri), thus Eq. (12) 
reduces to 


duse "M Mog — 52r 4 юа — eu 


2 (в/в) +1 
(12b) 


Не, (12а) 


žo 


where 

ta = ee А ас) 
The quantity ае can be considered as the initial accelera- 
tion of the rocket if № —«. It is interesting to notice 
that Eq. (12b) is the equation obtained by Malina 
and Smith (Ref. 6) for calculating the maximum height 
of a constant thrust rocket, as expected. 

Fig. 3 shows the variation of А... л? with 
nhc / go for different values of 2! and for four values of 
N. These curves show that when the total number 
of impulses, №, becomes larger than 100, the maximum. 
height reached is imperceptibly changed by increasing 
the number. 

At this point it is necessary to discuss the similarity 
existing between a rocket propelled by successive 
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Tarte 1 


--------------------- 


Successive Impulses 


№ n 
Ft. per Impulses e Ми, 
Case Sec. n N per Sec. Feet 
1 10,000 0.70 3 1,412,000 
2 16,000 0.70 0.092 1,086,000 
3 7,000 0.70 3 560,000. 
4 7,000 0.70 9.092 676.000 - 
Constant Thrust 
е 
Has = © fih loe 0 = DP = 
£n 
L 
igt + \ 
Sani КЕ Бр Ж, 
p 
Case с [3 do Feet 
1 10,000 0.70 32.2 1,468,000 
2 10,000 0.70 32.2 1,465,000 
3 7,000 0.70 12.9 533,000 
4 7,000 0.70 12.9 555,000 


impulses and a rocket propelled by constant thrust. 
‘The former loses not only the mass of the propellant, 
but also the containers for the individual charges. 
‘The difference in effect on the rocket between the 
propellant and its containers is that the propellant 
bas an effective exhaust velocity, c, while the ejected 
containers leave the rocket without appreciable 
velocity. The propulsive action, however, will remain 
the same if the whole cartridge, that is, the propefiant 
charge and its container, is considered wholly as pro- 
pellant, but leaving the motor at a reduced effective 
exhaust velocity M. The rocket propelled by constant 
thrust loses only the mass cqual to the propellant 
carried; therefore, it can be said to be equivalent to the. 
"successive impulses" rocket if its effective exhaust 
velocity and its total mass of propellant are equal, 
respectively, to the reduced exhaust velocity and to the 
sum of the masses of all the containers of the “successive 
impulses” rocket. In other words, c is equal to № and 
$ is equal to р". 

In Table 1 the heights for four cases have been cal- 
culated to illustrate the effect of the exhaust gas 
velocity and the total number of impulses given to a 
rocket whose weight ratio, |” is 0.70. It will be 
noticed that for flight in vacua a greater height will be 
reached if a smaller number of impulses is employed. 
‘The lower portion of the Table shows the maximum 
height reached Бу an equivalent "constant thrust” 
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rocket for the same four cases with the initial accelera- 
tion given by Eq. (12c). The close agreement between 
the maximum height reached by use of successive 
impulses, when the total number of impulses exceeds 
100, and that reached by the use of constant thrust 
simplifies the solution of the problem of decreasing 
acceleration of gravity with height, and enables pre- 
diction for flight with air resistance to be based on the 
results obtained for а rocket propelled by constant 
thrust (cf. reference 0). These problems are con- 
sidered in the following sections. 


и 


Tt is well known that tue acceleration ot gravity 

decreases with the height above the earth's surface 

according to the following relation: 
g = gIRAR + Юр (18) 

At an altitude of 1000 miles the acceleration is ему 
0.64 times that at sea level. Therefore, for fights up 
te such altitudes the assumption that ¢ is approximately 
constant is no longer valid. ft was shown by Malina 
and Smith? that a three-step rocket could theoretically 
reach such an altitude. Thus it is interesting to sec 
how the decrease of g will increase the maximum height 
reached by the rocket. 

First, the effect on powered fight i» zacuo will be 
considered and then on coasting flight im vacuo. For 
powered flight the analysis is based on the assumption 
that the thrust is constant. However, the results can 
be applied te the case of propulsion hy successive im- 
pulses if the total number of impulses, №, exceeds 100 
as was justified in the previous section, 

The equivalent mass cf gas flowing per second con- 
tinuously for the case af successive impulses is 


wnfgo = т an 


Assuming that the rocket starts from rest at sea level, 
the equation of motion ін racua із 


at + a)" + 


This is а non-linear differential equation which can- 
not be solved by usual means. However, for all prae- 
tical purposes the ratio A/R during powered flight is 
much smaller than 1, therefore, only first order terms 
in А/Ё occurring in the expansions need to be retained. 
‘This approximation linearizes the equation to the form 


dh 2h 
dp #-1)+ 


The solution of this equation with the initial condition 
that h = Qand dhjdi = 0 when i = 0 is 


те’ М, 
[2551 


да = а» 


(16) 
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QR. ағы (“са Las fed 
EIE өм үйе); не [ ae | че) an 
wheret = V/2g/R. Мут and u = 1 — (m/My)t. At'the end of the powered flight, the time is 

t= tp = Мт аз 


‘Therefore, the height at the end of the powered flight is 


Ef Bp ME, ү © IRS pany f Perte _ zad “сеги 
н-Ж1 cosh лм у тү f ze | = (19) 


1f the hyperbolic cosine term and the integrals are expanded and only first order terms in 1/R are retained in 
consistency with the linearization of Bq. (15), the equation reduces to 


ay = ~ {88 (BY Ре (жүр, о. 


LO (y {во = Hog — t) + (Lp — 15p + ә) 


188 
= Hy +£ R TUE [ea — Дюка — p). + ий = g5p + «| - 29) (20) 


Differentiating Eq. (17), and substituting the relation of Eq. (18), the maximum velocity at the end of 
powered fight is 


| x расо а — 
Ужы ү® sinh qp Ме _ ste а f Сй асо f e en 


Again expanding and retaining only first order terms in 1/R, Eq. (21) reduces to 


к (% %) r+ 1 pe тү) " { юй — 3) № &y [za = блока = D 2 — E 
= Voor, - түу (PRO) с [o0 — proga -D +2 = ar} 22) 


It is seen that the second terms of Eq. (20) and (22) are the corrections to be applied to Hy, and Vas, to 
account for the variation of the acceleration of gravity. Since both corrections are first order approximations 
they can be expected to apply approximately also to the case of successive impulses, even when the total number 
of impulses is less than 100. 

The coasting height reached by the rocket due to its velocity at the end of powered flight can be obtained 
by equating the increase of potential energy during coasting flight to the kinetic energy at the end of powered 


V, 


fight. Thus, 
А ЕРИ" 
РРА о _ 
yate үй ГҮ @ЛЮР 
© 
{гг ыл сыйы ы сугыл 
= (H, HRK a Q3) 
SRI + ЮКИ, +B) 
Putting Vner/28olR/(Hp + Ж) = Hey which is the coasting height obtained by assuming a constant 


gravitational acceleration of the value equal to that at the height Н, i.e., the height where coasting starts, ther 
Eq. (23) can be written 


H 
m-at дав) 


Upon expanding the second term, this equation becomes, 


Не. Не, ow На 
nmp GEN Glia) +f m 
This equation shows that if the coasting flight starts from sea level, and if the maximum height reached is 
“about 1000 miles, the increase due to the decrease in 4 is over 25. percent. 
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When the sounding rocket is ascending through the 
atmosphere instead of ін vacuo, air resistance comes 
into play, causing the acceleration of the rocket to be 
reduced, which decreases the maximum height reached. 
Since air resistance increases with the air density and 
with the square of the flight velocity, it is desirable 
to keep the rocket from ascending too rapidly through 
the lower layers of the atmosphere where the air density 
is high. For this reason the optimum initial accelcra- 
tion will no longer be infinite as shown by Eq. (125) 
For ше case of constant thrust Malina and Smith* have 
found that the optimum acceleration is around 30 it. 
per scr? Kor a total number of impulses greater than 
100, the diference between propulsion by successive 
impulses ard by constant thrust is very small, so опе 
may expect the above optimum value of initial accelera- 
tion to hold for both cases of propulsion. 

The actual amount of reduction in maximum height 
due to air resistance can be calculated by the method 
of step-by-step integration, if fair accuracy is desired 
This integration is carried out by using the funda- 
mental equation for vertical rocket flight which, as 
given in the previous paper (Ref. 6) із 
Басар oes 

e= CU 1T qs + gale 
n 
gor CA (95) 


The significance of the ratio Сь4/И^ was discussed 
in that paper Greater significance can, however, be 
attached to the various terms in the equation if it is 
transformed into the non-dimensional forra 


241 (= Sp) а 
a Е в ШАСЫ 
ае АТЫ А 
е в 1+1) 1 = +1) 
n nva 
Qa 
where 
[27 
PC At 
Rete 
Wo 


In Ey. (26) appear two types of significant quantities. 
First, quantities, called “factors,” which are constant 
for any given family of rockets, and second, two quan- 
tities called “parameters,” onc of which is characteristic 
for a given family of rockets but changes in value 
along the flight path, and one which depends on the 
physical properties of the atmosphere. Thus there 
are the following factors: 


аы» = ratio of initial acceleration to go ~ "initial 
acceleration factor,” a motor characteristic. 
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exhaust velocity in ft. per sec. ~ “exhaust 
velocity factor,” a motor characteris 

"drag-weight factor." 

ratio of weight of combustibles to total 
initial weight of the rocket ~ "loading 
factor." 


The first two factors, ie., the "initial acceleration 
factor" and the “exhaust velocity factor," determine 
the characteristics of the propelling unit for a given 
family of rockets while the "drag-weight factor" and 
the “loading factor" determine the physical dimensions 
of the rockets. The "drag-weight factor" is a ratio 
of the drag of the rocket at sea level when traveling 
with the velocity of sound to the initial weight of the 
rocket. Since for any given family of rocket shapes 
the only terms in the factor which can be varied are 
the maximum cross-sectional area, A, and the initial 
weight, Ws, it is clear that if the initial weight is doubled 
then the cross-sectional area must also be doubled to 
keep the factor the same. The “loading factor" needs 
to be discussed in some detail as it does not appear 
explicitly in Eq. (26). Eq. (26) is a differential equa- 
tion of the flight. path which is satisfied at every point 
along the flight path. The loading factor $ comes in 
only when this equation is integrated and the limits 
of integration are put in. For example, consider two 
rockets with identical p-rformance factors and parame- 
ters, with the exception that one has a { of 0.90 and 
the other has a { of 0.50. The flight path of the two 
rockets will be identical up to the time that 0.50 times 
the initial weight of the rockets is used up as com- 
bustibles, At this point the rocket having a ¢ of 0.50 
will begin to decelerate while the one having a { of 0.90 
will continue to accelerate until the remaining com- 
bustibles are used up. It is thus seen that the value of 
$ controls the maximum height reached. 

The two performance parameters are: 


T/T, ~ physical properties of the atmosphere 
called the "atmosphere parameter." 

Co/Cp* ~ aerodynamic properties of the rocket called 
the "form parameter." 


The "atmosphere parameter” for the earth's atmos- 
pheric layer will, of course, be the same for all rockets 
if standard conditions are assumed and its value de- 
pends only on the height the rocket has reached above 
the starting point of the flight. The “form parameter” 
is determined hy the shape of the curve of Со against 
B. This curve will be altered chiefly by the geometrical 
shape of the shell although it is also effected by the 
change in skin friction enefficient due to the change in 
Reynolds Number. Ав long as the rocket belongs to 
a family that has the same geometrical shape, which 
implies the same nose shape and the same 1/4 га 
that is, the ratio of the length of the shell to the maxi- 
mum diameter, the "orm parameter" can be assumed 
to remain constant. 
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Fic. 4. Height reached ìn air at the end of powered 
Aight and maximum height reached versus the exhaust 
velocity, c, for ї of 0.50 and 0.70, 


It is thus seen that the performance curves calculated 
«ог a typical rocket will also hold for a whole family of 
rockets determined by the values of the “factors” and 
of the “parameters” of the typical rocket and the 
design of a rocket to meet certain prescribed require- 
ments is gre.tly simplified. Furthermore, for a good 
design of rocket form the variation of Ср/Сь*, the form 
parameter, at the same values of B is smali. Also, 
the deviation from standard atmospheric characteristics 
cannot be very large. Then, in view of the fairly 
accurate but not exact basic assumption ef constant 
thrust, it is justified to use the same data for these two 
parameters for all cases. Thus, the performance 
problem is further simplified and depends only upon the 
four performance factors an/go, c, A, aud Г. 
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The use of the results of the analysis developed in 
the preceding parts of this paper is illustrated in this 
section by the calculation of the performance of а 
rocket propeiled by successive impulses, e.g., a powder 
rocket. The performance of the powder rocket can be 
predicted from the results obtained for an equivalent 
rocket propelled by constant thrust, provided the 
powder rocket is acted upon by more than 100 impulses, 

In making use of the equivalence existing between 
the two methods of propulsion it is necessary that the 
dollowing quantities discussed in Part I and Part IIT 
be identical for the two cases: initial acceleration 
factor, a/g»; exhaust velocity factor, с, for constant 
thrust and Ac for successive impulses; drag-weight 
factor, A; loading factor, ¢, for constant thrust, and 
in’ for successive impulses; atmosphere parameter 


cT/Ty form parameter, C,/Cy*; and slenderness 
ratio l/d. 

For the example the following characteristics of the 
powder rocket are assumed: 


POWDER ROCKET 


W, = 85 Ibs. € = 7000 ft./sec. 
й = 0.658. № = 6580 ft./sec. 
weight of powder pershot f1' = БУХ = 0.70. 
= 0.108 Ibs. d = 0.75 ft. 
weight of cartridge = У = 3.34. 
0.007 Ibs. Cp/Cp* ~ Fig. 3 of 
2 = 0.115 lbs. per shot. reference 6. 
k = 006. /4 = 10.68. 
х= 0-0 = 0.9. Т/Т ~ standard at- 
ЕТА mosphere, starting point 
N = 518, ~sea level. 
EQUIVALENT CONSTANT THRUST ROCKET 
Wo = 85 tbs A 2334. 
t= 0.70. Cp/Cp* ~ Fig. 3 of 
с = 0580 ft./see. reference 6. 
ay = (Hnc N) — № — l/d = 10.68. 
= 30.0 ft. per sec? T/T) ~ standard at- 
mosphere, starting point 
d= 0.758" —sea level. 


The data for the equivalent rocket are now complete 
and it is found from Fig. 4 that Hogs, = 102,000 feet. 

This is the maximum height reached by the rocket 
assuming that the acceleration of gravity does not 
vary with height. This assumption was shown in the 
preceding section to be practically valid for maximum 
heights up to about 800,000 feet. 

Since the sounding rocket at the end of powered 
flight does not reach heights at which the acceleration 
of gravity is appreciably decreased, the heights cal- 
culated by Malina and Smith‘ can be used. In Fig. 4 
the height at the end of powered flight is plotted against 
the exhaust velocity c for t = 0.70 and 0.50 for flight 
with air resistance. If the height at the end of powered 
flight is subtracted from the maximum height reached, 
the coasting height is obtained. This height may be 
perceptibly affected by the decreasing acceleration of 
gravity. Using Eq. (24) the corrected coasting height 
can be calculated. For a sounding rocket propelled 
by constant thrust of the same dimensions as above 
but with an exhaust velocity of 12,000 ft. per sec. it 
is found from Fig. 4 that 


1,270,000 feet 
From Fig. 4 


265,000 feet 
so that 
He, = Has Нь 
Using Eq. (24) the corrected coasting height is 
1,005,000 
2.098 x 108 


= 1,005,000 feet 


Не = 1,005,000] 1 г ] = 1,010,000 feet 
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So that the maxim height with the coasting height 

corrected for decreasing acceleration of gravity 

Has, = Hp + He = 265,000 + 1,010,000 = 
1.275,000 feet 


CONCLUSION 


This study shows that a sounding rocket propelled 
by successive impulses can theoretically reach heights 
of much use to those interested in obtaining data on 
the structure of the atmosphere and extra-terrestrial 
phenomena if a propelling unit gives an exhaust 
velocity of 7000 ft. per sec. or more. 

"rhe possibility of obtaining such exhaust velocities 
depends upon two factors: first, the ability of the 
motor to transform efficiently the heat energy of the 
fuel into kinetic energy of the exhaust gases, and, 
second, the amount of heat energy that can be 
"iberated from the fuel. In an actual motor which 
burns its fuel at constant volume by igniting a powder 
charge in the combustion chamber the ratio of the 
chamber pressure to the outlet pressure drops from a 
maximum at the beginning of the expansion to zero 
at the end of the process. It is not possible to design 
а nozzle that will expand the products of combustion 
smoothly during the whole process. Therefore, the 
attainable efficiency must be less than that of a corre- 
sponding "constant pressure" motor which has a mixture 
‘of combustibles, e.g., gasoline and liquid oxygen, fed 
continuously into the combustion chamber at a con- 
stant pressure equal to the maximum pressure of the 
“constant volume" motor. However, very hig! maxi- 
mum chamber pressures (up to 60,000 ths. per sq. in. 
can be developed im a motor using constant volume 
burning, while the chamber presure of a motor using 
constant pressure burning is }ипйей to much lower 
pressures by the difiinulty of feeding the combustibles. 
Therefor, ihe сису that can be obtained from 
motors using either of these processes should not be 
very different. As to the heat that can be liberated 
per unit mass of fuel, the.present fuel, such as nitro- 
cellulose powder for a constant volume motor, is much 
lower than the liquid combustibles such as gasoline 
and oxygen for a constant pressure motor. 
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These considerations indicate that the attainable 
exhaust velocity of a “constant volume" motor for 
propulsion by successive impulses will probably be 
lower than that of a "constant pressure” motor for 
supplying a continuous thrust. This is the reason why 
many experimenters abandoned the "constant volume" 
motor and turned to the "constant pressure” motor, 
the so-called liquid propellant motor. Theoretically, 
this defect of the "constant volume" motor can be 
compensated if a small total number of impulses (cf. 
Fig. 3) is used. However, the use of few impulses is 
of doubtful practical value because the resulting ex- 
treme accelerations will be harmful to mstruments 
carried and will necessitate a heavier construction of 
the rocket. 

However, even with the lower exhaust velocities of 
the “constant volume” motor it is shown by the analysis 
in this paper that with the exhaust velocity of 7000 
ft, per sec. obtained experimentally by R. H. Goddard! 
it should be possible to build a powder rocket capable 
of rising above 100,000 feet. Thus it seems to the 
authors that a rocket propelled by successive impulses 
has useful possibilities and further experimental work 
is justified. 
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Subsonic Flow of 


Compressible Fluids 
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Summary 


The basic concept of the present paper is to use a tangent line 
to the adiabatic pressure-volume curve аз ап approximation to 
the curve itself, First, the general characteristics of such a fluid 
are shown: Then in Section I a theory is developed which can 
be applied to flows with velocities approaching that of sound, 
whereas the theory of Demtchenko and Busemann only give an 
approximation for flows with velocities smaller tlan one-half of 
the sound velocity. This is done by a generalization of the 
method of approximation to the adiabatic relation by a tangent 
line, conceived jointly by Th. von Kármán and the author. The 
theory is put into а form by which, knowing the incompressible 
flow over a body, the compressible flow over a similar body can 
be calculated. The theory is then applied to calculate the бож 
over elliptic cylinders. Іп Section H the work of H. Bateman is 
applied to this approximate adiabatic fluid and the results ob- 
tained are essentially the same as those obtained in Section I. 


IntTKODUCTION 


Assuming that the pressure is a single-valued functlon 
of density only, the equations of two-dimensional iño- 
tational motion of compressible fluids can be reduced 
to'a single non-linear equation af the velocity potential. 
In the supersonic case, that, is, in the case when flow 
velocity is everywhere greater than that of local sound 
velocity, the problem is solved by Meyer and Prandtl 
and Busemann sing the method of characteristics. 
The essential difficulty of this problem lies in the sub- 
sonic case, that is, in the case when flow velocity is 
everywhere. smaller than but nedr the local sound ve- 
locity, because then the method of characteristics can- 
not be used. Glauert and Prandtl! treated the case 
when the disturbance of parallel rectilinear flow, due to 
the presence of a solid body, is small. They were then 
able to linearize the differential equation for the velocity 
potential and obtain an equation very similar to that for 
incompressible fittids. But there are usually stagnation 
points either on the surface of the body ov in the field of 
flow, where the disturbance is no longer small. Hence, 
it is doubtful whether the linear theory can be applied 
to the flow near a stagnation point. For the same rea- 
son, the theory breaks down in the case of bodies whose 
dimension across the stream is not small compared with 
the dimension parallel to the stream. 

To treat these cases Janzen and Rayleigh developed 
the method of successive approximations. This method 
was put into a more convenient form by Poggi and 
Walther. Recently, Kaplan* treated the case of flow 
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over Joukowsky air-foils and elliptic cylinders using 
Poggi’s method. However, the method is rather tedi- 
ous and the convergence very slow if the local velocity 
of sound is approached. 

Molenbroek and Techapligin suggested the use of the 
magnitude of velocity w and inclination В of velocity to 
a chosen axis as independent variables, and were thus 
able to reduce the equation of velocity potential to a 
linear equation. This equation was solved by Tschap- 
ligin. The solution is essentially a series, each term of 
which is а product of a hypergeometric function of w 
and а trigonometric function of В. The main difficulty 
in practical application of this solution is to obtain a 
proper set of boundary conditions in the plane of inde- 
pendent variables w, 8 and to put the solution in a closed 
form. 

Tschapligin has shown that a great simplification of 
the equation in the hodograph plane results if the ratio 
of the specific heats of the gas is equal to —1. Since 
all real gases have their ratio of specific heats between | 
and 2, the value —1 seems without practical signifi- 
cance. Demtchenko! and Busemann‘ clarified the 
meaning of this specife value of —1. They found that 
this really means to take the tangent of the pressure- 
volume curve as an approximation to the curve itself. 
However, they limit themselves to the use of the tangent. 
at the state of the gas corresponding to the stagnation 
point of flow. As a result their theory can only be 
applied to a flow with velocities up to about one-half 
the velocity of sound. Recently, during a discussion 
with Th. von Kármán he suggested to the author that 
the theory can be generalized by using the tangent at. 
the state of the gas corresponding to sudisturbed paral- 
1е flow. Thus the range of usefulness of the theory 
can he greatly extended. This is carried out in the first 
section of the present paper. This theory, based upon 
Demtchenko and Busemann’s work, is then applied to 
the case of flow over elliptic cylinders and the results 
compared with those of Hooker and Kaplan. Fur- 
thermore, results calculated by Glauert-Prendtl linear. 
theory are also included for comparison. 

Recently, Bateman! demonstrated а remarkable 
reciprocity between two fields of flow, of two fluids 
related by a certain point transformation. Itisshown 
in the second section of this paper that the flow of an 
incompressible fluid and the flow of a compressible fluid 
approximated by the изе of the tangent to adiabatic 
pressure-volume curve can be interpreted as such a 
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point transformation. Itis therefore possible to obtain 
а solution jor compressible flow whenever a solution of 
incompressible fiow is known, This transformation 
from the flow of an incompressible fluid to the flow of a 
compressih'- fluid. is found, however, to be essentially 
the same as that developed from Demtchenko and 
Busemann’s work, 


APPROXIMATION TO THE ADIABATIC RELATION 
If p is the pressure, v is the specific volume and y is 
the ratio of specific heats of a gas, the adiabatic relation 
po? = constant is a curve in the )-г plane as shown in 
Fig. 1(a). The conditions near the point fi, v, which 


P 
- 
Ӯ 
са! Ф 
Fic. 1 Approximation to the adiabatic f-r relation by 
means of a tangent. 


correspond to a state of undisturbed flow can be ap- 
proximated by the tangent to the curve at that point. 
“The equation of the tangent at this point can be written 

Pic р = Cin — v) = Clo — 97) а) 


where C is the slope of the tangent and p is the density 
of the finid, The slope C must be equal to the slope of 


the curve at the point ру, 4. Therefore, 
dp ар do ар 
e ED -Gae an 
dv. ^ Nds dv ұлынан 


whore с: is the sound velocity corresponding to the 
conditions py, т. Thus Eq. (1) can be written 
Ф basa — at) (9) 
Uhis ап approximation to the true adiabatic pressure- 
density relation, and is shown in Fig. 1(b) together with 
the true adiabatic relation. 
‘The generalized Bernoulli theorem for compressible 


fluids is: 
s 
Ге» а) 


where w is the velocity of Ше gas and the subscripts 2 
aud 3 denote two different states of the ші, By 
substitating Eq. (2) into Eq. (3), 


we) — щш? = 


wy? — tea? = аур (ра — po?) 


(4) 


Now if w, = 0, us = w, ру = ру and оз = p, with the 
subscript 0 denoting the state of the fluid corresponding 
to the stagnation point of flow, Eq. (4) gives 
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UM ya = oe 


@) 
If the square of sound velocity а* is, as usual, defined 
as the derivative of p with respect to р, Eq. (2) gives 


аз = pMdp/dp = аю? = constant — (6) 
Therefore, Eq. (5) can be written as: 
(p/m)? = 1 — (ш/а)! @ 
Similarly, 
(p/p)? = 1 + (ш/а! e 


It is interesting to note that from Eq. (8) the density 
decreases as the velocity increases, as may be expected. 
Therefore Eq. (6) indicates that the local velocity of 
sound increases as the velocity increases. This be- 
havior is opposite to that of a real gas, since in the case 
of an adiabatic flow of a real gas it is well known that the 
temperature of the gas decreases as the velocity in- 
creases; thus the local sound velocity, being propor- 
tional to the square root of the temperature, also de- 
creases. However, in the present approximate theory, 
the ratio w/a or the Mach Number, still increases as the 
velocity increases, as can be seen from Eq. (7). But 
this ratio only reaches the value unity when р = 0, or 
from Eq. (8), when w = œ, It is thus seen that the 
entire regime of flow is subsonic and the differential 
equation of the velocity potential is always of an elliptic 
type, i.e., always of the same type as the differential 
equation of the velocity potential of incompressible 
fluids. This is the reason why the complex representa- 
tion of the velocity potential and the stream function is 
possible for all cases, as will be shown in the following 
paragraphs. However, one should realize that the 
portion of the tangent that could be used as an ap- 
proximation to the true adiabatic relation is that por- 
tion which lies in the first quadrant, Thus the upper 
velocity limit for practical application of the theory 
occurs аср = 0. Ву using Eqs. (7) and (8) this upper 


limit is found to be 
id oue ho. ГЛ zt, (my 
(Q m (ш/а) (25 T ) р ajj 


Since the point f», pı being the tangent point to the true 
adiabatic curve, lies on the curve, the relation ай = 
ybi/ p, which is true for the adiabatic relation рр-7 = 
constant can be used, and Eq. (9) becomes 


-eG L-E] 


(10) 
This relation is plotted in Fig. 2 with y = 1405. 
Since for most practical cases it is not likely that the 
ratio (w/w) will rise to values much higher than 2, р 
will remain positive, and this theory will be sufficient 
to give an approximate solution. 


SUBSONIC FLOW OF COMPRESSIBLE FLUIDS 


10 | 1 


Ман  Muemen Ж 


ic. 2, Relation between the maximum velocity (а/о) ы, 
(at which the pressure is zero) and the Mach Number (шш). 


SECTION E 
Hodograph Method 


If the flow is irrotational, there exists a velocity 
potential Ф such that. 


9%/Әх = и, 90/Әу = v ai) 


where м, v are the components of w in the x and y 
direction, respectively. The equation of continuity 


24926) 
oie 22, )=0 
24 +®\„” 
will be satisfied, if the stream function ф is introduced 
such that: 
wp/p, = Op/ Dy, —tp/m = p/j х 2) 


If the angle of inclination of the velocity w to the x 
axis is 8, Eqs. (11) and (12) give: 


dg = wcos Вах + wsin бду 


dp = — wi(p/p) sin Вах + ш(р/ рз) сов Bdy (13) 
Solving for dx and dy, 
di ELI Ta 
w w 
dy = SP gy e Emu, aa 
w w p 


As long as the correspondence between the physical and 
hodograph plane is one to one, or mathematically 
Ә(а, 5)/ (и, v) » 0; x and y can be expressed as func- 


tions of w, 8, and ¢ and ¥ as function of w, 8. Thus, 
dé = pu'dw + 949 


dy = ya'dw + уудр а» 
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_where primes indicate the derivative with respect to the 


independent variables indicated as subscripts. Sub- 
stituting Eq. (15) into Eq. (14), the following expres- 
sions for dx and dy are obtained: 


de (Sior IER, )e- 
w р 
(Eo IL 
, 
dy = (Beer EE M + 
w wp 


(Ray et? yas ав) 
w w р 


MZ ) dg 


Since the left-hand side of Eqs. (16) are exact differ- 
entials, the reciprocity relation can be applied, and, 
therefore, 


Pay EX =) а? 


Cartying out these differentiations and simplifying 
with the aid of Eq. (7), Eq. (17), 


(19) 


Eq. (19) can be further simplified by introducing a 
new variable w, such that 


dw 
de =? С 
ро Ш (20) 
Then Eq. (19) becomes 
Ф =, (21) 


‘This can be easily recognized as the Cauchy-Riemann 
differential equation, and thus ф + iy must be an ana- 
lytic function of — 18. However, for convenience of 
calculation, another new set of independent variables 
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U = W cos f, V = W sin Bare introduced where W = 
a^. Then Eq. (21) can be written as 


әф/Ә = dy/2(--V) 


әф/ә( V) = —à/8U (22) 
Integrating Eq. (20), 
W = 2aqw/ (Wag? + w^ + а) (23) 
and 
ло = ад? j (adt — W°) Q4) 


Substituting into Eq. (8), the following expression for 
the density ratio рур is obtained: 
рр = (dag! + И) (4а? — W°) (25) 

Eqs. (22), (23), (24), and (25) are the basic equations 
of the present theory. Eq. (22) is the Cauchy-Rie- 
mann differential equation, and thus the complex 
potential F = 9 + Аф must be an analytic function of 
W = U iV, or: 

$+ = RU iV) = FW) 

$-4 = F(U + iV) = FW) (26) 
їп Eq. (26), W and F are the complex conjugates‘of W 
and F, respectively. 

It is now necessary to find the values of x and y 
corresponding to a given set of values of U and V, i.e., 
to find the transformation from the hodograph plane to 
the physical plane. By using Eqs. (24) and (25), Eq. 
(14) can be written 


where W*'— U? + V°. These equations can be com- 
bined into оле equation by means of Eq. (20). Thus, 
ағ Мағ 


dz = dx + idy 
и 


es) 


Hence, if an analytic function F(W) is given for each 
value of W, the corresponding real velocity w can be 
calculated by Eq. (34). Then the coordinate of the 
point in the physical plane at which this velocity occurs 
сап be calculated by integrating Eq. (28). The pres- 
sure at this point is then given by Eq. (2). However, 
using this procedure, it is not possible to predict 
whether the chosen function ЕО?) will give the desired 
shape of the solid boundary and flow pattern. In 
other words, this procedure, in common with all hodo- 
graph methods, still suffers the difficulty of boundary 
conditions. 


Transformation from Incompressible Flow 
то Compressible Flow 
However, using the simple relation of Eq. (28) the 
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resulting shape of the body can be ascertained ap- 
proximately by starting with the function 

FUR) = Ф бр = WGO) (29) 
where W, is the transformed undisturbed velocity to be 
interpreted by Eq. (23), and { is the complex coordinate 
E+ ty, This function is so chosen аз to give the flow 
of an incompressible fluid over the desired body shape 
іп coordinates gand т. The rea! velocity in the { plane 
of the incompressible fluid is interpreted as the trans- 
formed velocity W in the hodograph plane for the com- 
pressible fluid, It is known that. 


W = ИС (30) 


Thus, 
W = таса Gn 


where С and { аге the complex conjugates of С and f, 
respectively. With Eqs. (30) and (31), Eq. (28) gives 


ds = dt — MdG/dt lat 
where Х = Ил газ)", Integrating, 


z-p- f [dG /ar Yat 


‘Therefore, the complex coordinate in the physicat 
plane of the compressible fluid is equal to the corre- 
sponding complex coordinate in the physical plane of 
the incompressible fluid plus a correction term. Since 
this correction term is usually small, the resulting shape 
of the body will be quite similar to the one in the in- 
compressible fluid. The factor ^ in the correction term 
depends upon the Mach Number of the undisturbed 
flow only. This can be shown by means ot Eqs. ‹7), 
(8), and (23), because from those equations the follow- 
ing relation is obtained: 

(о/а)? 


„тү 
d -i(2) G+ V1 = (n/a) 


where зади is the Mach Number of the undisturbed 
flow. The values of А for different Mach Numbers 
w/a, are plotted in Fig. 3. 
‘To calculate the velocity in the physical plane, W is 
first obtained from Eq. (30) and then with Eq. (23): 


1-А 
м/н? 
If the pressure coefficient à at any point is defined 
as @ = (p — р)? (рил, then by using Eq. (2), the 
following relation is obtained: 


(82) 


(83) 


(35) 


Flow over Elliptic Cylinders 


The theory will now be applied to calculate the flow 
over an elliptic cylinder at zero angle of attack. The 
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D т а nw А 
f p= (0-5) sine +r] 50 — 9 sin + 
| | 
L- j = 
(ы-іу, asin e 
ны | | 4d Sag 1j (40) 
| ee The horizontal and vertical semi-axis of the approxi- 
mately elliptic section can then be calculated by sub- 
E stituting @ = 0 and 0 = z/2, respectively, into Eq. (40). 
Ж. = The thickness.ratio à is thus obtained as: 
| ГЕ 
M WI PER БАСА RN Б 1) Ж. 
Қ m " 
| oem ayo 
g[-——— :1—4 S 2 Сш! ші) 
1 [pem p oss 
| i 1 2 (=) (1) 
|] 
4 7) Бота given thickness ratio and Mach Number for un- 
MAH NUMBER disturbed fow, the value pf A is first computed by 


Fic, 8 Variation of the parameter A of transformation. 
dram incompressible flow to compressible flow with the Mach 
Number 3/6. 
incompressible flow over an elliptic cylinder in the com- 
plex coordinate $ can be obtained by applying Joukow- 
sky's transformation to the flow over a circular cylinder 
in the complex coordinate (7 with the center of the circle 
located at the origin of the 27 plane. Therefore, the 
function F(W) ог WGC) can be written as: 


F- qut Pu 

F = Wg + 

where à is the radius of the circle in е 2” plane. The 
Joukowsky transformation is: 

ИИ 


jt is convenient to carry out the computation by using 
the p’ coordinates. Thus Eq. (32) is rewritten in the 
following form: 


z= (б+р)- е L 


If only the conditions over the surface of the elliptic 
cylinder are concerned, then: 


(36) 


(37) 


(38) 


парне" (39) 


where 0 is the argument as shown in Fig, 4 and b is the 
radius of the circular section in the 27 plane which 
determines the thickness ratio of the elliptic section in 
the ў plane. Substituting Eqs. (36), (37), and (39) 
into Eq. (38), and carrying out the integration, the 
following expressions for the д and y coordinates corre- 
sponding to ;" are obtained by separating the real and 
imaginary parts: 


Ld (+3) = А [m +b?) cos + 
1)? + 4b? sin? 
+ 2b cos@ + 1) 


] 


means of Eq. (33), and then Eq. (41) is solved graphi- 
cally for b. 

‘After b is obtained, the coordinate x and y for each 
value of 0 can be computed by using Eq. (40). It is 
fortunate that the values of x, y so obtained lie very 
close to the true elliptic section. Hence, the velocity 
and the pressure distribution obtamed by using Eqs. 
(93) and (35) are considered as those over the true 
elliptic sections. 

Calculations for two thickness ratios 2 = 0.5 and 
8 = 0.1, are carried out and the results shown in Figs. 5 
and 6, together with those of Kaplan.? Hooker's 
results! are very close to those of Kaplan. Computa- 
tions are also carried out using the more simple theory 
of Glauert and Prandtl,! and the results are included in 
Figs. 5 and б in order to compare with those of Kaplan 
and the present theory. 

"The difference between the various theories lies in the 
assumptions which are made to simplify the calcula- 
tions. Glauert and Prandt! assumed that the disturb- 
ance introduced by the solid body to the parallel flow 
is small. In other words, they treated the flow over a 
body of small thickness табо. On the other hand, 
Kaplan and Hooker assume that the Mach Number of 
the undisturbed flow is small, so that terms containing 


€ PLANE € PARE 


Fic. 4, Notations used in caleutating the flow over an elliptical 
cylinder. 
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the third and higher powers of the Mach Number can 
be neglected. The present theory is essentially an 
improvement of the Glauert-Prandtl theory, so that the 
effect of large disturbances to the parallel flow is ap- 
proximately taken into account. Therefore, for flow 
over thin sections at high Mach Numbers, the result of 
the present theory should agree well with the Glauert- 
Prandtl theory, especially at points not too close to the 
stagnation point. The results of Kaplan end Hooker 
should show stialler effect of the compressibility due to 
their second order approximation. For flow over thick 
sections at lower Mach Numbers, the situation is re- 
versed. In this case results of the present theory 
should give better agreement with the results obtained 
by Kaplan and Hooker than with those obtained from 
the Glauert-Prandtl theory. The above reasoning is 
substantiated by Figs. Запа б. 


Critical Velocities for Elliptic Cylinders 


If the velocity of flow over a body is gradually in- 
creased, the maximum local velocity in the field will 


RE 


" i | ШІ 
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also be increased. When the maximum local velocity 
reaches the local velocity of sound, shock waves appear 
and the drag of the body suddenly increases. This 
velocity is, therefore, of considerable interest to prac- 
tical engineers and is usually referred to as the critical 
velocity of the body. It is shown by Keplan? and 
others that at this critical condition the ratio of maxi- 
mum velocity of Wmas, іп the field to that of the un- 
disturbed velocity зл is related to the Mach Number 
w/a, of the undisturbed flow in the following manner: 


Wmax. 2 H 4-11” 
Е И. 
poe, in the flow over an elliptic cylinder at zero angle 


of attack occurs at the top of the cylinder. Using 
Бор. (34) and (33) the value of v,,./2 is found to be 


w 20*/(P + 1) 


Е Л, 
TOWO 
Equating Eqs. (42) and (43) the equation for caleu- 


lating the critical Mach Number (ш/о) of the un- 
disturbed flow for each value of b is 


(43) 


o w w 
" 


L Fn. 5. Flow over an elliptical cylinder with thickness ratio Б = 0.5 at Mach Number = 0.5. (a) Velocity distribution; 
(b) Pressure distribution. 
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i Jor. i Jeri. 
Knowing (u/ai)as. for each value of b the corre- Bhar Sa 
sponding value of 4 can be calculated by means of Eqs. o: 
(M) and (41). Fig. 7 shows the result of this calcula- LP NM ТІ 
tion with Kaplan's value included for comparison. Itis 1—1 | | 
seen that the critical Mach Number is lower than that | 
obtained by Kaplan. ‘This lower value of the critical о т RS 
Mach Number indicates а more pronounced effect of 
compressibility of a fluid and is consistent with the | 
results shown in Figs. 5 and б. os pa ‘cc | 
E PROFILE 
Section ПІ J q 
The Use of Lift and Drog Functions os] d Р; 
И two new functions X and Y are defined by: 5 


PuX = pdy + тибу 

PAY = podp — ік 
Assuming that the flow is irrotation, it can be shown by 
means of Eqs. (11) and (12) that the following relations 
hold: 


(45) 


Fic, 7. Variation of critical Mach number (л/а). of an 
elliptical cylinder with thickness ratio à. 


= (p + pu)dy — рих. = (p+ рш)бу — edd 


= mady — (p + мах = ршіф — 
(Ф + pw%)dx (46) 


It is seen that by integrating Eq. (46) along any closed 


рах 
РҮ 


| boundary, it will give the resultant: of the pressure 
= forces acting along the boundary and the rate of in- 
crease of momentum of the fluid passing out of the 
boundary. If there is a solid body in this boundary, 
Іш = 
E 
—À PRESENT THEORY 
E |- . KARAN 
о | + GLMERT-PRANOTE, 
в | IMCOMPRESSIBLE 
аф 
ali | 
А i 
оо. 7077—10 377307507700 т W 
ys 
Fro. 6. fa) Velocity distribution; 


Flow over an elliptical cylinder with thickness ratio 6 = 0.1 at Mach Number = 0.857. 


) Pressure distribution. 
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then this integral will give the liit and the drag acting 
on the body. Therefore, X and Y are sometimes 
called the drág and lift functions. From Eq. (46) the 
iollowing relations can be deduced: 
фіміХ — udY) = рф (47) 
Polo/po}(wdX + vdY) = (p + po®)dy (48) 
Therefore, by writing дә/ӘХ = R and a4/2¥ = $ 
Eq. (47) gives 


(49) 


The quantities R and S have the dimension of a ve- 
locity and сап be considered as components of а. new 
velocity in the plane whose coordinates are denoted by 
X and Y. This relation between the xy plane and the 
XY plane is shown in Fig. 8. It is thus seen that if 


y Y 


x -X 


Fic. 8. Relation of the velocity componeats in the xy 
plane and X Y plane. 


the undisturbed flow in the xy plane is in the positive x 
direction, the undisturbed flow in the X Y plane will be 
in the negative Y direction. Furthermore, if c is de- 
fined as 


ojas = ја + pu^) (60) 
Eq. (48) gives: 
TEC 
2) ox (Ф + лш) р 
а 2 ommo Мн 
а57 3Y QU aw (9) 


Comparing Eq. (51) with Eq. (12), it is evident that о 
can be considered as the density of a fluid in the ХУ 
plane, Therefore, there exists a complete reciprocity 
between the xy plane and the XY plane, as shown by 
Bateman.’ 


Transformation Starting with Incompressible Flow 


So far the relations obtained are general, e, they 
apply to fluids of arbitrary properties. However, since 
only the flow of incompressible fluids is well known, it 
would be interesting to find the properties of the fluid 
in the XY plane if the fluid in the xy plane is incom- 
pressible. If the fluid in the ху plane is incompressible, 
then о/р = 1, and the Bernoulli theorem gives: 
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(p + 1w?) / = 1 


Let P denote the pressure in the XY plane, and 0: 
denote R? + 5%; then Eq. (3), the generalized Ber- 
noulli theorem, gives: 


(52) 


Yh + 


in view of Eqs. (49), (50), and (52), Eq. (53) can be 
written in the following form: 


р/с = constant 63) 


) = constant (54) 


By differentia” ig Eq. (54) with respect to a/s» multi- 
plying the resulting expression by 4/6; and then inte- 
grating with respect to o/s», the following relation 
Connecting the pressure P and the density о for the fluid 
in the X Y plane is obtained: 

Рес Ва! (55) 
where С із the integration constant. Comparing Eq. 
(55) with the approximate adiabatic relation Eq. (2), 
also noting Eq. (6), it is evident that Eqs. (55) and (2) 
are identical, if 


(56) 
and 


In Eq. (56) А is the velocity of sound in the X Y plane, 
and the subscript. 1 refers to the conditions in the un- 
disturbed flow. "Hence, Q./4; is Mach Number of the 
undisturbed flow. 

By using Eqs. (52) and (49) the components of 
velocity in the X Y plane can be expressed as 


(57) 


Hence, 


(58) 


The relation between шу and 0, can then be obtained 
from Eqs. (56) and (57), that is: 
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lp (Q/A) 


тоб шї BEBÉ - 59 
ap” "ПУР © 
Thus Eq. (58) can be rewritten as: 
Q ш 1-х (60) 


Ф m Eo шар 
Using Eqs. (55). (56) and (50), the pressure coefficient IT 
in the XY plane, which is defined by П = (P — P) + 
1/0101", сап be expressed as: 
EET M 


hu) 
1 


Substituting the value of А from Eq. (59) in the above 
expression, the following relation is obtained: 


1- (шар 

n= a 4y lo А 

аж» ал) 

To find the coordinates X and Y in terms of x, y, 

Eq. (45) must be integrated. It is convenient in this 

case to use the complex potential of the incompressible 
flow in thexy plane. If 


$ dp = шо + iy) = WG) 
then it can be shown with the aid of Eq. (52) that: 


= on lm y Гү 
Z-Xx-iY-à& itus f (2) di 


where 3 is the complex conjugate of в. Or, writing Z 
and G as the complex conjugates of Z and G: 


ity f as 
etin f (Bye 


where the factor ¢*/? will rotate the Z plane through 
an angle equal to 1/2 to make the directions of undis- 
turbed flow in the Z plane and in the 2 plane coincide. 

Comparing the set of Eqs. (59), (60), (61), and (63) 
with the previous set of Eqs. (33), (34), (35), and (32), 
it is evident that the two sets are identical except the 
change of notation. Therefore, Bateman's trans- 
formation does not give any new results as it leads to 
the same expressions as those obtained by the hodo- 
graph method. 


= i ne (w/a)? 


(61) 


(62) 


(63) 


CONCLUDING REMARKS 


Jt is shown both in Section I and in Section II that 
starting from any solution of an incompressible fluid 
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over а solid body, а solution of а nearly adiabatic flow 
over another approximately similar solid body can be 
calculated. The transformation from incompressible 
flow to compressible flow changes the shape of the body 
a small amount as represented by the correction terms 
іп Eqs. (32) and (63). Thus, in order to investigate the 
effect of compressibility over the same body, it is neces- 
sary to use different functions Gis) for different Mach 
Numbers, as shown by the example given in Section Г. 
This complicates the calculations to some extent, but 
the amount of labor involved is probably much less 
than the successive approximations devised by Janzen, 
Rayleigh, Poggi, and Walther, especially at higher Mach 
Numbers. 

The main difficulty of the method lies in its applica- 
tion to flow involving circulation, e.g, the flow over a 
lifting airfoil. ‘Then if the ordinary complex potential 
function G(z) for the incompressible fluid is used, the 
correction terms in Eqs. (32) and (63) are no longer 
single-valued functions, that is, they do not return to 
their original value by increasing the argument of z by 


“2w. In other words, the boundary in compressible 


flow is no longer a closed curve. Therefore, in order to 
study this type of problem, it is necessary to use a fünc- 
tion G(s) which does not give a closed boundary in the 
incompressible flow, but will give a closed boundary in 
the compressible flow when the correction term is 
added. The problem is thus more difficult, and re- 
quires further study. 

The author expresses his gratitude to Dr. Th. von 
Kármán for suggesting the subject and for his kindly 
criticism during the course of the work. 
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GENERAL CONSIDERATIONS 


Е general theory of thin shells was developed by 

А. E. Н. Love. He assumed stall deflections and 

for that reason neglected in the energy expression all 
terms higher than quadratic, and thus obtained linear 
differential equations for the determination of the 
equilibrium position of a shell under given forces. 
‘The theory of buckling of thin shells is also based 
essentially on Love's equations. The buckling of 
cylindrical shells of uniform thickness under the action 
of a uniformly distributed axial load was calculated by 
R. Lorentz, R. V. Southwell, S. Timoshenko, W. Flügge, 
L. H. Donnell, and others. The same problem was also 
investigated experimentally by many authors, especially 
by E. E. Lundquist and L. H. Donnell. Unfortunately, 
a systematic discrepancy was found between the theo- 
retically calculated and experimentally obtained buck- 
ling loads; the theoretical values are as much as 3 to 4 
times higher than the experimental values. To remedy 
this situation W. Flügge! first considered the deviation 
of the assumed end conditions of the cylindrical shell 
from that realized in the laboratory. However, this 
effect is not sufficient to explain the discrepancy. The 
influence of the end conditions extends only to a distance 
approximately equal to ^/Rj, where К is the radius of 
the shell and ¢ the thickness. The cylinders tested, 
however, usually have a length which is large compared 
to this value. Furthermore, Flügge's analysis would 
indicate a progressive increase of the wave amplitude 
until plastic deformation occurs, whereas the experi- 
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* The theoretical investigation reported im this paper was 
carried out by the authors in connection with the research project 
“General Instability Criteria for Stiffened Metal Cylinders,” 
sponsored by the Civil Aeronautics Authority, Airworthiness 
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mental evidence indicates that the failure of cylindrieal 
shells under compression is not progressive but very 
rapid. 

Another attempt was made by W. Flügge' and later 
by L. Н. Donnell? to lower the theoretical buckling load 
by taking into account the initial deviation of the form 
of the shell from the exact cylindrical shape. Accord- 
ing to their assumptions the buckling load, or rather the 
failing load would be determined by the plastic failure 
of the material. This explanation has several draw- 
backs: first, to obtain the low values of the buckling 
load found experimentally one has to assume deviations 
from the cylindrical shape as large as ten times the shell 
thickness. Such a large deviation im the shape of the 
specimens would be easily detected by visual observa- 
tions, This is not substantiated by experience. 
Second, the failure of a cylindrical shell is not neces- 
sarily a plastic failure (yielding), especially when the 
wall of the cylinder is very thin. In many cases it has 
been observed that upon removing the load the buckling 
waves completely disappeared. Therefore, the phe- 
nomenon must be completely clastic, instead of being 
plastic as assumed in L. Н. Donnell's analysis, Fur- 
thermore, the initial deviations from the exact cylindri- 
cal form would cause the deformation to increase gradu- 
ally, which is again contrary to experimental observa- 
tions. 

A similar discrepancy between theory and experiment. 
exists in the case of the buckling of spherical shells 
under uniform external pressure. The theoretical buck- 
Jing load based upon Love's equations has been calcu- 
lated by R. Zoelly, E. Schwerin, and A. Van der Neut.* 
If the buckling stress о, is defined by 


poR 
юй @ 
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where ру, їв the buckling pressure, $ the thickness, and 
R the radius of the sphere, then the theory gives 


EUR 


@ 


where v is Poisson’s ratio and E is Voung's modulus of 
elasticity. While no systematic experimental work has 
been done on this problem—at least to the authors’ 
knowledge—-some tests made by E. E. Sechler and W. 
Bollay at the California Institute of Technology indi- 
cated that the experimental buckling load is only about 
1/, that of the theoretical value. 

Besides these differences between the theoretically 
and experimentally obtained buckling loads the wave 
form predicted by the theory is also at variance with 
laboratory experience. According to theoretical calcu- 
lations the same load would produce buckling either 
inward or outward; expetiments have shown that the 
shell has a definite preference for buckling inward. 
For the case of a spherical shell it is observed that the 
buckling wave is restricted to a small dimple subtended 
by a solid angle of about 16°. The linear theory pre- 
dicts a wave form extending over the whole spherical 
surface. 

What may. be the reason for these discrepancies be- 
tween the prediction of the theory and the experimental 
evidence? It is very unlikely that there is an error in 
the fundamental equations of the theory of elasticity. 
For example, in the case of a flat plate not only the 
buckling load but also the behavior of the plate after 
buckling is predicted quite accurately by the theory. 
Hence, there must be an essential difference between 
the physical process of tite buckling of a flat plate and a 
curved shel that is not embraced by the previous 
theory. The same opinion was expressed recently by 
H, L. Cox‘ шв lecture delivered to the Royal Aero- 
nautical Society. 

In this paper a new conception of the mechanism of 
the collapse of curved sheets is presented. 

It is advantageous to start the investigution with the 
case of a spherical shell loaded by a uniform external 
pressure, because the geometrical symmetry of the shell 
will considerably simplify the calculations. 

Consider a segment of an extremely thin spherical 
shell as shown in Fig. 1, and assume that the bending 
stiffness, which is proportional to # can be completely 
neglected. Under this assumption the strain energy 
consists only of the energy due to extension of the shell 
or compression of the median surface, and it is equal to 


zero in the deflected position (3) provided it is zero in 
the undefiected position (1), Fig. 1. In other words, 
neglecting the bending stiffness, the shell will be in 
equilibrium in the reflected position (3) without the aid 
of any external pressure applied to the shell surface. 

On the other hand, the intermediate positions be- 
tween (1) and (3) do involve compression of the shell 
elements, and, therefore, the shell can be held in equi- 
librium in these positions only by external pressure. 
When the deflection д of the shell is between the posi- 
tions (2) and (3), a negative external pressure is neces- 
sary to maintain equilibrium as the compressed ele- 
ments tend to force the shell to take the equilibrium 
position (3). The preseute-deflection curve, under the 
assumption of negligible bending stiffness, is, therefore, 
of the form shown in Fig. 2a. 

‘The effect of the bending stiffness is to increase the 
positive external pressure necessary to hold the shell 
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in equilibrium. If the case of clamped edges is con- 
sidered, then, for increasing values of the bending stiff- 
ness of the shell, the pressure-deflection curve will take 
the form shown by the curves 1, 2, etc., in Fig. 2b. 

The next question concerns the load at which the 
shell, subjected to external pressure, will actually fail. 
The equilibrium positions represented by the portions 
А,В, АзВь etc. (Fig. 2b) are highly unstable; hence, 
if the load passes the peak A, which is determined by 
the stiffness of the particular shell, it immediately drops 
to the value represented by B. Now the ordinate of A 
and the form of the peak are extremely sensitive to initial 
imperfections of the shape of the shell to vibrations, 
etc. Furthermore, the curve in Fig. 2b is based upon 
the assumption of a symmetrical type of deflection; 
the peak in the curve may be lowered by an anti- 
symmetric type of deflection, i.e., if one part of the shell 
is allowed to move out while the other part moves in. 
The somewhat analogous problem of a curved bar 
loaded by a concentrated force was recently investi- 
gated by К. Marguerre*; he demonstrated that the 
process indicated in Fig. 1—the "Durchschlag,"* 
according to German terminology—is actually precipi- 
tated by an anti-symmetric type of deflection. It 
seems, therefore, probable that if no special precaution 
is taken to reach the peak A, the failing load observed 
in the laboratory corresponds to the minimum load B. 

It is believed that these simple considerations throw 
some light on the problem of buckling of curved shells. 
Consider, for example, a complete spherical shell under 
the action of uniform external pressure. The classical 
theory is correct in stating that until the buckling load 
obtained by the classical theory is reached, any infini- 
tesimal deviation irom the spherical form involves an 
increase of the potential energy of the shell, and, there- 
fore, the spherical form is stable. However, the same 
classical theory fails to reveal that there are configura- 
tions not far away from the spherical form which involve 
a lower level of the potential energy. and, therefore, the 
shell will actually jump over into one of these configura- 
Hons. Such configurations are clearly indicated by the 
foregoing considerations. Assume, for example, that a 
segment of the shell subtended by a solid angle 28 is 
deflected and takes the shape corresponding to the 
minimum ioad B, whereas the rest of the shell remains 
spherical. If сап be shown that the load correspond- 
ing to B is lower than the classical buckling load, then 
the discrepancy between the failing load predicted by 
the classical theory and found by experiment is ex- 
plained. ‘The problem is reduced to the determination 
of the value of the solid angle 28, which gives the small- 
est value of the minimum load pa. 

The configuration indiceted avove is not an exact 
equilibrium position of the shelt, since the curvature has 
a discontinuity at the boundary of the deflected region; 

* There is a need for an English expression for this process; 
the most descriptive the authors can think of is the popular ex- 
pression “oil canning.” 
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in other words, it does not take into account the reaction 
moment at the clamped edge. This reaction moment 
must be taken by the rest of the shell. In the last sec- 
tion of the present paper (the calculation of the failing 
toad of a spherical shell) the work done by this reaction 
moment is neglected; It is difficult tə estimate the 
effect of this omission on the value of the failing load. 
Therefore, a more accurate computation would be 
highly desirable. 

The calculations in this paper refer to the case of the 


` spherical shell. ‘The problem of buckling of a cylindri- 


cal shell under axial compression has been attacked by 
the authors by similar methods, but the investigations 
have not as yet been completed, 


THE ENERGY EXPRESSION AND THE EQUATION oF 
EQUILIBRIUM FOR A SPHERICAL SEGMENT UNDER 
UNIFORM EXTERNAL PRESSURE 


For the exact calculation of the load-deffection curve 
of a spherical segment under uniform external pressure 
the inclusion of non-linear terms in the equations of 
equilibrium is very complicated.* Therefore, the 
following simplifying assumptions were made: 


(1) The solid angle of the segment is small. 

(2) The deftection is rotationally symmetric. 

(3) The deflection of any element of the shell is 
parallel to the axis of rotational symmetry. 

(4) The effect of lateral contraction is neglected, 
i.e, Poisson's ratio is assumed to be zero. 


Assumption (3) presumably increases the failing load, 
since it is a characteristic of the variational method 
used in the following calculation that any deviation 
from the exact equilibrium shape increases the load. 
Assumption (4) probably will not change the results to 
any appreciable amount. This assumption was made 
in this paper only because it materially reduces the 
numerical work. 

Fig. 3 indicates the notations used in the following 
calculations. The choice of the inclination 0 of the 
meridian line as the dependent variable is essential for 
the simplicity of the equations. As can be seen from 
Fig. 3, due to the assumed vertical deflection of the 
shell, stretching or compression of the shell occurs only 
in the meridian direction, An element whose. initial 
length along tae meridian is equal to dr/cos e has the 
length dr/cosó after deflection. The strain is, there- 
fore, 


Hence, the strain energy due to the extension of the 
elements of the shelf is given by 
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regir cue 


or, with r = R sin a and dr = К cos ada, 


куе о 


The two components of the curvature of the shell at an 
arbitrary point P are equal to 1/R before deflection 
occurs, After deflection the curvature in a meridian 
plane is 


d _ ds/da _ ада 
ds а ` Rcos a/cos6 


Hence, the change in curvature of a meridian section is 
%/де i 1 im 4% -1] 


Roos a/cos0 R^ Ё|созайт 


Similarly, the change in curvature of а section orthogonal to a meridian plane is + НЕЕ 
‘The strain energy due to bending is, therefore, 


ma = BE free sa «га (+ САЛДЫ 
ЕЕЕ 


‘The potential energy corresponding to the work done by the external pressure is equal to the pressure p times 


the volume included between the initial and the deflected surface of the shell. The volume enclosed between the 
deflected surface and the plane of its circular edge is equal to 


Jom [a2 ef - [OB ane Rint айап? К соз ada = Къ / эш! a tan 0 cos a da 
(3 2 ° dr o О 


The volume enclosed by the initial surface and the plane is equal to К? ГЕ sin? а da. Hence, the potential 
energy is given by d 


Из = pos fino a(tan 9 — tan a)cos ada (5) 
s 


"The total energy, И’, of the system is the sum of the strain energy and the potential energy due to external pressure 
‘Thus, from Eqs. (3), (4), and (5), 


е у 0 [евге iy nt iy pues 


p не a cos aftan 8 — tan ajda (6) 


At the equilibrium position, the total energy must be a minimum, therefore, the equation of equilibrium can be 
obtained by finding the relation between @ and a which wil) make the integral (6) a minimum. Using the rules of 
the calculus of variations, the foltowing equation is obtained: 


nV 

ue cd 

3E BERI «(ms -1)] + R [eos o (E + tant a) = tomo + 
tad Г] 6 ina cos a da 


cos 9 


safest a (dr! _ сов? 8 tan a 09 


] H P sint e cos aseeto = 0 [0] 
cos а 


а, cosa dat 
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The boundary conditions for thís equation are: 
$-0ata-0; 9 = Bata В ® 


Eqs. (6) and (7) аге unwieldy. However, a great simplification results if 6, the solid angle of the shell segment, is 
small. Then by expanding the sine and cosine functions into power series and neglecting terms of higher than the 


third order in а, 6, and the derivatives of 8, Eqs. (6) and (Т) reduce to 


t i 
z(t 

2.) 9 re -y«6- yen 
Z = АЁ e- aada t f 5-1) +6 2) jede р | aXe ~ adda 9 
NS Á 

азо 9, 6 uh браз 

«б a7 ge + Буну ao 
“These are the simplified energy expression and the equation of equilibrium, respectively. It can be seen that the 


terms on the left side of Eq. (10) are linear in @ and in its derivatives. They appear also in the usual theory. The 
first term on the right side brings in the inffuerice of finite deflection. 


In order to calculate the maximum deflection 5 at the 
center, first the ordinate в (Fig. 3) at the center has to 
be computed. By means of the boundary condition 
в = Oat a = В, the following relation is obtained: 


m+ "шиде – о 


nak [авони ay 
А 

Before deformation the ordinate at the center is equal 
to R(1 — cos Й). Therefore, the deflection $ at the 
center is given by: 


8 = Rf "(tan a — tan cos a da (12) 


If f is again assumed to be small, Eq. (12) is simplified 


to 
b= R [а oda 


APPROXIMATE SOLUTION BY THE RAYLEIGH-RITZ 
Мвтнор 


‘To calculate the load-deflection curve, one can either 
solve the differential equation (10) or minimize the 
integral (9) directly by means of the Rayleigh-Ritz 
method. Due to the non-linear character of the Eq. 
(10), it is difficult, if not impossible, to solve it analyti- 
cally. Therefore, in this paper the Rayleigh-Ritz 
method is used. To apply this method it is first neces- 
sary to find a plausibie form of deflection satisfying the 
boundary conditions. 

Due to the assumed symmetrical deflection it is evi- 
dent that 0 must be an odd function of а. The simplest 
form for a function (a) which satisfies the boundary 
conditions is 

@ = all — КИ — уе) 


(13) 


(14) 
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where K is an undetermined parameter. Substituting 
the expression (14) in Eq. (13), the following relation 
between the parameter X and the deflection 8 is ob- 
tained: 


K = RP аз 
1f Eq. (14) із introduced into the energy expression, 


Eq. (9), and the integrations are carried out, the total 
energy is obtained in the form 
и_ в к* Ke 

И = Еню EYE 

Ry Ше РИШЕТ? ДШ 
Ев 
188: 

The equilibrium condition between the pressure р and 

the deflection is obtained by putting 2W/2K = 0, 


_ Pe 
ox: -PEK (6) 


1W_ м 3K? | 2K* 
Къ ӘК 60 тт) + 
Ва эк Рё. 
aw PE 570 070 


Writing е = pR/2t, where a is the uniform compression 
stress produced by the pressure р under the assumption 
of smal) deflections, the following relation is obtained 
from Eq. (14): 


3. 1 ҒАУ 3 
к-к + R) (E) (и 
( mekeo) iE as) 
Introducing the deflection à by using Eq. (15), Eq. (18) 
can be written 

т 4 (5 ы 16 » 

stia apt т шә) aee O 


If e/E is plotted as a function of 8/R, it is found that 
the load-deflection curve has the shape indicated in Fig. 


2 when 
Lola 
ефе 


81% 


(20) 
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1t (/R is larger than the value on the right side of Eq. 
(20), the load increases with the deflection without 
having a maximum and a minimum; for ИЕ = i ж в 
the curve for load vs, deflection has an inflection point 
with a horizontal tangent, 

To find the smallest of the minimum values of the 
iunctions г/Е = f(8/R), first vary В, and determine 
(6/8) вн, for given values of /R. Ву differentiation of 
Eq. (19) with respect to 99, the value of 21 which makes 
¢/E à minimum is obtained in the form: 


(21) 


Substituting this value of 8° into Eq. (19), the following 
relation is obtained: 


з (зү 
24150 Е 
ватт 22) 

85 V. 

or 

з (iy 

oR Шы: 
== (23) 


E 5t ЕТО 
35 


‘Therefore, «Ж/Е! is a function of 5/t опу. The func- 
tion defined by Eq. (28) is represented in Fig. 4 by the 
curve labeled "envelope" The physical meaning of 
this curve is as follows: For values of oR/Et and 8/1 
corresponding to points that lie below the curve, no 
equilibrium position is possible, for any value of the 
solid angle of the segment 28. This is particularly clear 
when Eq. (19) is rewritten in the following form: 


28 aC [»- 9€ UR e 
EC 105 jg 

ee, 
(wits 


Using f*/ (L/R) аза parameter a family of curves express- 
ing the relation between #R/Et and 8/2 can be plotted 
(Fig. 4). Then the relation given by Eq. (23) repre- 
sents the envelope of this family of curves. Hence, the 
maximum of the envelope curve © = 0.4908/К 
gives the smallest value for any peak through which 
the load has to pass before the shell collapses, provided 
the shell is of exact spherical shape and its deformation 
occurs with exact axial symmetry. It is noteworthy 
that the maximum corresponds to a deflection-thickness 
ratio as small as д/! = 1.48. The minimum value of 
the load which is able to keep the shell in a deflected 
shape corresponds to 8/1 = 9.349, and is given by 
oR/Et = 0.2377 or 


о = 0.2877E (9 о) 
APPLICATION TO THE BUCKLING PROBLEM. COMPARI- 
SON WITH THE EXPERIMENT 


The results of the last section indicate that equilib- 
rium positions involving finite deflections exist at much 
smaller loads than the buckling load given by the classi- 
cal linear theory. To apply the method to the problem 
of buckling of a spherical shell under external pressure 
the energy expression, Eq. (9), must be modified to 
include the strain produced by uniform compression of 
the spherical shell before buckling. The total energy 
can be written as 


Ыы. Те ад - PR] 
Re RA һе a fs] 


BLE- epet 


a 
pf а – а)да (25) 


Using again Eq. (14) for & the equilibrium condition 
dW/OK = 0 leads in this case to 


2; 


T | 
и d 


07 


оё 


о: ENVELOPE. 
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21 


la Aft 
= Ll 82[28 — 21K + 4K? Ез Ек 3 
ata +кї+ (5) eo 
Substituting K from Eq. (15), Eq. (26) becomes 
ЕЕ ЕЦ ЕР HP 
в.в BRT 35 з Ld en 


Now determine the minimum of ¢/E for a given value 
of /R by varying f*, thus 


6073-10] = 


This relation is plotted in Fig. 5. For 8/t = 0, 


д = 1.4606 Е/К (29) 


Of course this value of the buckling stress is much 
higher than the value given by the linear theory. This 
is expected because the assumed buckling form is far 
away from that resulting from the linear theory, ùe., it 
is a very “unfavorable” shape for infinitesimal deflec- 
tions. The minimum of «R/Et is equal to-0.18258, 
ie, the minimum load necessary to keep the shell in 
the buckled shape corresponds to: 


min, = 0.18258 Е/В (30) 


This shows that the assumed shape is “favorable” for 
finite deflections. 
The value of B corresponding to amin, is 


B= 38218 VR @1) 


The value of В cortesponding to the value given by 
Eq. (29) is equal to В = 1.8257 /Л/К. The deflection 
corresponding to Swin, is equal to about ten times the 
thickness / of the shell. 

E. E. Sechler and W. Bollay found, by subjecting a 
thin-walled copper hemisphere of 18 im. radius to ex- 
ternal fluid pressure, a buckling stress of 


о = 2480 Ibs. per өсіп. 


With E = 14.5 X 10* Ibs. per sq.in., £ = 0.020 in., i.e., 
ЕЛ = 900, this value corresponds to 


в = 0.154Е/К (32) 


The experimental result compares quite favorably with 
the theoretical value given by Eq. (30). The experi- 
mental values obtained for 8 and 8 were: В = 8° and 
.25 in., Ze, 5/t = 12.5. The present theory gives: 
B = 74° (cf. Ба. (31)) and 5/1210. The theory, there- 
fore, reproduces to a fait approximation the physical 
process. The linear theory gives (сі. Eq. (2)) ¢ = 
0.606E1/R; the value of В (corresponding to the first 
nodal line) would be, according to the linear theory, 
33°, and 5/1 is undetermined. 
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It appears that in the case of curved shells it is neces- 
sary to introduce an “upper” buckling load given by the 
classical linear theory and a "lower" buckling load 
which is equal to the minimum load necessary to keep 
the shell in a buckled shape with finite deformations. 
In Fig. 5 the probable shape of the curve for load ws. 
deflection connecting both values is indicated by а 
dotted line, The essential feature of the present theory 
is that it determines a lower buckling load independ- 
ently of the initial imperfectness of the specimen or the 
load arrangement, whereas all previous attempts to 
take into account finite deformations led to failing loads 
which depend on arbitrary assumptions concerning the 
magnitude of such imperfections or lack of symmetry. 
It seems that the upper buckling load can be approached 
experimentally only if extreme precaution is taken both 
in the manufacture of the specimen and in performing 
the test, With the amount of imperfections and toler- 
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ances in engineering practice, the buckling load obtained 
will invariably be very near the lower buckling load, 
and, of course, this lower value is to be specified for 
design. 

‘The new theory also reveals the essential difference 
between the buckling of a flat and a curved plate. The 
finite deformations of a buckled flat plate were calcu- 
lated by several authors, e.g. S. Timoshenko,’ Н. L. 
Cox! M. Yamamoto and K. Kondo,’ and К. Mar- 
guerre." The results of these authors do not agree 
completely due to the different simplifying assumptions 
introduced. However, all investigators agree that 
after buckling of the plate an increase in the load is 
necessary io increase the deflections. The load falls 
only if the elastic limit js passed. The senior author'* 
has shown for the analogous case of a straight beam 
that, due to the decrease of the load after buckling, the 
experimental scatter is much larger if the buckling 
occurs in the plastic range than if it occurs in the elastic 
range. The rapid decrease of the load after buckling 
revealed in this paper for curved shells is а pure elastic 
phenomenon, and, therefore, changes the entire theo- 
retical and practical aspects of the buckling problem as 
far as curved shells are concerned. 
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N the field of applied elasticity, one of the most per- 


plexing problems is the prediction of the buckling | 


3094, or rather the failing load of a thin-walled struc- 
ture with eitber simple or double curvature. Еуегу- 
one who has contact with this subject will notice the 
gap between theory and experimental results. The de- 
signer, however, has to proceed with his work regard- 
Jess of whether or not the theory of elasticity can give 
him the correction solution of his problem. Hence, 
in this case he has to resort to empirical relations 
determined by experimental methods. But such an 
empirical approach to a complex subject without solid 
physical basis has its definite limitations. Therefore, 
в correct picture of the interactions of the different 
factors which determine the failing load and the 
mechanism of the failing process will be always useful 
to the designer. 

In this paper the authors 40 not present a new 
theory, but certain considerations which they believe 
bring out the crucial point of the subject. In Section 
1, а comparison is made between the buckling of one 
dimensional and two dimensional structures with and 
without curvature. Section I? contains a critical 
examination of the discrepancies between the classical 
buckling theory of cylindrical shells and the experi- 
mental evidence together with a description of various 
investigations which have been made to reveal- the 
true character of the mechanism of failure. In Section 
TII, the buckling phenomena observed in the laboratory 
for different structures are discussed from the point of 
view devetoped in the previous sections. 


Section 1 
Columns 

One of the earliest problems of Applied Elasticity 
is that of a uniform column subjected to axial thrust, 
generally referred to as Euler's problem. This prob- 
lem was first investigated by Euler in 1744 and bas 
since occupied the attention of numerous investiga- 
tors. The exact solution of the problem requires а 
solution of a non-linear differential equation which 
determines the shape of the deflected central line of the 
column. Using a rectangular coordinate system x, y, 
such that the x axis coincides with the line of thrust, 
then the differential equation for the tlisplacement w in 
the y direction may be written in the form: 

Presented at the Structures Session, Eighth Anaual Meeting, 
LAeS,, New York, January 25, 1940. 
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An approximate solution can be readily obtained by 
assuming small deflections and neglecting the second 
order term (dw/dx)? in the bracket. This simplification 
leads to a simple second order linear differential equa- 
tion of the form: 

d'w P sl 

Pri 
The boundary conditions for a simple supported column 
are tw = 0 for = O and x = J, where / is the length 
ofthecolumn. The expression 


w= Asin VPJIEIx o 
їз the solution of Eq. (2), which satisfies the boundary 
condition at x = 0. In order to satisfy the boundary 
condition for x = 1, /P/EIi must be equal to nr, 


where » is an integer. Hence the "critical" values of 
Pare 


w=0 e 


Py = пЧЗЕГ/В (п = 1,2,3, @ 


Thus for a thrust corresponding to any one of the 
critical values of P, a state of equilibrium exists in 
which the deflection form is given by 


w= A, sin nex] 


6 
It is seen that the amplitude remains undetermined. 
The first critical load, że., 7 = 1, corresponds to the 
“Euler buckling load.” 
1f P уй P, the linear theory gives w = 0 as the only 
equilibrium shape. If it is desired to obtain the force- 
deflection relation beyond the first buckling load Pe 
it is necessary to integrate the non-linear Eq. (1). 
‘The integration of this equation by the use of elliptic 
integrals is well known and only the final results will be 
given here. A relation between the thrust P and the 
deficction à at the center is obtained in the parametric 
form: 
PP/EI = 4|K(sin a/2)]* 


è _ sin e/2 
i T Кот a/2) 


Here К(віп «/2) denotes the complete elliptic integral 

of the first kind of the modulus зіп a/2, where а is the 

angle between the line of thrust and the tangent to the 

centroidal axis at its end points. From these two 

equations it is a relatively simple matter to obtain the 
276 
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relation between P and 5 illustrated in Fig. 1. It is 
seen that with a steadily increasing thrust the deflec- 
tion à will increase and then slowly decrease. The 
decrease in deflection is casily understood by consider- 
ing the physical process illustrated in Fig. 2. It is 
seen that the deflection will increase to a maximum 


[Б 


1. Theoretical load deflection curve for a slender 
column. 


Fic. 2. Progressive deformations of an elastic strut. 


when the two end points are close together and as 
they pass each other a point will be reached at which 
the deflection starts to decrease. It is of course as- 
sumed in this discussion, which is generally referred to 
as the theory of the "Elastica," that no plastic de- 
formation takes place. This would only apply to 
extremely slender columns. 

Another interesting aspect of ‘the problem which 
seems to appeal particularly to the practical mind of 
the engineer, is the effect of small initiat irregularities. 
This can be done quite readily by either assuming a 
small initial curvature, or а bending moment. If all 
deflections are considered small; the effect of an initial 
curvature or bending moment can be taken into account 
by an additional term in Eq. (2), which im this case also 
remains linear. ‘The practical significance of the equa- 
tion thus obtained is that it yields a solution in which 
the deflection $ appears explicitly, namely: 


P 1 
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where P is the column load, Pg the Euler buckling 
load and а, is a constant proportional to the initial 
deflection. It is evident that as 2 becomes large com- 
pared to a: the load P always approaches Euler's load, 
as indicated by curve А in Fig. 3. 


4—- 


Fic. 3. Actual load-defíection curves of slender 


columns. 


In engineering practice it is cominonly considered 
that the approximate solution is sufficient to describe 
the coltapsing of slender columns. A detailed consid- 
eration will show this to be generally true. It was shown 
that for the strut with a small initial displacement the 
thrust, P, according to the linear theory approaches 
asymptotically а horizontal line corresponding to the 
Euler load. The exact solution for this problem would 
yield a line В, Fig. 3, which follows in general trend the 
curve D, obtained for an initially straight column, i.e, 
an increase ín deflection is also accompanied by a 
steadily increasing thrust. However, there still re- 
mains to be considered the effect of the physical prop- 
erties of the material. The column will, after deflec- 
tion, be subjected to combined compression and flexural 
stresses. Since at first д increases much faster than Р, 
the flexural stress will predominate. For a slender 
column in which the compression stress is well below 
the yield stress it may then be concluded that during 
the loading process the deflection will follow the curve 
B until the combined compression aud flexural stress 
reaches the yield stress. When this point, which will 
in general be close to the Euler load, is reached the 
load deflection curve follows a curve similar to C. 
Therefore, it can be said, that for slender columns 
in which the compression stress is well below the yield 
stress, the collapsing load will always be very near to 
the Euler buckling load. 

However, if the column is short so that the stress in 
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the column at buckling is very near the yield stress, 
the effect of plastic deformation’ on the load 
will be felt immediately after buckling starts. "This 


would cause а drop in the load-deflection curve as shown. 
This phenomenon was shown by the senior 


in Fig. 4. 


9: — LBS PER SQ NCH 


002 ою 


4 Calculated lond-deflection curves for short columns 
(/» = 75) with various amounts of initial deflection for mild 
steel with a yield point = 45,000 ibs. per in.* (cf. von Kérmén'), 


author in 1909. An essential difference between this 
case and the case of a slender column is that the pres- 
ence of initial deflection will make the failing load of a 
short column much lower than the Euler load (cf. 
Fig. 4). 


Flat Piates 


In the previous section it was noted, that in general 
the buckling load calculated by the linear theory was 
sufficient for determining the failing load of colunins. 
However, the buckling load is in many cases not suffi- 
cient as a design criterion, as for instance, in the design 
of airplane structures of the semi-monocoque type 
where advantage is taken of the fact that the thin metal 
sheet covering of wings, fuselages, etc., although buck- 
ling at a low load, has an ultimate strength or load- 
carrying ability which is in some cases a large multiple 
of the buckting load. For an efficient design it is then 
necessary that the designer be able to calculate with a 
fair degree of accuracy the amount of load which can 
be transferred through the metal sheet covering, apart 
from that which is carried by the longitudinal stiffening 
members. 

For purposes of analysis the sheet between the 
longitudinal members may be considered as a flat plate. 
This problem is much more complicated than the analo- 
gous problem of the “Elastica” for, in the case of the 
defected column the resultant of the normal stresses in 
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any arbitrary cross-section is determined statically by 
the end thrust P, whereas in the case of the deflected 
plate the distribution of the resultant stresses acting in 
the median surface of the plate depends on the distribu- 
tion of the normal deflection. 

An exact solution of the problem is quite difficult as 
the amplitude is a non-linear function of the end thrust, 
and the wave form changes with increasing deflection. 
Approximate solutions for the case in which the edge 
stress is not very far beyond the buckling stress have 
been given by S. Timoshenko’, К. Marguerre*, E. 
тте", H. L. Cox’, and M. Yamamoto and К. Kondo. 
They assumed either'a wave form very near to the 
buckling wave form or an average extentional strain to 
simplify the differential equations. The former as- 
sumption precludes the possibility of multiple waves 
wear the edges of the plate and the latter assumption 
oversimplifies the interaction between the bending 
and the extensional stiffnesses. Therefore, both tend 
to limit their usefulaess for higher edge stresses. For 
loads far in excess of the buckling load, the senior 
author" of this paper developed an approximate method, 
based upon the following considerations: If a rec- 
tangular plate freely supported along two edges is com- 
pressed between two rigid plates, the distribution of 
stress will be uniform until buckling takes place. 
Further compression will cause buckling across the 
plate except at the edges. Hence, as the end plates are 
brought still further together the stress along the edges 
will increase to a large multiple of the buckling stress, 
whereas the stress in the center of the plate remains 
substantially of the order of the buckling stress, 

To simplify the calculations it was then assumed that 
near failure the entire load is carried by two narrow 
strips adjacent to the edges: An analysis based оп 
these simplifying assumptions leads to a simple and 
convenient expression for the total load carried by the 
plate, namely: 

P = CV Eat С) 


‘This equation is only valid below the elastic limit; 
beyond the elastic limit it is necessary to correct for the 
change in E. On the other hand if о is replaced by 
ту, the yield point stress, the resulting value of P will 
differ but slightly from the maximum value of P. 
Hence for calculating the maximum load that can be 
sustained by the plate, Eq. (9) is replaced by 


Pros. = CV Ey (10) 


where E = Young's modulus of elasticity in Tbs. per 
sqi 
= Yield point stress in lbs. per sqin. 
= The plate thickness in inches. | 
The value of the constant could be either calculated in 
accordance with the assumptions or experimentally 
determined. 
1t is of interest to note that the experimental load 
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deflection curve, Fig. 5, of a sheet attached to longi- 
tudinal stiffeners is, in the elastic range, analogous to 
that of the “Elastica.” A non-dimensional plot is 
obtained by plotting the ratio of the applied load to the 
buckling load as a function of the ratio of the maximum 
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Fic, 5. Load deflection curve for a thin dural shect 
6 0.025 in; b m B M) riveted to strong stiffeners. 
@„ = 00004 in), 


amplitude to the half-wave length. As certain por- 
tions of the shect are stressed beyond the elastic limit, 
the curve tends to flatten until finally the load de- 
creases with increasing deflection, А characteristic 
behavior of the plate, of which a clear understanding is 
essential in design work, is, that the load carried by the 
plate is a non-linear function of the edge stress. This 
fact is clearly demonstrated by the experimental curve 
of Fig. 6. 


Curved Bars 


So far, the discussion has dealt with structures in 
which there is no curvature in the undeformed state. 
И the undeformed structure is curved an entirely new 
phenomenon is revealed. This new phenomenon will 
be the central interest of the present paper. 

To simplify the problem, consider first the case of а 
curved bar under the action of a single concentrated 
load P at the center (Fig. 7). The ends of the bar are 
assumed to be laterally restrained. Now, starting 
from the undeformed position assume the load P is 
gradually increased and consider for the time being 
only the symmetrical type of deflection, During the 
ial stage of loading, the bar behaves іп a manner 
similar to that of a straight beam under the action of a 
concentrated load, ie. the load P increases with the 
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deflection 5 at the center of the bar. However, large 
deflections in a curved bar with fixed ends produce a 
shortening of the centroidal axis and consequently an 
increasing compression. This is contrary to the case 
of a straight beam with fixed ends where large deflec- 
tions will produce tension. It is a welt known fact 
that а beam under end compression is much weaker in 
sustaining a lateral load than one without end compres- 
sion. In fact for the case of a straight beam, when the 
end compression reaches the Euler load, the beam loses 
all its ability to sustain a lateral load. ‘This general 
property of beams applies also to the case of the curved 
bar under consideration. Thus, with increasing com- 
pression in the bar due to an increasing deflection à 
at the center, the effective rigidity of the bar to sustain 
the lateral load P is gradually reduced. In other 
words, the slope of the P ws. 6 curve decreases with 
increasing 8. Thus'as the load Р is increased, a point 
will be soon reached where the slope is decreased to 
zero. Therefore a maximum load P is reached, 
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Fic.6. The relation between the total load, P on the sheet and 
its edge strain e. (The same specimen as for Fig. Б.) 
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то. 7. А curved bar under a concentrated load P applied 
‘at the center of the bar. 
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Beyond this point, the load P will decrease with 
increasing deflection ё. That is, this part of the P vs. 8 
curve is highly unstable. This instability will continue 
until the actual shape of the bar has a curvature oppo- 
site to that of the undeformed bar. In other words, 
if the undeformed bar is curved downward, the bar has 
to be deformed so far as to curve upward before the 
decreasing process of the load P stops. If the дейес- 
tion ё is further increased, then the load P again in- 
creases. ‘The reason for this phenomenon can be again 
sought in the change of the end compression in the 
bar. Once the curvature of the bar is reversed, then 
the increase of deflection will decrease the compression 
in the bar, as shown in Fig. 8. This decrease in the 
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Fic, 8. Load-deflection relations for curved bars (м = 


[о/р where p = radius of gyration of the bar, cf. Fig. 
ЕЛ E ig. 7) (3 


‘end compression will, of course, increase its ability to 
carry laterel load. Finally the compression in the bar 
is changed into tension and its magnitude increases 
with further increase in the deflection ё. Thus in- 
creasing ô will further increase the ability of the bar to 
carry a lateral load P, i.e., the slope of the P vs. $ curve 
will now increase with an increase in 3. 

‘The process described in the preceding paragraphs 
has been demonstrated very clearly by a mathematical 
investigation of К. Marguerre. Fig. 8 was taken 
from К. Marguerre’s paper. 

However, so far only the symmetrical type of de- 
flection has been considered, Actually for slender bars, 
the situation is further complicated by the appearance 
of an anti-symmetrical type of deflection. It was shown 
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by К. Marguerre that when the end compression in the 
bar reaches a value which is four times the Euler load, 
an anti-symmetrical type of deflection appears together 
with the symmetrical type of deflection discussed. 
This new component of deflection gives a P vs. à curve 
as shown by the light straight line in Fig. 8 It is 
thus evident that the actual loading will start from the 
origin along the curve corresponding to a symmetrical 
deflection up to point А. Then, the anti-symmetrical 
component of deflection sets in and the bar will follow 
the light straight line to point B. From then on the 
deflection of the bar is again purely symmetrical and 
follows the heavy curve with increasing load. In a 
testing machine, the bar will actually “jump” from point 
A to some point C, depending upon the rigidity of the 
machine, with violent vibration due to a sudden re- 
lease of elastic energy. 

It is thus shown, in the case of a curved bar with 
laterally restrained ends and a load at the center, that 
the load-deflection relation is not linear but highly 
complicated. Moreover, the phenomenon occurs com- 
pletely within the elastic range. Hence, the linear 
stress-strain relation gives a non-linear load-deffection 
relation involving a region where the load decreases 
with increase in deflection. This phenomenon is dif- 
ferent from that of the plastic buckling of an Euler 
column in that it is purely elastic. It is again different 
from the case of a flat plate in that an increase in de- 
flection can cause a decrease in load. 


Spherical Shells 


The buckling of a spherical shell under uniform ex- 
ternal pressure is quite similar to the case of the curved 
bar just discussed. Consider a segment of an extremely 
thin spherical shell as shown in Fig. 9, and assume that 
the bending stiffness, which is proportional to 2 can be 


Fro. 9. Spherical shell segment under a uniform, exter- 
nal pressure p. 
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completely neglected. Under this assumption the 
strain energy consists only of the energy due to exten- 
sion or compression of the median surface of the shell, 
and it is equal to zero in the deflected position (3) 
provided it is zero in the undeflected position (1), 
Fig. 9. It is thus evident that it will be in equilibrium 
in position (3) without the aid of external pressure. 

On the other hand, the intermediate positions be- 
tween (1) and (3) do involve compression of the shell 
elements, and, therefore, the shell can be beld in 
equilibrium in these positions only by an external pres- 
sure, However, just as in the ease of the curved bar, 
the compression in the shell elements tends to reduce 
its pressure-carrying ability. Thus, if only a rota- 
tionally symmetric type of deflection is considered, the 
initial part of the pressure p vs. maximum deflection ё 
curve again has a decreasing slope with increasing 3. 
When the deflection à of the shell goes beyond the posi- 
tion (2) and above position (8), a negative external 
pressure js necessary to maintain equilibrium as the 
compressed elements tend to force the shell to take the 
equilibrium position (3). The pressure-deflection curve 
under the assumption of negligible bending stiffness and 
symmetrical deflection is, therefore, of the form of 
curve Аь shown in Fig. 10. 

‘The effect of the bending stiffness is to increase the 
positive external pressure necessary to hold the shell 
in equilibrium. In other words, the pressure-deffec- 
tion curves with increasing bending stiffnesses should 
be of the form of curves As, Аз, . . . in Fig. 10. 


Tio. 10. Pressure-deflection curves for spherical 
shell segment with increasing thickness—radius ratios 
(Ay An An —) (сі. Fig. 9). 


ү 281 

‘The calculation of a spherical shell segment under 
uniform external pressure with clamped and laterally 
restrained edges was carried out by two of the present 
authors? under several simplifying assumptions. Fig. 
11 is taken from this investigation. However, it 
should be noted that this load-deflection curve was ob- 
tained without the consideration of the anti-symmetrical 
type of deflection. Thus, it is possible that instability 
might occur before the point A is reached (Fig. 11) 
due to the anti-symmetrical type of deflection as in 
the case of a curved bar. 

Hence, a segment of а spherical shell under a nui- 
form external pressure behaves similarly to a curved 
bar under a lateral load. In both cases, the load- 
deflection curve is not a straight line and has an un- 
stable portton within the elastic regime. 

With this non-linear relation between the load and 
the deflection of a spherical segment the problem of 
buckling of spherical shells in general takes on an as- 
pect quite different from that of the classical theory. 
The latter assumes that the shell buckles into a field of 
rotationally symmetrical waves of infinitesimal ampli- 
tude and gives a critical value for the external pressure 
as 


PR/2 = 0.606 ЕЕ) (и) 
As this value is much higher than observed, the follow- 
ing calculations were carried out. Tt was assumed that 


the deflection is restricted to а small segment whose 
vertex angle is undetermined, The load-deflection 


a 
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Fi. 1. 
shell segment with ВКЛ = 14 where d is the semi-vertex angle 
of the segment (cf. Fig. 9). (The edge is clamped and faterally 
restrained.) 


Calculated load-deffection curve for a spherical 
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curve was then calculated for various fixed values of 
the vertex angle. The mini:num loads obtained in this 
way give an envelope as shown in Fig. 12. The signifi- 
cance of this envelope is that it shows corresponding 
values of minimum pressure and deflections, for which 
the deflected shell is in equilibrium. For very small 


i 


val 


Fic. 12. Calculated buckling load-deflection curve for a 
spherical shell under uniform external pressure f. 


deflections this calculation does not give the smallest 
possible loads due to the restrictions imposed by the 
assumed deflection shape. The correct location of the 
point of intersection between the envelope and the 
vertical axis (3/7 = 0) is given by Eq. (11). The 
probable correct shape of the envelope for smail values 
of 8/1 is shown by the dotted line in Fig. 12. The most 
important point of this investigation is tbat. the pres- 
sure which is necessary to keep the shell in equilibrium 
decreases once the shell starts to buckle. This is due 
to the decrease in effective stiffness of the shell with 
increasing deflection as in the case of curved bars dis- 
cussed in the preceding paragraphs. The buckling 
load given by the new non-linear theory will be called 
the "minimum buckling load" and the point of inter- 
section of the equilibrium curve with the vertical axis, 
given by the classical theory, the "initial buckling 
load.” 

‘Phe decrease in load after buckling appears super- 
ficiaily to he similar to the case of a short column 
(cf. Fig. 4). But there is one fundamental difference 
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between these two cases: While the decrease in load 
carried by a short column after buckling is due to plastic 
yielding of the material, the decrease of load on the 
spherical shell after buckling occurs completely within 
the elastic regime. 

The only experimental data known to the authors 
are those obtained by E. E. Sechler and W. Bollay 
on a copper hemisphere of 18 inches radius and a thick- 
ness of 0.02 inch. Their results are compared with the 
theoretical values in the followiug table: 


Angular 


Extension. 
Maximum о 
E Deflection Buckle 
Experiments оли E/R) = 12.50 16° 
Minimum Buckling Load 
(Theoretical) 0.1826 E(/R) = 10 6 14,8* 
Tnitial Buckling Load 
(Theoretical) 0.000 EG/R) 6.6% (First 
nodal linc) 


It is seen that the theoretical "minimum buckling 
load" agrees closely with the experimental value 
whereas the “initial buckling load" does not. Thus, 
the shell actually does not reach the classical buckling 
load but "jumps" to an equilibrium position involving 
a large deflection at a considerably lower load. 


Section П 
Tne Inadequacy of the Classical Theory of Cylindrical 
Shells 


It appears from the results of the first section that 
any buckling theory of thin shells based upon considera- 
of small deflections alone will only give the 
initial” buckling load and will not be able to explain 
the failing load experimentally obtained, which is much 
more important in practical applications. One example 
of this general inadequacy of the small deflection theory 
is the classical investigations of buckling of eylindrica! 
shells. 

The buckling load of cylindrical shells under axial 
compression, based on the classical theory, was cal- 
culated by R. Lorentz, R. V. Southwell, S. Timo- 
shenko, W. Flüge, L. Н. Donnell, and others. The 
buckling stress obtained by these calculations is given 
by the equation 

сы = 0.006 E(t/R) а» 


‘The same problem was also investigated experimentally 
by many authors, especially by E. E. Lundquist® and 
L. H. Donnell. In comparing the theotetical with 
the experimental results, it is found that the theoretical 
buckling load is about 3 to 5 times higher than the 
experimental value, аз shown in Fig. 13. To remedy 
this situation W. Flügge! first considered the devia- 
tion of the assumed end conditions of the cylindrical 
shell from that realized in the laboratory. However, as 
was indicated previously? neither this effect nor the 
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assumption of initial deviations made by W. Flügge'* 
and later by L. H. Donnell"! are sufficient to explain 
the discrepancies. 

The classical theory also gives a wave form which 
differs from those experimentally observed. The 
theory indicates that the shelf will buckle into a series 
of rectangular waves whose nodal lines are parallel 
and perpendicular to the axis of the cylinder and that 
the amplitudes of the waves which buckle outward and 
those which buckle inward are equal, However, ex- 
periments indicate that the wave pattern, instead of 
being rectangular, is diamond-shaped, as shown in 
Fig. 17. Moreover, the outward radial defections are 
much smaller than those inward. In ether words, the 
shelf definitely prefers to buckle inward. 

1f the exponent of (¢/R) in Eq. (12) is correct, then 
when о, Б/Е is plotted against (Е/) (Fig. 13) the 
points should lie on a horizontal line. This is evidently 
not the case. In fact by plotting the experimental 
buckling stress against (ИА) on a log-log-scale, it is 
found that the following expression is more correct: 


аз) 


By considering each element of the shell as а small 
Euler column, the dimensional relation 


ба = constant E(¢/R)'* 


бә = constant ЕО)? 
should be correct where / is the half wave length of this 
element. Comparing this relation with Eq. (12), it is 
evident that according to the theory the following rela- 
tion should hold 

I/t = constant (R/)* а 


Using the experimental data obtained by L. H. Don- 
дейі it is found that 
Ht = constant (Дт (15) 


which is consistent with Eq. (13) but disagrees with 
Eq. (14) given by the classical theory. A strip of the 
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cylindrical shell in an axial direction cau also be con- 
sidered as an elastically supported column, tie support- 
ing force being derived from the circumferential stress 
in the shell. It is well known that for such a column, 
the wave length decreases with increase in the elastic 
support, йе., a stronger clastic support gives a shorter 
wavelength. Therefore, by comparing Eqs. (14) and 
(15), it is evident that in the case of thin shells with 
large values of R/t the classical theory has overesti- 
mated the elastic support and thus arrived at a higher 
‘buckling load. 

If the total length Z of the cylinder is of the order of 
one wave length or less, then it can be expected that the 
length will have an effect on the buckling load. In 
this case the natural extension of the wave is restricted 
by the length of the shell and the buckling load will 
increase with decreasing length. As shown in the 
preceding paragraph, the classical theory has under- 
estimated the natural wave length, and thus the theory 
would predict that the length effect is negligible at 
much lower values of L/R than experiments would 
indicate. This expectation is verified through tests 
made by N. Nojima and S. Kanemitsu at the California 
Institute of Technology under the direction of В. E. 
Sechler. Their results are shown in Fig. 14 together 
with the theoretical values based on small deflections. 
It eppears that while the classical theory predicts а 
length effect only at L/R ғ 0.1, the test data show an 
increase of buckling load at a L/R ratio of about 15 
times this value. Thus it is evident that the natural 
wave length of the classical theory is very much under- 
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estimated. However, the meaning of the large diff- 
erence in the slopes of the theoretical and the experi- 
mental curves (Fig. 14) cannot be definitely stated; 
since, for most of the shorter specimens, failure is 
accompanied by в rotation around the axis of the 
cylindrical shell, due to the fact that the particular 
loading mechanism used is free to rotate in this manner. 
This type of failure is entirely different from that pre- 
dicted by the classical theory. 


Visual Study of rhe Buckling Phenomena of Cylindricat 
Shells 


To obtain a better understanding of the mechanism 
involved in the failure of thin wall cylinders it was felt 
that it would be desirable to determine the exact shape 
of the initial waves which actually appear on the 
cylindrical surface during a test. This was accom- 
plished by restraining the loading mechanism so that 
every stage of the buckling process could be main- 
tained for an arbitrary length of time.* Thus photo- 
graphs could be taken which show the intermediate 
phases of the buckling process. 

The test apparatus is shown in Figs. 15 and 16. 
The three upper set screws afford adjustment of the 
loading head and rest on а 2/4 inch plate. This plate 
in turn is held in position by three !/, inch serews rest- 
їл оп the base plate. These latter screws are turned 
by means of the gear system shown and lowers or raises 
the #/, inch plate as desired. The small 2 inch central 
gear, which turns the three 5 inch gears, can be ex- 
ternally operated. In this manner the motion of the 
loading head can be arrested at any desired position 
during loading of the specimen. ‘The specimen was 9 
inches long with a 0.0034 inch wall thickness and a 
radius of 6.375 inches, clamped between the end plates. 

‘The progressive change in the wave shape and wave 
pattern is indicated in Fig. 17. Ft should be noted that 
the wave pattern does not agree with the uniform rec- 
tangular pattern which has been previously assumed for 
the theoretical solution. The initial wave form is 
elliptical in shape and scattered at random through the 
specimen. As the load is increased the waves tend 
toward a diamond shape and take on a more uniform 
configutation, ‘This change in the wave form may be 
taken as an indication of the varying interaction be- 
tween the bending and the extensional stiffnesses of the 
shell. If à longitudinal strip of the shell is considered 
as an elastically supported column, the increase in wave 
length indicates that the elastic support decreases as 
the deflection increases. 


A Column Supported by a Non-Linear Elastic Element 


‘The preceding discussion of the buckling of cylindri- 
cal shells suggested that a longitudinal strip of a cylin- 


* This was carried out by N. Nojima and S. Kanemitsu under 
the direction of E. E. Sechler at the California Institute of 
‘Technology. 
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drical shell may be considered as an elastically sup- 
ported column. However, it follows both from the 
physical considerations discussed in Section 1 and from 
the experimental observations of the different wave 
patterns described in the preceding paragruphs that the 
actual elastic support cannot be linear. Therefore, the 
explanation for the discrepancies observed between the 
theoretical and experimental values of the buckling 
load must be found in some characteristic property of 


+ а non-linear clastic support. 


The problem of a column elastically supported has 
been discussed by H. Zimmerman for the case of con- 
centrated supports, and by F. Engesser aud others for 
the case of a uniformly distributed support! In alt 
cases the investigations have been confined to elastic 
supports exhibiting a linear force-deflection relation. 
It was, therefore, felt that it would be of general 
interest to investigate the effect on the load-deflection 
relation of a column supported by a non-linear elastic 
element. Since rings are commonly used in structural 
design and are known to have the desired non-linear 
properties, а thin semi-circular steel ring, as shown in 
Fig. 18, was used as the elastic support. It may be of 
some interest to consider first the elastic behavior of a 
semi-circular ring. Designating the radial load by Р 


Fig. 15 and Fre. 16. Loading mechanism for visual study of 
the buckling of a cylindrical shell. 
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Рю. 17. 


Fic, 18. Test apparatus for columns supported by a semi- 
circular ring. 


and the corresponding radial deflection by 4, the curves 
of Fig. 19 indicate that if the load is applied radially 
inward, the value of Р/8, the elastic constant, decreases 
with increasing deflection, When the load is directed 
radially outward the value of РУЗ increases with in- 


Various stages during the buckling of а cylindrical shell under axial compression. 


(КА = 1875.) 
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Fic. 19. Load-deflection ratio Р/З for semi-circular rings 
plotted as a function of deflection. 


creasing defection. Obviously then, if ап initially 
straight column is supported by stich an element, or 
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elements, it may be expected that it would have a pref- 
erence for buckling in the direction of decreasing P/ô, 
or, if due to an initial deformation in the direction of 
increasing P/8, the buckling starts in that direction, 
then at some stage of the deflection a sudden “jump” 
may occur in the direction of decreasing Р/д. 

Tests were conducted on columns 0.090 inch thick 
by 0.375 wide and 19inches long. These columns were 
cut from 24SRT Alclad sheet stock. The steel rings 
were in all cases 8 inches in diameter with thicknesses 
of 0.008 and 0.015 inches; the width was varied between 
4/, to Linch. The test apparatus and method of test- 
ing is illustrated in Fig. 18. 

The results of these tests are indicated in Figs. 20 
and 21, where the ratio of the column load to the Euler 
load is plotted as a function of the ratio of the normal 
defiection, à, at the center of the column, to the column 
length I. 

Considering first the results of Fig: 20, it is seen that 
the clastic support increases the buckling load of the 
“straight” column (upper curve) to nearly 3.5 times the 
Euler load. This load is reached at a relatively small 
deflection. Now, as the deflection 8 increases, the 
decrease in load is at first quite rapid, then more grad- 
val as the deflection becomes farger and may approach 
a minimum at large deflections. It was not possible 
to reach very large deflections because of plastic failure 
of both the rings and columns. The lower curves, in 
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the same figure, indicate the effect of initial deflections, 
in which the column was rolled to approximately the 
form of a half-sine-wave, the maximum initial deflec- 
tion being designated by à» These curves show that 
with increasing initial deflection the maximum load 
decreases and occurs at increasingly larger deflections. 
In all cases the load sustained by the column tends to 
approach at large deflections the “minimum load" of 
the "straight" column, Thus in case of a non-linear 
support, any initial imperfections of the specimen will 
appreciably lower its buckling load. To illustrate the 
contrast between the column with a linear, and a column 
with non-linear elastic support, a number of tests were 
conducted on the same type of column, but with а 
linear elastic support (а coiled spring). Ав may be seen 
from the curves of Fig. 22 the columus with initial 
deflection in all cases approach the maximum Joad of 
the "straight" column. 

A number of tests were made in which the width and 
thickness of the ring was varied. The results are 
shown in Fig. 21. Аз may be expected the maximum 
load increases as the ring stiffness increases, while the 
decrease in load at large deflections is correspondingly 
larger for the stiffer rings. 
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Fig. 20. Characteristic curves for columns with a 
ic support (ef. Fig. 18) and different 
ial deflection. 
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‘elastic supports of different stifinesses, 
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‘The most striking features of the column supported 
by a non-linear elastic element are, first, that as the 
deflection increases the load decreases, and secondly, 
that there are two or three possible configurations of 
equilibrium for the same load; one corresponds to 
å = 0, the others to $ 0. Also in this case the de- 
crease of the load with increasing deflection shows 
superficially & similarity to the behavior of a short 
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1 CHARACTERISTIC CURVES FOR COLUMNS, 
WITH LINEAR ELASTIC SUPPORTS 


Section ИТ 

Curved Panels 

A curved panel can be primarily considered as being 
intermediate between a flat panel and a cylindrical 
shell. From the previous discussion, it may be ex- 
pected that for a panel with very small curvature, the 
load carried will increase even after buckling; while 
Jor a panel with large curvature, the load carried will 
decrease after buckling. This is verified by the ex- 
perimental work of W. A. Wenzek.'* His results are 
shown in Fig. 23, where the ratio of the actual load 
Carried by the specimen to the observed buckling load 
is plotted as a function of the ratio of the axial shorten- 
ing of the specimens to the shortening at buckling. 
These results indicate that for a panel with a 0/К ratio 
of 0.4 the load carried will be constant after buckling. 
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210.22. Characteristic curves for columns with a linear elastic 
support and diflerent amounts of initia! deflection. 


column in the plastic state as discussed in Section Г. 
However, in the case of the column with the son- 
linear elastic support this phenomenon is entirely elas- 
tic in character. 

These tests were conducted for the purpose of illus- 
trating the buckling characteristics of a structure in- 
volving а non-linear elastic-element. This particular 

imental setup, as used, was chosen for the reason 
‘that the load P corresponding to any value of the de- 
flection 8 сап be calculated analytically. Due to the 
complexity of the buckling phenomena of curved panels 
and cylindrical shells the authors are not yet able to 
give a thorough theoretical analysis. However, in the 
following section the phenomena will be discussed in 
the light of the above experimental observations. 
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Fie. 28. Тһе relation between the (otal load P and end strain 
e for curved sheet of width b and radius К. 


fence, panels whose Б/К ratio is less than 0.4 will fall 
in the flat plate category, i., the Joad increases after 
buckling, while those for which the b/R ratio is greater 
than 0.4 will fall in the curved shell category, i.e., the 
load decreases after buckling. Thus the valuc of 
МЕ = 04 may be considered as a line of demarcation 
between these two categories of buckling phenomena. 

However, a deeper understanding of these phenom- 
ena has to be sought in the concept of an clastically 
supported column developed in Section IL. It is 
found that the increase or decrease of load after buckling 
depends entirély on the characteristics of the support- 
ing element. Thus, if an elementary strip in the direc- 
tion of the axis of curvature is considered as,a column 
elastically supported by strips of material in planes 
normal to the column axis, then the behavior of the 
panel after buckling depends entirely on the load- 
deflection characteristics of these supporting strips of 
material, These strips or elements can, of course, be 
considered as curved bars. if the panel is flat these 
bars are without curvature and the elastic support 
derived from them increases with deflection. In other 
words, the elastic support given to the clementary 
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column concerned increases with an increase in wave 
amplitude. This results in a rising load-deflecting 
curve. By increasing the panel curvature, the curva- 
ture of the supporting bars is also increased resulting. 
in a decrease of the load-carrying ability of these bars, 
i.e., the elastic support given to the elementary column 
concerned decreases. This is revealed by a drop in the 
sate of increase of the load carried by the buckied panel. 
It is thus clear that an increase in curvature of the 
panel will decrease its load-carrying ability after buck- 
ling. Hence, by increasing the curvature of the panel, 
опе soon reaches a point where.the pancl is no longer 
able to carry more load after buckling and a further 
increase in curvature of the panel causes the load car- 
ried by the panel to drop, just as the riag supported 
column discussed in Section II. The panel has thus 
passed from the flat-plate category to the curved-shell 
category. 


Stiffened Shell Structures 


The elements of a stiffened shell such as used in metal 
aircraft construction may be divided into three distinct. 
parts, nameiy, the sheet metal covering, longitudinal 
stiffeners and frames or bulkheads. A structure of this 
type if subjected to, say, compression loads parallel to 
the axis of the cylinder may fail in one of four distinct 
ways. The types of failure may be classified as mate- 
rial failure, local failure, panel failure, and general 
instability. 

‘The first three types of failure are well known to the 
designer and are those for which present-day airplanes 
are analyzed. These types of failure may occur re- 
gardless of the size of the airplane. However, general 
instability, defined as a simultaneous buckling of both 
longitudinal stiffeners aud frames, is a function of the 
stiffness of the structure asa whole, In small airplanes 
the frame sizes are determined by practical considera- 
tions rather than from a standpoint of stability. It is 
fortunate that these considerations have led to suff- 
ciently rigid frames to minimize the danger of general 
instability. It is felt that general instability is more 
likely to occur in large airplanes, as it seems customary 
to increase the overall dimensions of the airplane while 
the frame dimensions are kept nearly constant. Ап 
investigation is now being conducted at the California 
Institute of Technology on stiffened circular cylinders 
for the purpose of determining when general instability 
may occur.* 

At present very little is known about the phenomena 
of gencral instability. Considering the shell as a whole 
it is immediately evident that it is anisotropic and the 
influcuce of one member upon the otber is extremely 
difficult to determine. The most elementary concept 

* This investigation was inade possible through a grant from 
the Civil Aeronautics Authority. The discussions presented in. 
this paper have been stimulated to a large extent by this par- 
ticular research project. 
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of the problem would be that of a column supported by 
continuous and concentrated elastic supports, a longi- 
tudinal stiffener being the’column, the sheet covering 
providing the continuous elastic support and the frames 
the concentrated elastic supports. Since the frames 
and the sheet have the characteristics of a non-linear 
elastic support it may be expected that the longitudinal 
members under compression will behave in a manner 
similar to the column with a non-linear elastic support 
as discussed in Section ТІ. This expectation is veri- 
fied by the results shown in Fig. 24. The abscissa is 
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Fic. 24. Load-deflection curve of a stiffened cylindrical shell. 


the deflection 8 caused by a concentrated load P applied 
in a radial direction at the intersection of a longitudinal 
stiffener and frame (Fig. 24). The ordinate is the load 
Р necessary for this deflection. It is thus evident that 
the stiffened shell is much fess stiff when the load is 
applied radially inward than when applied radially 
outward. Furthermore, as the inward deflection is 
increased, the stiffness ‘of the shell decreases. In 
this particuiar case, the slope of the P 15. 8 curve at 
УК = —0.010 is equal to only 1/s of that at à/R = 0. 
Therefore, the buckling characteristics of a stiffened 
shell must be’ similar to that of the non-linearly sup- 
ported column. Any theory which is based on the 
assumption of small deflections will probably give a 


` much higher buckling load than that actually observed. 


This may be considered as an explanation of the in- 
adequacy of the theory developed by D. D. Dschou,'* 
J. L. Taylor, and others, E. I. Ryder! has solved the 
difüculty by resorting to empirical coefficients to ob- 
tain agreement with experimental results. 


CONCLUDING Remarks: 


In Section I, it was shown that while the load on thin- 
walled structures without curvature increases after 
buckling, the load on structures with curvature de- 
creases after buckling. In Section IL, this fact is 
demonstrated by experiments on columus with a non- 
linear elastic support. It is thus clear that for the 
buckling of structures with curvature there are two 
important values of the applied load. First, the 
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"initial" or. "upper" buckling load given by the classicat 
linear theory and then a “minimum” or "lower" buck- 
ling load which is equal to the minimum load necessary 
to keep the shell in a buckled shape with finite def- 
orthations. Jf the specimen is geometrically perfect, 
it will start to buckle only when the "initial" buckling 
load is reached. Once the shell starts to buckle, the 
load will decrease with increasing deflection. The 
elastic energy thus released will accelerate the buckling 
process until the “© um” buckling load is passed. 
Actually the increase in deflection is so rapid that the 
shell appears to "jump" to a position involving large 
deflections. The kinetic energy associated with the 
rapid increase in deflection will cause the shell to vibrate 
around the equilibrium position corresponding to the 
"minimum" buckling load. This vibration will be 
rapidly damped by both the. intrinsic friction of the 
material and the forces exerted by the testing machine. 

It is a common engineering practice to record tbe 
maximum load which the structure can sustain as the 
failing load of the structure. ‘Therefore, in the case of 
the perfect specimen, the “initial” buckling load will 
be the failing load. However, similar to the column 
with а non-linear elastic support shown in Section IL, 
the maximum load which the shell can sustain is very 
sensitive to the amount of initial deflection of the shell. 
Larger deviations from the perfect geometrical shape 
will give а lower maximum toad, without, perhaps, an 
appreciable effect on the "minimum" buckling load. 
Therefore, without extremé precautions, both in the 
manufacture of the specimen and in the testing, the 
failing load obtained will be invariably lower than the 
theoretical maximum given by the classical linear 
theory, But, this consideration also shows that by 
striviug to make the test specimen geometrically per- 
fect, ag lias been done by certain investigators, it is 
possible to obtain higher failing loads than usual, 
approaching the value given by the classical theory as 
an upper limit. The particular value of the failing 
load of a specimen is, therefore, determined by the 
degree of its geometrical perfection. This, perhaps, is 
one of the reasons for the bad scattering of the experi- 
mental points shown in Fig. 13. However, there seems 
tobe a lower limit which corresponds to the “minimum” 
buckling load. 

This explanation of the large difference between the 
failing load obtained by the classical theory and in 
experiments has a similarity with Donnell’s theory ior 
thin cylindrical shells! in that the initial deflection is a 
controlling factor in determining the failing load. 
However it should be clearly understood that whereas 
Donnell assumed that failure was caused by yielding 
of the material, the present explanation is based on the 
non-linear characteristics of certain elements of the 
structure without exceeding the elastic limit of the 
material., 

Besides the effect of the initia! deflection on the fail- 
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ing load oí a thin shell, the effect of vibration occurring 
in the surroundings during the testing of the specimen 
should be considered. If a specimen with slight geo- 
metrical imperfections is loaded up to, say, the point A 
in Fig. 20, the vibrations occurring in the surroundings 
will impart a certain amount of kinetic energy to the 
specimen. This additional amount of kinetic energy 
when transformed into potential energy might be suffi- 
cient to help the specimen to pass the “hump” in the 
load-deflection curve and thus fail the specimen. The 
failing load recorded by the testing machine is, how- 
ever, only that corresponding to the point A and not 
the maximum load. Therefore, the vibrations occur- 
ring in the testing surroundings can further reduce the 
failing load of a curved shell, besides the effect of initial 
deffections. 
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ЗОММАКУ.— In Part I of the present report, a method for calcu- 
lating the two dimensional subsonic compressible flow is developed by 
using the tangent to the adiabatic pressure-volume curve as an approxima- 
tion to the curve itself. 1а Part YI, this method is applied to the case of 
flow over a circular cylinder with its axis perpendicular to the direction 
of undisturbed flow. The result is compared with that of perturbation 
method, In Part ІП, the conclusion drawn from Part I and Part II is used 
to develop à procedure which enables the prediction of the compressibility 
burble from test data obtained at low air speeds, Then the results of 
this method are compared with those obtained from Jacob's method and 
the experimental data, It is found that by using the new method, the 
predicted behavior agrees very well with the experiments. 
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INTRODUCTION 


The experimental data obtained from high-speed wind tunnels show 
that when the maximum velocity of fluid over a solid body reaches 
approximately the local velocity of sound, the resistance experienced by 
the body suddenly increases. This phenomenon is generally called com- 
pressibility burble. The-speed at which compressibility burble occurs 
is the critical speed of the body. "Therefore, informations about the 
critical speed of different component parts of an airplane are very 
useful to designers of modern high-speed aircrafts, Unfortunatety, to 
determine critical speed of a body experimentally requires a costly 
high-speed wind tunnel. Hence it is desirable to have a reliable method 
to calculate the critical speed either theoretically or from experimental 
data obtained from an ordinary low speed wind tunnel. 

The calculation of the critical speed requires, of course, the solution 
of the problem of compressible fiow over a given body, The known 
methods devised for this purpose are 

(1) Glauert-Prandtl method 
(2) Perturbation method 
and (8) Hodograph method. 

The theory of Glauvert-Prandt] method is based on the assumption 
that the disturbance produced by the body placed in a parallei flow is 
small. They are thus able to linearize the partial differential! equation 
for the velocity potential and obtain a very simple solution. It is evident 
that the theory can be applied only to a very thin airfoi or to a very 
slender body, because only then the disturbance produced by the body is 
smali But even in these cases, the theory breaks down in a region near 
the stagnation point. For bodies which are common in aircraft engineer- 
ing, this method gives a higher critical speed than that experimentally 
observed. In other words, the Glauert-Prandtl theory is not conservative. 

The perturbation method is developed by Lord Rayleigh, O. Janzen, 
L. Poggi and others. It consists essentially of expanding the. velocity 
-potential into a series of ascending powers of M,? where M, is the 
ratio of the velocity of und‘sturbed parallel flow to the corresponding 
velocity of sound, M, is generally calied the Mach number, This 
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method is theoretically exact, provided that the convergence of the series 
can be established. However, the practical calculation is very tedious 
even for simple shaped bodies if one goes beyond the fizst approximation 
(terms involving M, ?). 

The hcdograph method is first suggested by Molenbrcek and Chaply- 
gin. Inthis method, the inclination of the velocity vector to a fixed 
reference line and the magnitude of the velocity are used as the indepen- 
dent variables, It is a particular application of Legendre s contact trans- 
formation. The main drawback of this method is the difficulty of 
determining the solution by means of the boundary conditions, Therefore 
this method, although is exact and elegant, is applied till now only to а 
few isolated fases. 

The methcd used in this report was first suggested by Dr. Th. von 
Karman, Its general theory was discussed in a previous paper (Ref. 1). 
In the following a review of this theory will be first given. 


PART I 


It fs well-known that if the pressure in the fluid can be expressed as 
a function of density of the fluid only, the flow of a non-viscous ccm- 
pressible fluid із irrotational, If the flow is two dimensional, the cordi- 
tion of zero rotation is expressed by 
B-H- о 
where v and v аге the components of velocity in x and y directions. Then 
there exists a velocity potential » defined as 


db = мах + у dy. (2) 
The condition for the conservation of mass is expressed by the equa- 
tion of continuity which in case of steady two-dimensional motion gives 


д (рч), a(Pv) 
тэх Тору О a 


where P is the density of the fluid, 


Eq, (3) can be automatically satisfied by introducing the so-called stream 
function W defined as 
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ay m — f vax + f udy (4) 


where Po indicates the value of the density when u = v = 0, 

The velocity potential ф and stream function ў are here introduced to 
satisfy the kinematical properties of the fluid field. The dynamical 
relation of the flow in this special. case of irrotational steady flow is 
expressed by the generalized Bernoulli equation : 


p 
уез) Pao (5) 
where w? == u? + уз, and po is the pressure Кеп w=0, ie., the stagna- 
tion pressure. 

The Eqs. (1), (3) and (5) contain actually five unknowns v, v, p, P 
and T, where T is the temperature of the fluid. Therefore for complete 
solution of the problem, two more equations are necessary, They are the 
equation of state and the equation of conservation of energy. For perfect 
gas, the equation of state is 


p 
р= RT (6 


where R is the gas constant, Ifno heat is added or removed from the . 


fluid in the whole field, then the condition for conservation of energy can 
be expressed as the adiabatic pressure-density relation: 
-Р —- constant (7) 
р? 
where у is the ratio of specific heats of the fluid at constant pressure Cj 
and at constant volume Cy i.e., 

у = Ср/Су (8) 
The value of у for a diatomic gas, such as air, is 1.405. 

Now suppose that a solution of this system of equations is found, 
then the question arises: Whether this known solution can be utilized to 
construct ancther solution which satisfies the same type of equations as 
(1), (3) and (5) but perhaps a different equation of state and a different 
energy equatior? The difference in the equation of state and the energy 
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equation means only a difference in the properties of the fluids in the two 
solutions. To investigate this, two new functions X and Y are introduced 
such that 


— podX =: Pov di — p dx 
(9) 
x podY == p dy + Pou dy 
Substituting Eq. (4) into Eq. (9), the following relations are obtained: 
—podX—-puv dy—(p-++- Pv? )dx (10) 
==Pu(v dy-+u dx)—(p+ Pw? dx 
podY—(p--Pu?)dy--Puv dx 
==(p+ Pw? )dy—Pv(v dy-+u dx) 


To show that dX is an exact differential, the relation 


ace) _ __ Pte?) 
ах = бу а) 
has to be established. However, 
абра), a(p+Pv?) _ yf d(Py) | (РУ) av, „ду 19P 
Sx ^ BY « 5% tay ] + e E28) 
22446004), a(Pv) Qu, „ду 19Р] 
EP +26592) + ^ 33) 
(12) 


The third form is made possible by Eq. (1). Now the valve in the 
first bracket on the right hand side of Eq.(12) is equal to zero due te Eq. 
(3). The value in the second bracket is also equal to zero, because they 
can be obtained by differentiating the left hand side of the Bernoulli 
equation, Eq. (5), with respect to y. Therefore Eq. (11) is satisfied 
and dX is an exact differential. Similarly dY can be shown to be also an 
exact differential. By using Eq. (2), Eq. (10) can be reduced to 
— podX = P u dẹ — (p+Pw?) dx 
podY = (p+Pw?) dy — Pv de 
Now by multiplying the first equation of Eq. (13) by u and the second 
by v and subtract, the following equation is obtained, 
po(v dY +u dX) = (p+ Pw?)(u dx+v dy) — pwds (14) 


(18) 
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Using Eq. (2), Eq. (14) can be simplified to 
po (UdX+v АУ) = p dè (15) 


И two new variables are introduced such that 
90222 Po — 
LES =U, Ұр =V (16) 
then Eq. (15) gives 


V dé = UdX + V dY ü7) 


which is similar to Eq. (2) with U and V as the new velocity com- 
ponents in the X-Y plane. 

Similarly by multiplying the first equation of Eq, (9) by u and the 
second by v and adding, the following relation is obtained 


ро(и dY— v dX) = p(udy—v dx) + Pow!dyr (18) 
By means of Ед. (4), Eq. (18) can be simplified to 
po(u dY — v dX) = 2 (p+Pw?) dy (19) 
И another new variable g is introduced such that 
COME ED 280 
Fa T Po ppw? (20) 


where Go denotes the value of с at U=V=0. Then Eq. (19) with the 
aid of Eq (16) сап be rewritten as 


аф = £-(U ay—V dX; (21) 


which is similar to Eq. (4) with g as the density of the fluid in X-Y 
plane. 

The relations expressed by Eqs. (16), (17), (20) and (21) indicate 
that from the original solution for flow of a compressible fiuid in the 
x-y plane with the velocity components u, v and the density P, a new 
solution for flow of a different compressible fluid in the X-Y plane with 
the velocity components U, V and the density g is obtained, Furthermore, 
а stream linein x-y plane will be transformed by Eq. (10) into a stream 
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line in X-Y plane as shown in Fig. 1. This is evident from Ба. (21). This 
remarkable reciprocity between the x-y plane and the X-Y plane is first 
demonstrated by H, Bateman (Ref. 2). 


e x o 


Fig. 1. 


To apply this theory, a solution of the flow around a certain body has 
to be found first, At first sight, the theory seems thus only of academic 
interest, because it is just as difficult to find this initial solution, How- 
ever, the relations developed between the flows in the x-y plane and the 
X-Y plane are very general. No assumption about the specific proper- 
ties cf the fluids is made. The fluid in the x-y plane can be incompres- 
sible, Then it is very easy to obtain a solution in that plane. The pro- 
blem now is to investigate the properties of the finid in the transformed 
X-Y plane with incompressible flow in the x-y plane. 

if the flow in the x-y plane is jncompressibie, then 


P = Po = constånt, or EC 1 (22) 
o 
and Bernovlii theorem gives 
р Ри? = ро cr 24 Рі (98) 
E E ро *po Т 
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If P denotes the fluid pressurein the X-Y plaue, then the generalized 
Bernoulli theorem, Eq. (5), requires that 

P 
EI (24) 


where W?—U'-FV?-— ^w by means of Eq. (16), and Po is the value 
of P when W=o. However, from Eqs. (20) and (22), the following 
relation can be derived, 


өн (үзі (25) 


Tnus 


Pop p 
=RU ур в (9) -) e 
Therefore Eq, (24) can be rewritten as 
с. 4 (262 _ : 
4 Bos HE (E) 1] = (ат) 
со Go ex) 


1 ЧР Po ( € 9 
ssa (E) IB) = (28) 
go 


Integrating Eq. (28) the following relatlon is obtained, 


= hela) em 


where P, and g, are constant, Since с is the density of the fluid in 
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the X-Y plane, its reciprocal 1] їз the specific volume. Using Eq. (29), 
P can be plotted against 1| с as shown in Fig. 9. It is a straight line with 
negative slope and passes through the point (P,,1/a, ). Of course, 


Fig. 2. 


there is no such fluid in nature that has this type of adiabatic pressure- 
volume relation. However, an ordinary adiabatic pressure-volume curve 
can be drawn through the point (P,, 1/ g ,) by means of Eq. (7) and then 
adjust the slope of the straight line given by Eq. (29) such that it is equal 
to that of the adiabatic curve. Then the relationship given by Eq. (29) 
can be considered as an approximation to the true adiabatic pressure- 
volume relation occuring during the actual flow of a compressible fluid, 
"The slope of an adiabatic curve at the point (P,, 1/ 0) is 


dP 1 
dP E 
[315] = / 23) | =—A,7¢,? (30) 
€ H de 1 
where A,’ = qE 1> А. being the velocity of sound in the fluid at the 


state P =P, and с = g,. Therefore by equating the slope of the 
straight line and that of the adiabatic curve the following relation is 
obtained, 


Ay? (Sy (81) 
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Eq. (29) can then be rewritten as 


1 1 a 
P—P,=A,? e(z) (32) 
Differentiating Eq. (32) with respect to с, the velocity of sound, A, 
at any state can pe calculated as 


dus 
APTAS (=) 
or Ag? = A,” g |? = constant (33) 


By means of Eq. (32), the integral occuring in the generalized Bernoulli 
theorem, Eq. (24), can be calculated, 


Substituting this value iuto Eq, (24), the fullowing relation between the 
magnitude of veiocity W and the density g is obtained 


tg 
swe А (4, -4 ) о (35) 
Or using Eq. (33) 


Ы WwW 
(5) =1—(х) (36) 
Then Eq. (81) can be rewritten as 


pear [1—()'}= ara (87) 


1 
where M, — W,/A, is the Mach number corresponding to the state 
Р=Р, and o=6,. 

The point of tangency of the straight line of Eg. (32) and the adiabatic 
curve is not yet made to correspond to any particular state of the fluid. 
However, if the problem of a body in a parallel stream is concerned, then 
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it seems natural to make this point of tangency correspond to the state of 
fluid in the undisturbed parallel flow, Thus W, is the velocity of the 
undisturbed parallel flow and A, the corresponding velocity of sound, 
M, wiil then be the Mach number of the undisturbed flow, 

From Eqs (16), (22) and (23), the magnitude of velocity W in the 
X-Y plane can be expressed as 


Рин 
pU AL RA s (88) 
1 2 po Y 
Therefore 
Po 
WwW w 1 рожа? (89) 
Мж, т tee wt (o 
ро: w,) 


where w, is the magnitude of velocity in the x-y plane corresponding to 
W, i.e, the undisturbed parallel flow in the x-y plane. Eq, (39) relates the 
magnitude of velocity in the X-Y plane where the fluid is compressible and 
approximately adiabatic to that in the x-y plane where the fluid is incom- 
pressible. The relation can be put into a more useful form if the quantity 


о 


H Poet сал be expressed in terms of quantities relating to the velocity 
o 


W, in the compressible flow, Using Eqs. (27) and (38) 


Mo А ‚ 
ta ou = лүм Oig (40) 


Eq. (40) сап be considered as a quadratic equation for fw 62 


Solving for 3 f w,?, it is found that the appropriate solution is 


М. 
(1+1 М, 3): (41) 


Using this relation, Eq. (39) can be rewritten аз 
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If the pressure coefficient ky for incompressible flow is defined as 


P—P. 
Кр = Pw? (43) 
then by means of Eq. (23) К =1— (= J (44) 
| p ж) 


Similarly if the pressure coefficient Kp for the compressible flow is 
defined as 


_ Р-Р 
K, = uL (45) 


then by means of Eqs. (20), (23) and (29), the folowing relation is 
obtained, 


а--%р м. Ер 
р аР к) a 
uu c р 


Substituting the value of + fe w,? from Eq. (37) into Eq. (46), a simple 
relation between the pressure coefficients in compressibie flow and 


incompressible flow can be expressed as 


k p 


Құс = 
VIC + М № ат) 
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To find the coordinates X and Y interms of x and y, Eq. (10) has to 
be integrated, Since the flow in the x-y plane is incompressible, 
P = Po —constant, thus 


ax + iav [ (P + Pov?) ёх — Pon v dy 
+ i (р + Pou? yy — ipon v dx (48) 


Expressing p in terms of po and w? as given by Eq. (23) and introducing 
the complex coordinates Z — X -iY and z=x + iy, Eq (48) сап 
be rewritten as 


a2 = dz — 4 f [ x — v1) dx + Suv dy + i (v? — u7) ay + знак) 
1 Po | 


`= dz — dogs + м) ах — i dy) (49) 


It is well-known that if the flow is incompressible and irrotational then 


there is a complex potential ф + i} which is an analytic function of 
z= x + iy, and 


м = u— iv (50) 
Now introducing the complex potential function G(z) such that 


w,G(z) == 6 +i (51) 


and denoting the complex conjugate of z as Z and that of G as G, Eq. (49) 
can be integrated and put into the form: 


&) dz (52) 


Or using Eq. (41), therelation between the coordinates in the X-Y plane 
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and the x-y plane can be written as 


д2 М (С ат (53) 


G+ iM, y} ME 


The integration constant in Eq. (53) or (54) is immaterial, because its 
effect will be simply a translation of the whole X-Y plane without chang- 
ing the relative position of the points in that plane. 

Eqs. (42), (47) and (58) are the three principal results of the present 
theory, If a solution of incompressible flow around a body is found, the 
velocity and pressure over an approximately similar body in compressible 
flow can be calculated by means Eqs. (42) and (47). The shape of the 
body in compressible flow is, however, not exactly the same as that of the 
body in incompressible flow. This distortion is given by the second term 
on the right hand side of Eq. (58) and depends upon the value of Mach 
number M, of the flow. To find the velocity and pressure distribution 
over a given body at different Mach number, it is necessary to start with 
different solutions corresponding to slightly different body shapes so that 
in the plane of compressible flow the given shape of the body can always 
beobtained, This introduces some complication, but, however, the labor 
involved is, prehaps, much less than that required by the perturbation 
method. 


PART И 


As stated previously, the approximation involved in the present 
theory is the substitution of the tangent to the adiabatic curve for the 
adiabatic curve itself, It thus becomes necessary to check the. magnitude 
of error introduced by this approximation. The only two-dimensional 
subsonie flow caleulated from the true adiabatic relation to sufficient 
accuracy is that past a circular cylinder with its axis placed perpendicular 
to the direction of undisturbed flow. It is calculated by means of the 
perturbation method up to terms of the order of M,' by I. Imai (Ref. 3), 
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К. Tamada and Y, Saito (Ref. 4). The theory developed in Part I will be 
presently applied to this case and the result compared with those obtained 
by the authors mentioned, 

The transformation from incompressible flow to compressible flow 
involves a slight distortion of the shape of the body as given by Eq. (53), 
The main effect is found to be а slight increase in the ratio of the 
maximum thickness to the length of the body. Therefore, in order to 
obtain a circular section after the transformation, it is necessary to start 
with an elliptic section with its major axis in the direction of the 
undisturbed flow. The incompressible flow over an elliptic cylinder can 
be obtained by applying the well-known Joukowsky transformation to the 
flow over a circular cylinder in complex coordinate € with the center of 
the circular section located at the origin of the £ plane (see Fig. 3). 


Hence 
2 
сше +% 
554) 
2 pb 
6 = b+ 
where b is the radius of the circle 
in the £ plane, The Joukowsky 
transformations is 


z= bt i (55) 
The value of b controls the thickness ratio of the elliptic section in the х-у 
plane, When b,- со, the thickness ratio becomes 1. When b — 1, the 
elliptic section is degenerated into a straight lamina. It is convenient to 
carry out the computation by using the £ coordinate. Thus Eq. (53) can 
be written as 


M,? Gy 
Жын en MIA qe (56) 
т dz ^ 
(4 VI—M,?» E: 
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Substituting Eq. (54) and (55) into Eq. (56), the complex eoordinate in 
the plane of compressible flow is obtained as 


Letti м," 24 p @—1ов ECT. | (57) 
d+ y t Ен 


In order to find the distortion of the shape of the original elliptic section 
by the transformation, the value of £ corresponding to the surface of the 
elliptic section has to be substituted into Eq. (57). Thus 


caved, E= b e? (58) 


Then Eq, (57) gives by separating the real and the imaginary parts, 


M, 
им: 


x = (b+) өзд b (b? +1) сов 


i— cos 


2b 
(b?—1)? 1+ Бі Frese 
сз Quir log 
bet 
(58) 


Y= (b—§ }sing— —_B b (5:—1) sin 0 


Аим, 
_ (b?—1)? ,, 71 2b sing 
E ae tan "ыст 
By setting 0 = О апі 3 in the first and second expressions of Eq. 


(59) respectively, the dimensions of the transformed section in the 
direction of the undistarbed flow and perpendicular to that direction 
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can be calculated. The ratio formed by these two dimensions should be 
equal to unity if the section is nearly circular. Therefore 


М, Ь (602—1), -: 2b 
des b— ten ,, ) 
_ 5—1 (ityi—M;? | 2 621, 
1= рт d M t) ay EH (60) 
( Ten; 54x 
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Fora given Mach number M, of the parallel stream, the value of b can 
be solved numerically, For example, for M,— 0.400, b is found to be 
5.1827. 

When the value of b is thus determined the detailed shape of the 
section in compressible flow can be calculated by means of Eq. (59), In 
the case of М, == 0.400, the section obtained by the transformation from 


incompressible flow with b = 5.7827 is shown in Table I, where 
r =X? + У: anda tan” + 
TABLE I 


If the section in compressible flow were a truely circular, г should 
beaconstant, The variation of r in the above Table is less than 0.02%. 
This variation is, indeed, negligible. Therefore, the velocity and pressure 
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distribution over this particular section can be considered as those over a 
truely circular section. 

By putting £ = in in Eq. (57), the coordinate of a point along the Y 
axis can be obtained as 


С 
ү=( 3—1 M, 100—1 
( 1) (4 VT-M,D: LE 


— 4 (ъ?—1)%ап ses] (61) 


The velocity at the corresponding point in the incompressible flow is 


aG 
dG d Б 
# = у р м, ea =W, TU (62) 
Б 


Hence vsing Eq. (42) the velocity іп the compressible flow сап һе 
calculated by the following expression: 
уы My n 
и ды GAINS) 
Ww, +t 1- M. (eto 2 
аулам vH) 
The results of this calculation for the case М,--0.400, using the 
previously determined appropriate value for b is shown Fig. 4 as Curve 
III. The ordinate is the increase in velocity /\W due to compressibility _ 
divided by the velocity W, of the undisturbed flow. The abscissa is the 
ratio of the distance Y from the point concerned to the center of the 
circular section, to the radius of the section R. 
According to Lord Rayleigh and О. Janzen, the perturbation method 
gives as first approximation: 


(63) 
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1. Fist Approximehon 

Ш. Second Approsimalion 7-2 +1 
ҮШ. Exact Solution f» -t 

IV. Second Approximation Ps 1-40 
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which is independent of the ratio of specific heats y. The second appro- 
ximation of perturbation method, carried out by I. Imai (Ref. 3), K. 
Tamada, and Y. Saito (Ref. 4), gives the increment of velocity as 


(65) 


The value of AW/W, calculated from both Eqs. (63) and (64) with 
y — 1.405 are shown in Fig. 4 as Curve I and Curve IV respectively, It is 
seen that the theory developed in Part I of the present report gives a 
value of velocity increment AW/W, between the first and the second 
approximation of the perturbation method with y = 1405. . Unfortunately, 
it is not certain whether the exact solution with y = 1.405 will further 
increase the value of AW/W, or decrease it. Therefore, it is impossible 
at present to ascertain the exact magnitude of deviation introduced by 
using the tangent to the adiabatic curve instead of the adiabatic curve 
itself. 

By comparing to approximate adaibatic relation given vy Eq. (32). 
with the true adiabatic relation given by Eq. (8), it is seen that the re- 
lation given by Eq. (32) can be aiso considered as the exact adiabatic 
relation of a ficticious gas with y — — 1. Therefore the solution given 
by the present theory can be also considered as an exact solution of the 
flow of this ficticious gas. Hence by putting у = —1 in Eq. (65) and 
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comparing the value of AW/W, so calculated with that obtained by trans- 
formation, the error involved in the second approximation can be 
determined. This comparison is shown in Fig. 4 as Curve II. The exact 
solution for y = — 1 із slightly higher than that of the second approxi- 
mation of the perturbation method with y = — 1. 

Xf this tendency of increasing the value of A.W/W, also holds in the 
case of y — 1.405 then the value of velocity increment AW/W, given by 
the atraight line adiabatic relation will be definitely lower than that of 
exact solution. Using this lower value of velocity increment to calculate 
the critical speed of the section, the resulting value of the critical speed 
wil be higher than it should be. In other words, tbe method is slightly 
unconservative, 


PART Ш 


The most difficult part of the calculation in applying the new theory 
to practical cases is the correction for the shape of the body, because the 
correction formula, Eq. (53) involves the complex potential of a corre- 
sponding incompressible flow. Although the principle for finding this 
complex potential for any given shape of a body in a uniform flow is well- 
known, the actual calculation is generally very tedious except for a few 
simple geometrical shapes. The problem then arises: Whether it is 
possible to omit this correction without introducing serious error in the 
velocity and the pressure distribution? Furthermore, as shown by the 
calculation for elliptical cylinders, the correction for the shape of the body 
results a slight increase in the thickness ratio of the section, An increase 
in thickness ratio of the section generally raises the maximum local speed 
over the surface of the section, In view of the previously shown result 
that the method developed in Part I slightly underestimates the velocity 
in compressible flow, this increase in velocity due to neglect of the correc- 
tion in shape of the body will tend to remedy this defect, 

To test whether this reasoning is justified, the flow over a circular 
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cylinder will be investigated anew.* However, now the slight change in 
shape of the body due to transformation from incompressible flow to 
compressible flow will be neglected, The complex potential for the 
incompressible flow over a circular cylinder is given by 


#+ї =з, (zT) (66) 


where b is the radius of the cylinder, By differentiating Eq. (66), the 
velocity at а point corresponding to z — iy can be found as 


== (1+) 


Therefore using Eq. (42), the velocity in compressible flow is 


M,? 
A 

м wl Ea 

y= (8%) utri M) (68) 
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Substituting Eq. (66) into Eq. (53), the coordinate of a point in compres- 


sible flow can be expressed in terms of the coordinate of the corresponding 
point in incompressible flow. Thus 


7-а- M? (+ 20 № (69) 
(1+1/1—M,?)? z x) 

By putting z — Z = b in Eq. (69), the length of the section parallel to 

the undisturbed flow is found to be 


2b ( -$ Mi (70) 
(E IM?) 


* This caleulation ie also carried oui by К Tamada Ref 5) 
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By putting z = № and z = —ib in Eq. (69), the thickness of the 
transformed section is found to be 


9b 1-і antes |=" (т) 
им, 7)? 
where R is taken to be the radius of the circular section concerned, 
Therefore for M, == 0,400 the thickness ratio of the transformed section 
is equal to 1.0986 instead of 1.0000. 
Setting 2 — iy and z = — iy in Eq. (69), a point along the Y-axis 


can be calculated as 


M? 2b? bt 
Үшу- 25 =) 12 
Акту [ T >) P 


Using Eqs. (68) and (72), the velocity distribution along the Y-axis can 
be calculated, The result of the calcluation is shown in Fig. 4. 

By comparing with the curve for the second approximation of the 
perturbation method, it is clear that the new method gives higher velocity 
over the surface of the section, Therefore, if this value is used to predict 
the critical velocity of the section, the result will be slightly conservative 
which is very desirable from engineering standpoint. The circular section 
chosen for illustrating the method is, however, an extreme case in the 
sense that the velocity increment is very large. For airfoil sections 
generally used in design, the thickness ratio is smaller and therefore the 
velocity increment will be also smaller. Then the discrepancy between 
the present simplified theory and the exact solution will be much less 
than that shown in Fig. 4 as Curve V. Therefore, the neglect of the 
correction in shape of the boby as given by Eq. (53) will not introduce 
serious error, but on the other hand, greatly reduce the amount of 
necessary calculations and make the method slightly conservative. 
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Summarizing, if the velocity and the pressure distributions over a 
body are measured at low speed in an ordinary wind tunnel, the velocity 
and the pressure distributions over the same body at high speeds can be 
calculated by means of Eqs. (42) and (47).* By integrating the pressure 
distribution, the lift coefficient and tne moment coefficient of the airfoil 


at high speeds can be evaluated. 
It is interesting to note that Eq. (47) is reduced to ine relation of 
Glauert and Prandtl 


Kuss Ke (73) 


if kp is very small so that kp? can be neglected. However, for a finite 
suction pressure, the present method gives larger increase due to com- 
pressibility than Glauert-Prandtl method, 

To calculate the critical speed of a body when its maximum suction 
pressure is given, the corresponding maximum velocity has to be deter- 
mined first, Using Eq (42) and (44), the following relation is obtained 


Мз 
Мел киса... ee 
Koat (1 ат EEATT (м) 
: Іс T dk) 


а+ут=мру 


For calculating the critical speed, the straight line approximation to the 
adiabatic pressure-volume curve has to be abandoned, From Eq. (36) it 
is seen that at the minimum density (7 == 0, the maximum local Mach 
number is 1, i.e., the fluid velocity reaches the local sound velocity. But 
when g = 0, the fluid velocity W will be infinitely large according to Eq. 
(85). Therefore with the straight line approximation a finite fluid velo- 
city will never reach the local sound velocity and there is no possibility of 
compressibility burble. However, if the velocity given by Eq. ( 74) is 
taken as a sufficiently close approximation to the fluid velocity in true 


* jt was mentioned by Dr. Th. von Karman recentiy that the result of calculation 
by this method agrees well with recent N.A.C.A. tests 
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adiabstic flow, the exact relation between the fluid velocity W and the 
velocity of sound A can then be used to predict the compressibtiity burble, 
According to Kaplan (Ref. 6) and others, the maximum local velocity and 
critical speed are connected by the following relation in true adiabatic 


flow: 


(18) 


(Wess El. Be ye 
Wi ом, y+ 
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where Me is the critical Mach number, i.e., the Mach number of the un- 
disturbed flow at which compressibility burble occurs, Equating the ex- 
pressions of Wmax/W, given by Eqs. (74) and (75), the equation for 
computing the critical Mach number is 


1 Me? ] 
1— kpuin) 8 [1— ———ÀÁ——— 
( prin) ( G+ ELM) jt 
EE I 
аут мы 


2 у--І4і 
(У) Me? + y¥+i B 


(76) 


The result of the calculation is shown in Fig, 5, where the ordinate is 
the critical Mach number Mc, and the abscissa is the maximum suction 
pressure coefficient kpmin measured in & low speed wind tunnel, In the 
same figure a curve giuen by Е.М. Jacobs (Ref 7) is also included. Jacobs 
based his calculation on the theory of Glauert and Prandtl. As already 
stated in connections with Eq (73), this theory tends to underestimate the 
compressibility effect. Therefore the higher value of critical Mach number 
given by Jacobs is expected, The experimental data given by J. Stack, W, 
F. Lindsey and В.Т. Littell (Ref. 8) are also included in Fig. 5 for compari- 
son. It is seen that while Jacobs’ curve lies definitely above the experi- 
mental points, the curve obtained from Eq. (76) is a good representation 
of their average. Hence this method of predicting the compressibility 
burble, although not exact, is quite satisfactory for design calculations, 
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APPENDIX I 


FUNCTIONS OF MACH NUMBER USED ÍN THE CALCULATIONS 
OF VELOCITY AND PRESSURE 
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Г TWO PREVIOUS papers!’ the authors have discussed 
in detail the inadequacy of the classical theory of 
thin shells in explaining the buckling phenomenon of 
cylindrical and spherical shells. It was shown that 
not only the calculated buckling load is 3 to 5 times 
higher than that found by experiments, but the ob- 
served wave pattern of the buckled shell is also different 
from that predicted. Furthermore, it was pointed 
out that the different explanations for this discrepancy 
advanced by L, Н. Donnell? and W. Flügge* are unten- 
able when certain conclusions drawn from these ex- 
planations are compared with the experimentat facts. 
By a theoretical investigation on spherical shells! the 
authors were led to the belief that in general the 
buckling phenomenon of curved shells can only be ex- 
plained by means of a non-linear large deflection theory. 
This point of view was substantiated by model experi- 
ments on slender columns with non-linear elastic sup- 
port? The non-linear characteristics of such structures 
cause the load necessary to keep the shell in equilib- 
rium to drop very rapidly with increase in wave ampli- 
tude once the structure started to buckle. Thus, first 
of all, a part of the elastic energy stored in the shell is 
released once the buckling has started; this explains 
the observed rapidity of the buckling process. Further- 
more, as it was shown in one of the previous papers? 
the buckling load itself can be materially reduced by 
slight imperfections in the test specimen and vibrations 
during the testing process 

In this paper, the same ideas are applied to the case 
of a thin uniform cylindrical shell under axial com- 
pression. First it is shown by an approximate calcula- 
tion that again the load sustained by the shell drops 
with increasing deflection. Then the results of this 
calculation are used for a more detailed discussion of 
the buckling process as observed in an actual testing 
machine. 


Received February 1, 1941 


Srresses IN THE, MEDIAN SURFACE AND THE 
EXPRESSION rom тив TOTAL ENBRGY оғ THE SysTEx 


Let x and y be measured in the axial and the cir- 
cumferential direction in the median surface of the 
undeformed cylindrical shell and а, с and w be the com- 
ponents of displacement of a point on the median sur- 
face of the shell in the x-direction, the y-direction and 
the radial direction (Fig. 1). Then at an arbitrary 
point in the median surface the unit strains in the x and 
directions, «, e, and the unit shear Ysy can be ex- 
pressed in the following forms, including terms up to 
second order: 


а) 


2i; 206 
бу" x 


de dy 


R is the radius of the undeformed median surface of the 
shell. The stresses and the strains in the median sur- 
face of the shell are, however, related to each other by 
the following equations. 


z (e + re) 
m" 


9. 


+) (2) 


where Е is Young's modulus of elasticity and » js 
Poisson's ratio. Therefore, by substituting Eq (1) 
into Eq. (2), the following connections between the 
components. of stress in the median surface and the 
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components of displacement of the median surface are 
obtained: 
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It is generally accepted that the conditions of 
equilibrium between the stresses acting in the median 
surface of a thin shell can be approximately expressed 
by the equations used for flat plates: 


(ay 


This pair of equations can be satisfied by introducing 
the well known Airy's stress function, Р(х, y), defined 
by the relations 
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Eliminating the variables м and v in Eqs. (3) and (5) 
the following relation between Airy's stress function 
F(a, у) and the radial component of the displacement, 
wis obtamed. 
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‘This equation expresses the condition of compatibility 
between stress and strain. When R — ©, it reduces 
to the corresponding equation for a flat plate derived 
by the senior author? L. H. Donnell? first obtained 
Eq. (6) in its present form. With a given distribution 
of the radial component of the displacement, w, Eq. 
(6) gives the induced stresses in the median surface 
of the shell. 

For one complete wave panel, the extensional elastic 
energy W, corresponding to these stresses can be 


written as 
Ж. 
of Linde 


за + (тв, - та dy (7) 


where с and 6 are the half wave lengths in the axial and 
the circumferential directions, respectively. 

"To calculate the elastic energy of bending, it is neces- 
sary to find the expressions for the change of curvatures 
and the unit twist of the median surface. In this 
paper, the following simplified expressions will be used: 
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(8) 


In Eq. (8), certain additional terms in x, and x,, in- 
volving v are neglected. It was shown by L. Н. Don- 
nell‘ that if the terms retained in Eq. (8) are considered 
as of the order one, the neglected terms are of the 
order 1/n*, where » is the number of waves in the 
circumferential direction. For thin cylindrical shells, 
the value of n is around 10; therefore the neglection is 
justified. With these expressions for the change of 
curvatures and the unit twist of the median surface, 
the bending energy №; for one complete wave panel 
can be written as 
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The virtual work of the force applied on the end of 
the cylindrical shell can be calculated as the product of 
the applied force and the change in length of the shell. 
Therefore the following expression is obtained for one 
complete wave panel: 


> 
Wi = uf (е). -а dy ae ax (10) 


ox 


The equilibrium condition of the shell can be ob- 
tained’ either by equating the first variation of the 
difference between the sum of the energies W, and Ws 
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and the virtual work Ws to zero, or by actually analyz- 
ing the moments and the stresses in the median sur- 
face of the shell. Using the approximations stated 
previously, Donnel?* derived the equilibrium equation 
a 


w ree E. 
120 — ) Nox* ду, К: Oxt 


a ry ow E 
(% 2 ES G + C + эру + 


zi im 


where р is the external radial pressure on the surface of 
thé shell In the case concerned, p = 0, then using 
Eq. (5), the second equation connecting Airy's stress 
function F(x, у) and the radial component of dis- 
placement w is obtained as 


En 5.6) yee кə”. 
120 - и) (S Ez ке 
ж. QF ow _ ФЕ ош 
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When R — œ, Eq. (12) reduces to Ше corresponding 
equation for a fat plate. 

There are two different ways to solve the problem 
of buckling of a thin uniform cylindrical shell under 
axial compression. The more exact méthod is to solve 
Eqs. (6) and (12) simultaneously, using appropriate 
boundary conditions. The ate method is to 
first assume a plausible function for w, with undeter- 
mined parameters and then use Eq. (6) to determine the 
stresses in the median surface of the shell. The ex- 
pressions И’, Wa and W, can then be calculated Бу 
means of Eqs. (7), (0) and (10). The undetermined 
parameters can be ascertained by the condition that 
W, + Ws — №, must be a minimum. This approxi- 
mate method will be used in the following calculations. 


CALCULATION OF THE TOTAL ENERGY 


To obtain a plausible form for w, one has to resort 
to the experimental results. It is observed that, for 
large values of the wave amplitude, the waves show a 
so-called diamond shaped pattern. This particular 
wave shape can be approximately expressed by 
м umm + ny), me — ny) 
cos’ Re cos? TR 


(13) 
where the squares are introduced to account for the 
fact that the shell has a definite preference to buckle 
inward. Eq. (13) can be re-written as 


= -1 cos BF con + gcos РЯ + 
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On the other hand, the classical theory whick is cor- 
rect for infinitesimal values of the wave amplitude re- 
quires the wave to be of the form 


ЭЗ = соз cos ЭУ 
Е соз "= ROR 


In order to satisfy this requirement, the wave form as- 
sumed in the following calculation is 


ot 5 


io PE + J cos cos 22) + КЕЗЕ 


(15) 


where fo, fu fa are unknowns to be determined by the 
minimum condition given above; fo is introduced in 
order to allow the shell to expand radially. The ampli- 
tude of the wave pattern defined es the maximum 
difference in the radial deflection w is evidently given 
by fi. The wave lengths in the axial and the circum- 
ferential direction are 2eK/M and 2rR/n, respectively. 
Hence the number of waves along the circumference 
of the shell is equal to s. It is evident that no end effect 
can be accounted for by this form of wave pattern, 
and therefore the following calculation really corre- 
sponds to the case of a very long cylindrical shell. 
This simplification is justified by the experimental 
findings of N. Nojima and S. Kanemitsu as reported 
in a previous paper. It was found that there is no 
appreciable length effect when the length of the cylin- 
drical is greater than 1.5 times the radius of the shell. 
Furthermore, it is seen that by setting fe =f = 0, 
Eq. (16) is reduced to Eq. (14); while by setting 
(fi/4) + (5/2) = 0 and fo + Л/4 = 0, Eq. (16) is 
reduced to Eq. (15). With other vatues of these 
parameters, wave patterns intermediate between these 
two limits can be obtained. 

Substituting Eq. (16) into Eq. (6), the differential 
equation for Airy’s stress function F(x, у) is obtained: 


(ey meer 


В cos 292 JEN 
mx uS 39У тх my 
G cos Tp соз + Н cos pt cos | (И) 


where р = m/n, the "aspect ratio" of the waves. If 
u > 1, the waves are longer in the circumferential 
direction; if и < 1, the waves are longer in the axial 
direction. The coefficients in Eq. (17) are given by the 
following relations: 


A= и (is + a) 


B= ym 
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‘The solution of Eq. (17) can be easily obtained as 


Bony 
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Using Eq. (5), the stress components in the median 
surface can be writien as 


ny X ed 
es = Bf cos к tad Ia os т сов т 
р ов ame z 
UH R 


sr Mem + Eee + 
ET шш itg v SER 
«rusos nex 
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sin ne + 


G mx any 
Gru RI + 
BHO in 2" ony А 
За +" К (20) 
In all experimental work, the data are usually ех- 
pressed in terms of the average compression stress о 
in the axial direction. It can be easily seen from Eq. 
(20) that 
в=-с (21) 
Using Eq. (3), the following expressions for ди/дх 
and до/ду can be obtained : 


т-д Қа) 
de T gr n) Аы 


gem (=) +8 09 


By substituting Eqs. (16) and (20) into Eq. (22), it is 
found that 


ou ТЕНГЕ 
5--Це дей 


м) + Terms of periodic functions 
Q3) 


V AA 


[^ 
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С +3) + ‘Terms of periodic functions 


Since y is measured along the circumference of the shell, 
v must be a periodic function of y; therefore, the con- 


о; 
stant term in > must be equal to zero. Or 


+ nat ye) + 
(^ +1 


j 3 
2) =0 (24) 


This condition determines a. 
Using Eys. (7), (20) and (24), the extensional energy 
W, of the shell is obtained as 


ina (o -5( ener 
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Using Eqs. (9) and (16), the energy of bending Wa 
of the shell can be caleulated as 


(Gl ШЕ tak 


жымалы ea rans] en 


The virtual work of the applied force can be ob- 
tained by means of Eqs. (10), (20), (23) and (24). 
The result is 
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RELATION BETWEEN THE COMPRESSION STRESS AND THE 
AMPLITUDE оғ WAVES 


To find the relation between the average compression 
stress and the amplitude of the waves, the conditions 
which will make the expression W, + Wi — Ша 
minimum have to be obtained. It was found that the 
calculations can be simplified to a certain extent by 
first using the condition that the sum of energies must 
be minimum with respect to 4. Or 

5 (QV, + W- Ws) = 0 (28) 
This condition determines a relation between fo and fi, 
fa which can be written as: 


than re tht te ur) =f а» 
Using this relation and Eq. (24), it is easily seen that 
а = 0. In other words, the shell will expand radially 
to such an extent that the average of the circumferential 
stress су is equal to zero. Substituting Eq. (29) into 
the expressions for W,, W: and W, as given by Eqs. 
(25), (26) and (27) and using Eq. (18), the elastic 
energy of the system minus the virtual work is ex- 
pressed finally in the following form 


DW 


Wit W- 


TIEN 


po sse 

16 (1 + Out)? 16 LEY A 
us ye Y 
Тт I i VR 1-а + 


d 
stmt is ЕСИ 
Қате + IE 


x9 fof {dc mI фе 


G+ aff + + у (30) 
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The equilibrium conditions are then obtained by dif- 
ferentiating this expression with respect to fi and Л, 
and then set those derivatives equal to zero. The 
results can be written in a simpler form by introducing 
the following parameters: 


" 


=# 
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where à is the wave amplitude of the buckled shape of 


the cylindrical shell. Then the equilibrium conditions 
are 
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Eliminating eR/Et from the above equations, the 
following equation for p is obtained. 


Asp? Аш + Ар do = 0 (33) 


where the coefficients are 
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Therefore, when £ = 0, ie, when the wave amplitude. 
approaches zero Eq. (32) gives Ау = Аа = 0; and 


ж-- ТЕРГЕН + даж) 
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Substituting into Eq. (31) it is seen that p = —'/2, or 
f= Ар. Putting this relation between fı and fr 
into Eq. (14), the wave pattern is reduced to that repre- 
sented by Eq. (13), ie., the wave pattern for infinitesi- 
mat wave amplitude given by the classical theory. 

‘With a given value of м and т, the coeficients for 
various values of the wave amplitude & can be first 
calculated by using Eq. (34). Then Eq. (33) can 
be solved for p corresponding to this particular set of 
values of и and т at various wave amplitude Е When 
the value of p is known, Eq. (32) сап be used to calcu- 
late the corresponding value of the “reduced com- 
pression stress" oR/Et, It is found, however, that 
the following expression which is obtained from Eq. 
(30) by eliminating the third powers of p is more suit- 
able for numerical computations: 
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Therefore, when # — 0, ie., when the wave amplitude 
becomes very small, Eq. (35) reduces to 


ШІ 


‘The minimum value of the average compression stress 
a is given by 


sen (28) 
" 


LE APR 
за + p’)? 


which is the well known result from the classical theory 
of infinitesimal deflections. This minimum value is 
obtained when 


ita 
» 


= 230 = 0) (38) 
It is interesting to notice that for infinitesimal wave 
amplitude, the minimum value of average compression. 
stress occurs for an infinite number of pairs of the 
values of the parameters and y, for which the com- 
bined parameter shown in Eq. (38) has the same value. 

Numerical computations were carried out for two 
valücs of the parameter и, the ratio of the wave lengths 
in circumferential direction and in axial direction. 
These values of р are 1 and 0.5. The value 1 was 
chosen because the experiments indicate that at large 
values of wave amplitude, the diamond waves have 
almost equal sides. The value 0.5 was chosen to in- 
vestigate the possibility of occurrence of narrow 
waves. The results of these computations are shown in 
Fig. 2 and Fig. 3, where the reduced compression stess 
oR/Et is plotted against the wave amplitudes $, The 
parameter in the figures is y. The values written in 
the parenthesis after y are the actual number of waves 
тіп circumferential direction for R/t = 1000. For given 
values of s and и, i.e., а fixed side of the wave, the load 
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Fic. 2. Reduced compression stress ir 
amplitude of waves E = @/1, for æ 00 and ‘different 
number of waves in circumferential direction. 
E 


Fr. 3. Reduced compression stress «К/І against 
amplitude of waves Ё = 2/7, for м = 0.60 and different 
? number of waves in circumferentia! direction. 
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sustained by the shell, cR/Ez first decreases as the wave 
amplitude, £, is increased. After a minimum is reached, 
the load will rise with increase in wave amplitude. 
When the waves are larger, the initial buckling load, 
i.e, the value of cR/Et at £ = 0, is higher. However, 
the minimum load reached tends to a lower value, 
except for т < 0.169 and p = 1, For « = 0.5, the 
lowest value of the minimum load is not yet reached at 
п = 0.081. 


Tae RELATION BETWEEN THE COMPRESSION STRESS 
AND THE SHORTENING OF THE SHELL IN THE AXIAL 
DIRECTION 


Although the load characteristic of the. cylindrical 
shell shown in the Figs. 2 and 3 gives the possible 
equilibrium relations between load and amplitude of 
the deflection wave, the actual behavior of a speci- 
men in a testing machine ca'inot be directly seen from 
these figures, In a testing machine, the only factor 
under the control of the operator is the distance be- 
tween the end plates; this is the geometrical restraint 
with which the specimen must conform. Therefore, 
in order to determine the behavior of the specimen the 
compression stress will have to be plotted as function 
of the end shortening. The unit end shortening, е, 
ie, the total shortening in one wave length of the 
shell in axial direction divided by the wave length, can 
be easily calculated from Eq. (23). It is found that 


ар вр (30) 
This equation for the unit end shortening contains only 
quantities already found such as the values of p and 
«Б/Е, In Figs. 4 and 5, oR/Et is plotted against 
«АЛ for и = 1 and д = 0.5, respectively. It is im- 
mediately clear from these two figures that if the 
buckling process follows the curves drawn, after the 
shell starts to buckle the end shortening has to de- 
crease. In other words, the end plates of the testing 


Fio, 4. Reduced compression stress eR, Et against unit 
end shortening «R/t, for и = 1.00 and different number of 
waves in circumferential direction. 
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machine have to move apart. Therefore, the process of 
buckling in this'region is highly unstable; аз a matter 
of fact, before the operator has time to separate the end 
plates, the shell will jump to the point P (Figs. 4 or 5) 
which corresponds to the same end shortening as the 
starting point of the buckling process, but tò a much 
lower compression stress. This jump in equilibrium 
position involves а release of elastic energy and thus 
explains the rapidity of the buckling process and the 
accompaning vibration. 


ал 


Cae 
Fig. 5, Reduced compression stress «R/E! against unit 


end shortening «АЛ, for и = 0.60 and different number of 
waves ih circumferential direction. 


Tt is tacitly assumed in the previous paragraph that 


to the same end conditions, i.e., same end shortening, 
but involving a lower value of « or a lower value of the 
stored elastic energy, a transition to one of these equi- 
librium positions will actually take place. This is not 
based on any vigorous application of the principles of 
mechanics. It is evident that if, for example, the 
straight equilibrium position is stable, e, all in- 
finitesimally near configurations have higher energy, 
such a transition can only take place by application of 
an external impulse of finite magnitude. However, 
it can be assumed that such impulses will always be 
present in an experiment performed without extraor- 
dinary precaution in this respect, and of course if the 
structure is used in service. Then again, if it is as- 
sumed that the structure is helped over the “energy 
hump” by such external impulse, it cannot be proved 
that the jump has to end in the equilibrium position 
with the lowest energy level. However, if it is exposed 
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to several random impulses, there is a certain probabil- 
ity that the position with the lowest energy level will 
be the "journey's énd." An approximate calculation 
of the elastic energy of the shells shows that for large 
values of «R/1 and п < 0.121, the elastic energy of the 
narrow waves is higher than that of the square waves 
at same value of the end shortening. Therefore, 
under such conditions the narrow waves appear to be 
less probable. However, for eR/t near 0.8, and 4 = 
0.121 the elastic energy stored in the shell for the 
uarrow waves is comparable to that for the square 
waves at the same value of the end shortening. This 
indicates the possibility of the appearance of narrow 
waves during the very initial stages of the buckling 
process. 

In any case, it is certain that there are equilibrium 
positions of a buckled cylindrical shell which involve 
much lower average compression stress oR/Et than 
that at the beginning of buckling. For instance, in 
the case of square wave pattern, the lowest compression 


Fic. 6. Lines of equal deflection of wave surfaces, 
+10 = maximum inward deflection. 


‘Compression in vertical direction 
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stress is given by 


т t 
E” 0.194, (40) 
Incidentally, this value corresponds closely to most of 
the experimental results obtained by L. Н. Donnell? 
and E. E. Lundquist? 

‘The corresponding value of the parameter т which 
determines the number of waves is equal to 0.225, 
In case of R/i = 1000, the number of waves, 1, will be 
15 which also agrees well with the experimental evi- 
dence. For this particular value of the radius to 
thickness ratio, the number of waves along the circum- 
ference decreases from the и = 26 at the beginning of 
the buckling to я = 15 at the calculated minimum 
buckling stress. This gradual increase in the size of 
waves with the unit shortening is also observed by the 
experiments reported in an earlier paper.? 

It is particularly interesting, however, to trace the 
gradual change in the wave pattern during the buckling 
process, Figs. B and 7 show the lines of equal deflec- 
tion of the wave surfaces corresponding to different 
equilibrium states for two values of the aspect ratio 
of the wave pattern, и = 1.0 and и = 0.5. These 
particular equilibrium states are denoted in Figs. 2, 3, 
4 aud 5 by small circles in order to indicate their rela- 


Fig. 7. Lines of equal deflection of wave surfaces. 
+10 = maximum inward deflection. 


Compression in vertical direction 


n = 0.600 

n Y 
n 9.90 9.59 
n 250 0.539 
m 29 0:289 
iv 10:00 0:196 
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tive position during the buckling process. It is seen 
that there is a rapid shift from the rectangular waves 
bounded by lines, x = const, and y = const, as pre- 
dicted by the classical theory for infinitesimal wave 
amplitudes, to staggered rows of circular or elliptical 
waves. Whereas, the rectangular waves are directed 
alternatively inward and outward, the circular or ellipti- 
cal waves are all directed inward. The transition is 
practically completed for Е = 4 or б, £e, when the 
wave amplitude is only 4 or 6 times the thickness of the 
shell. The occurrence of such inwardly directed circu- 
lar and elliptical waves at this stage of the buckling 
process is in good agreement with the experimental ob- 
servations. If the experiment is continued to larger 
deflections ( ~ 60), these staggered waves acquire the 
characteristic diamond shape. The present approxi- 
mate theory fails to give these sharp diamond shaped 
waves, It is obviously not sufficiently exact for such 
large defiections. Furthermore, when these diamond 
shaped waves occur, the load on the specimen actually 
falls to a very low value such as ¢R/Et = 0.06, whereas 
the theory shows a slight increase of the stress at least 
for the case р = 10. ‘Therefore, the present calcula- 
tion can be only considered as a fair approximation to 
the earlier stages of buckling when the wave amplitude 
is only a few times the thickness of the shell, Neverthe- 
less, it reproduces the characteristic features of the 
buckling process observed in the laboratory. 


‘Tue ЕРРЕСТ OF THE ELASTIC CHARACTERISTIC OF THE 
TESTING MACHINE ом THE BUCKLING PHENOMENON 


It was stated in the previous paragraph that the state 
of the specimen is determined by the distance between 
the end plate and that this distance is the independent 
parameter controlled by the experimenter. This state- 
ment is correct only insofar the elasticity in the mecha- 
nism of the testing machine is neglected. — There is 
always & certain amount of elastic deflection in the 
loading mechanism and this deflection is a function of 
the load. Hence, if, for example, the loading crank is 
held at a ceftain position, the compression force acting 
on the specimen will force the end plates apart and thus 
reduce the amount of end shortening of the specimen. 
‘The actual shortening is determined by the load-de- 
flection characteristics of the specimen and the testing 
anachine. Assuming that the testing machine has a 
linear elastic characteristic, the compression load is 
related to the end shortening by parallel straight lines, 
each line corresponding to, say, a fixed number of turns 
of the loading crank. If the loading crank of the 
machine is held at a fixed position, corresponding 
vatues of the compression load and end ‘shortening of 
the specimen must lie on the straight line for this crank 
position. If the load-end shortening characteristics of 

specimen itself are given, it is evident that the 
equilibrium positions of the entire system are deter- 
mined by intersections of the curves representing the 
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an 
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Fic, 8. Effect of rigidity of testing machine on behavior 
‘of specimen. 


а) Represents a more rigid machine 
(8) Represents a less rigid machine. 


characteristics of the specimen with the straight lines 
representing the characteristics of the machine. 

Fig. 8 shows representative curves for the character- 
istics of the specimen and two families of straight lines 
representing the characteristics of two different testing 
machines. It is evident that after the maximum ot 
initial buckling load is reached, the shell will jump to a 
new equilibrium position involving much lower com- 
pression load. But this new equilibrium position is 
determined not only by the load-end shortening re- 
lationship and also by the elastic characteristic of the 
testing machine. A more elastic machine will give a set 
of characteristic straight lines with smaller slopes. 
‘Therefore, in case of curve A (Fig. 8), a more elastic 
machine will make the shell to jump to a higher load, 
while in case of curve B, a more elastic machine will 
make the shell to jump to а lower load. This influence 
of the elasticity of the testing machine has been dis- 
cussed by the senior author in connection with the 
plastic buckling of columns." 


CONCLUSIONS 


In the previous paragraphs, the authors have shown 
that there are equilibrium positions with buckled 
shape involving much lower load than the buckling 
load predicted by the classical theory, and thus if the 
specimen is slightly imperfect, it is reasonable to expect 
much lower buckling loads. They have also pointed 
out that the elastic characteristic of the testing ma- 
chine might have quite a large influence on the buckling 
process and this might be another cause of the large 
scattering of the data obtained by different experi- 
menters. However, due to the complexity of the 
problem, the results given in this paper can be only 
considered as a rough approximation and most of the 
statements made ate qualitative rather than quantita- 
tive. To put the new theory on a solid footing,.a more 
accurate solution of the differential equations of equi- 
librium is necessary. Particular attention must be 
given to the calculation of the elastic energy stored in 
the shell, because it is found that the most probable 
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equilibrium depends on the magnitude of the elastic 
energy stored in the various equilibrium positions 
compatible with the constraint exerted by the loading 
Process. 

Furthermore, an inquisitive mind will, perhaps, be 
pleased by a rigorous proof of the validity of all the 
large deflection equations. These equations are 
established by intuitive arguments, not by systematic 
reasoning. Fof instance, due to the appearance of 
sharp curvatures in the diamond shaped wave surfaces 
at large deflections, it is not certain whether the curva- 
ture of the shell has to be caleulated more accurately 
by taking into account the second order terms, or the ex- 
tensions of the median surface should be more ac- 
curately determined. It is the belief of the authors 
that an investigation of these problems by starting from 
the general non-linear theory of elasticity developed by 
б. Kirchhoff, J. Boussinesq and others is very desirable. 
The recent work by R. Kappus’ is a notewarthy con- 
tribution in this field of investigation. The senior 
author has already expressed this opinion in his 1939 
Gibbs Lecture! given before the American Mathe- 
matical Society. 
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Buckling of a Column With Non-Linear 
Lateral Supports 


H. S. TSIEN* 
California Institute of Technology 


INTRODUCTION 


URING THE INVESTIGATION of the buckling phe- 
nomenon of thin spherical shells’ and thin cylindri- 
cal shells,’ it was found that for these structures “Не load 
sustained is not a linear function of the deflection even 
when the stresses are below the elastic limit and are 
proportional to the corresponding strains. This non- 
linear load тз. deflection relation gives а buckling phe- 
nomenon entirely different from that of the classical 
theory. However, the exact solution of these problems 
involves а pair of non-linear partial differential equa- 
tions. Itis difficult to obtain an exact solution, The 
method adopted in these investigations is the so-called 
energy method, where a plausible form of deflection of 
the shell is assumed, first with certain undetermined 
parameters, and then these parameters are determined 
by the condition that the first variation of the strain 
energy of the system must be zero. Although this 
method yields quite satisfactory results for the cases 
investigated, it is felt that due to the novel nature of 
the problem, an exact solution js very desirable. Ex- 
periments оп a column with non-linear lateral supports 
show that the essential characteristics of the buckling of 
curved shells can be reproduced by this structure. 
The problem of a column with non-linear lateral sup- 
ports is, however, much simpler than the problem of 
curved shells, and an exact solution can be obtained 
without any mathematical difficulty. In the present 
paper, an exact solution of the column problem will be 
carried out. 
During his investigation on the buckling of thin 
curved plates, Cox‘ has used the same analogy to dem- 
onstrate the nonlinear character of the buckling 
phenomenon, and has also carried out the mathematical 
analysis of a column supported by two rods pin-jointed 
Received December 21, 1941. 
* Research Fellow in Aeronautics. 


to the center of the column. However, Сох s calcula- 
tion seems unnecessarily complicated. The method 
developed in this paper is believed to be more general, 
because it can be applied to supports with arbitrary 
elastic properties. 


GENERAL THEORY FOR STRAIGHT COLUMNS 


Using the variational method for the calculation of 
the equilibrium positions of the column, let the column 
be initially straight and its center line be taken as the x- 
axis. (Fig. 1.) Тһе lower end of the column is taken as 
the origin. The column is supported laterally at ¢-points 
жылы... ху by springs of non-linear load vs. deflection 
characteristics. The springs are assumed to be un- 
loaded when the columa is straight. Denote the 
deflections of the springs by &, &, . Then the 
forces given by the springs when they are deflected can 
be expressed as (8), Р). ..., 8,8). The elastic 
energy S stored in these springs at the deilections 8, 5. 
2228, can be easily calculated as 


мы) = “вам 
мы = “һөй 


or 58) = Геба a) 


Let the deflecuon of the column normal to x-axis be 
denoted by w(x). ‘Then 
& = vin) 
= им) 


or & = ша) @ 


Ti it is assumed that the column is зішріу supported at 


119 


206 


120 


д 


D 


Fic. 1. Column with lateral supports, 


the two ends, wx) can be expanded into a Fourier series 
such that 


wo) = Хан sin Gers) 6) 
zi 

where | is the length of the column. Denoting the 

Young s modulus by E and the moment of inertia of 

the column section by 1, the bending elastic energy in- 

volved in the deflection w(x) із 


„Е (ашу EU (пту, 
Was af (у= а^ E e 

‘The elastic energy stored in the springs can be caleu- 
Jated by means of Eq. (1) 


M 
т È Sata) = È, ("nes 


‘The lowering of potential of the compression force P 
applied at the ends of the column due to the deflection 


(x) is 
JF: ГАН 
Білесіз 7 М) 
The conditions of equilibrium can be found by put- 


ting the first variation of the sum of Wi, Wz, Ws with 
respect to a, equal to zero. Thus 


(5) 


б 21 (eV 
E (yo + DEDE - (чу а,-0 (D) 
By means of Eqs. (2) and (3) 

(bnda = sin (птн) (8) 
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Therefore by substituting this value of 64/02, into 
Eq. (7), the following equation is obtained for the 
coefficients an. 


By introducing the Euler column load Рё = 
Eq. (9) can be rewritten in the following form 


(10) 


‘This equation allows one to calculate the coefficients a, 
if the forces Е, Fa ..., А, acting on the column are 
known. The known relations are the functions Fi(5)). 
Filta). Ер), ie., the spring forces as functions of 
their respective deflections. However, by using Eqs. 
(9) and (3). the following is obtained 


B/D = Жа sin (ипх, 1) (ы) 
By substituting Eq. (10) into Eq. (11) 
MN тих, 
"DERE 
Pe aE ‚| > 
aba 
Pg 
6-252. Юю аз 
и 
ar 
1 
po (13) 
rl 
= 
Eq. (12) can be rewritten in the form 
n 
@/) = >, К.„(Е,/Рь), {5 = 1, po 04 


With a given value of Р/Ру, the coefficients К 
can be calculated. These coefficients are symmetrical, 
ie, 


Kim = Кы, (15) 


which can be easily seen from Eq. (13). When these 
coefficients are caleulated, Eq. (14) consists of a system 
of g equations for the g unknowns, б, ё, ...,4, There- 
fore the values of these deflections can be found. 
Then the spring forces Fi, Fi, ..., Е, can be calculated. 
The Fourier coefficients а„/ can then be determined by 
means of Eq. (10). The problem is thus completely 
solved. 

‘The merit of the present method is that the funda- 
mental parameters K,,, are independent of the charac- 
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teristics of the supporting springs, And therefore they 
are applicable to a wide class of problems. 


Cass or Two EQUALLY SPACED Supports 


For the case of two equally spaced supports, the 
coefficients Kym can be immediately calculated as 


(16) 


These series can be easily summed by well-known rela- 
tions as 
P 


Ku = Кы = |? +243 cote — zl = 
us Ан Сүлгү, cot ar И p. 


1 1 Ө P 
Ка-К, E - реке -“Ә/Е ат 


where 
Ө = rV P/Py (8) 


If the two spring supports have the same character- 
istics, and the deflection of the column is symmetrical, 
& = 4, then А = F= F. Eq. (14) can be 
into 


(Л) = (Ku + Кы(Е/Ри) (19) 


Ks + Ku can be obtained from Eq. (17), and written 
in the following form: 


Ky+Ky=[}- ppe- “ӘР/Е (20) 


For the degenerate case of springs with linear charac- 
teristics, фе, 


simpli 


Е/Рь = «а/) ер 


from Eqs. (19) and (20) the following relation for sym- 
metrical buckling is derived: 


Р/Р, 


PU Pla 00 
зза 6) 
Eq. (22) can be also written in the form 
E1272: 
БЕНЕН 
- sinks tan 5 + sin, cos g 
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In case of anti-symmetric buckling with linear spring 
characteristics, 8, = — 4%, and from Eq. (14) 


GM) = Kua(b/D) - Кн) eu 
Using the value of Ky, and К.з from Eq. (17) 
d PPa 
(еар 09 


Both Eqs. (23) and (25) check the calculations of 
Klemperer and Gibbons? which are limited to linear 
spring characteristics. 

By means of Eq. (10), the shortening « of the columa 
due to bending is 


de) зер 
«e 


The coefficients Cu, Сіз, and Сы are functions of P/P, 
and are first obtained from Eq. (10) as the following 


(27) 


These series can be summed aud give the following 
expressions for the coefficients 


H 
Cn = Са = % + 3 (cot o- gor) + 


ilere -3 F) G) 
166 3 P, 
( E 
cas 21 3f ote 1ta) 
97 8\ sine 9. Ө 
( = 


(28) 


Ha-a 


1f the springs have same elastic properties and the de- 
flection of the column is symmetrical, i.s., Е = № = F, 
Eq. (26) reduces to 


(60 = (Ca + Ca + Ca) (ғу e» 
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where 


Тү e 1 e 
Cnt Cat Com [oe (ms sumo) - 


«(е-е A) co 


The shortening of the column due to direct compres- 
sion can be expressed as 


(аЛ) = (P/Ag) = Gi/D(PPu) GU 


where A is the cross-sectional area of the column and 
# = (I/A), i being the radius of gyration of the column 
section. Therefore, the total shortening of the column 
is 


«1 = (a/l) + (a/b) (32) 


The bending strain energy can be obtained by sub- 
stituting the value of a, from Eq. (10) into Eq. (4), thus 


2 вө, BB LS (һр s 
ЕЕ ЕЕЕ аз 


The coefficients are functions of Р/Рь and can be ex- 
pressed as the following series: 


sin? (nx/'3) 
я (Р/ Ра) - тр 
іп (nr/3) віп (277/3) 


| КРИРв) — #4? 


ШЕТЕЛДІ) 
Bu =. лай, 
uu p KP/Pgj — п 
‘These series can be summed into the following ex- 
pressions 


2 
т 


I 


The strain energy due to the direct compression 
stress is evidently 


ИР = Ры/2Ры, (38) 
Or by means of Eq. (81), 
озуға 

Pa” i) я (39) 


‘The strain energy stored in the springs is giver by 
Eq. (5). The total strain energy of the system is then 
given by 


W/Pgl = (Wy + We + ТОРЫ (40) 


Different expressions for calculating the equilibrium 
positions, shortening of column and strain energies 
have been developed without any assum; 
the function (5). The elastic characteristics of a 
curved shell are found to correspond to a spring having 
the load-deflection relation shown in Fig. 2. This 


ол 


sone [ies cot!e — o7 | | 
PC 0! 
H [4 
Ва ~ | 
-of 


If the buckling is symmetrical and springs of same 
properties are used, then Eq. (83) can be again reduced 
to 


Wi Pel = (Bu + Be + Bn)(F/Ps)? (36) 


10) 
== 

Fic. 2, Non-linear relation between load F and defiec- 

tion à of the lateral supporting spring. 


particular spring characteristic can be very well repre- 
sented by the expression 


БР, = аф) + 5/D* + салу 


where а, b, с are constants. These constants can be 
determined by the initial slope, and the positions of the 
maximum and minimum of the F vs. à curve. 

For the case of symmetrical buckling with identical 
supporting springs, Eq. (19) can be combined with 
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Eq. (41) and the following equation for determining 0 


with a given value of P/P, obtained. 
5 е үзүү 
= (Kut Ke) dr) obl) Fey (42) 
A simple solution of this equation is 
a = 0 (43) 
which represents the unbuckled straight column. 
Other solutions are given by 


1 = (Ки+ Кы) fe + () * Qi “o 


which is a quadratic equation for (8/1), and can be easily 
solved. After the deflections 8 of springs are obtained, 
other quantities can be calculated without difficulty by 
means of formulas already given. 


Lo 


Two. 3. 
columa and the deflections 8, ^ of the two equally 
spaced lateral supports. 


Relation between the end toad P on the 


For the unsymmetrical case, it is assumed that the 
support springs have the same elastic properties, f.e., 
the values of the constants a, b, c ate the same for 
both springs. Then the combination of Eqs. (18) and 
(41) gives 


во re 
САСЫП 

воно 
00. 


In trying to solve this system of equations by eliminat- 
ing one variable, say &, an algebraic equation of the 9th 
order із obtained for 8/1. Since already three possible 
solitions have been obtained by means of Eq. (42), only 
six more new solutions are possible. Thus we are faced 
with the task of deriving a 9th-order equation to obtain 
six new solutions, However, this lengthy calculation is 
unnecessary as can be seen in the following process. 
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By adding and subtracting the two equations in Eq. 
(45), 


® Ж. LEV. & ы 
7+1 тко [в (9+) +ь (+=) + 


8-5 ыы [ol 


Putting 
QD + @Л) = в 
frora Eq. (46) 


Ф) — (6/0 = » (D) 


tes Ko [sce nem +] 
t= Ko Ku)[o tore ionem] аз 


The second equation of Eq. (48) has already the root 
л = 0 eliminated, since it is contained іп Eq. (42). By 
eliminating у“, the following cubic equation is obtained 
233 


b jett 1 
osprzet] -5 


et 2c 


3 1 % 
(сы x mx} i +3( Е 


EE 
(49) 


With a given value of P, this equation can be solved for 
E, and then 7 can be found from the second equation of 
Eq. (48). With these values of Ё and т, the values of 
АЛ and ҺЛ can be calculated by means of Eq. (47). 
With each value of t, there are two equal and opposite 
values of т, which correspond to ап interchange of the 
values of ô and 8. The shape of the column is not af- 
fected by this interchange and therefore « can be taken 
as always positive. 
Asa particular example, 


a = 2F,b = —5640, с = 282,000 (50) 


The corresponding relation between the spring foroe 
and the spring deflection is shown in Fig. 2. The 
initial slope of the load rs. deflection curve for the 
ing is so chosen in this particular case that the start- 
ing point of buckling occurs at a load Р = ОРь, 

With these spring characteristics the equilibrium 
position is first calculated. The results are shown in 
Fig. 3 where the load P/Py on the column is plotted 
against the deflection 5/xi. Taking the slenderness 
ratio of the column to be 


wijl = 1/100 (58 


Therefore the value 2/ті = 1.00 corresponds to 4/1 = 
0.010. Fig. 3 shows clearly the decrease in the load Р 


with increase in deflection à once the column starts to 
buckle. However, a minimum is soon reached and the 
load increases again at very large values oi the deflection 
D 
However, in a testing machine the operator cannot 
control spring deflections 3, and ё directly. On ‘the 
other hand, һе can increase or decrease the distance 
between the end plates of the testing machine. The 
distance between the end plates determines the end 
shortening e of the column. Therefore, a better repre- 
sentation of the result of calculation is a diagram of the 
load plotted against the shortening є. ‘The shortening 
« can be calculated from Eqs. (26), (28), (29), (30) and 
(31). Тһе result is shown in Fig. 4. If the column 
keeps its straight form until the branch point of the 
solution for symmetrical equilibrium position is 
reached, it will be impossible to reach the equilibrium 
positions represented by the curve A-B-C in Fig. 4 in 
the loadiig process. This is the consequence of the 
fact that the corresponding end shortening e for this 
part of the curve is smaller than the end shortening at 
the branch point: In the loading process, the shorten- 
ing is always increased by diminishing the distance be- 
tween the end plates of the testing machine. The 
actual behavior of the test specimen is probably a sud- 
den jump from the point А to the point С (Fig. 4) with 
evident release of elastic energy. If the end plates of 
the testing machine are brought closer together, the 
load P wilt gradually increase and follow the curve C-D 
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(Fig. 4). The equilibrium positions represented by 
the portion of the curve B-C сап be reached by “un- 
loading" the spetimen after the buckling, i.e., by moving 
the end plates of the testing machine apart after it has 
reached the equilibrium position C. However, it is 
difficult to see how the equilibrium positions repre- 
sented by the portion of curve A-B can be reached. 

The three wave buckling of the column with the 
springs undeformed is indicated by the horizontal line 
labeled "Euler" in Fig. 4. The unsymmetrical type of 
buckling gives a load vs. shortening relation quite simi- 
lar to that of symmetrical type. 

Under a given value of end shortening which is the 
geometrical restraint to which the specimen ntust con- 
form, the céndition for the most probable equilibrium. 
state under actual testing circumstances is the minimum 
elastic energy stored in the system. This statement is 
based upon the assumption that even if the equilibrium. 
state involving higher elastic energy is stable with re- 
spect to infinitesimal disturbances, a disturbance of 
finite magnitude will help the column to pass the 
“hump” in the energy and jump to an equilibrium state 
of lower elastic energy. When a series of such finite 
disturbances is present in the testing procedure, ther 
the lowest energy state will be certainly the most proba- 
ble one. Therefore, it is necessary to plot the elastic 
energy W for different equilibrium states against the 
end shortening e. This is done in Fig. 5. Using the 
above mentioned criterion, the most probable equi- 


| 
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7 
E | 
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" a TEAL 
i jt 
MME TRIE, 
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duet 


ER Mir between the end load P on the 
lum with two equally spaced lateral supports anc 
its end shortening є. 


Fic. 5. Relation between the strain energy W stored 
in the system of а columan with two equally spaced lateral 


supports and end shortening « of the colam: 
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librium positions for the column are first, straight un- 
buckled state from 0 to F (Fig. 5), then symmetrical 
buckled state from F to G, and finally unsymmetrical 
buckled state from G to H. Whenever a change in the 
type of the equilibrium positions occurs, there is a sud- 
den jump in the value of the load P on the ociumn. 
‘Thus when the column changes from straight to sym- 
metrically buckled shape, the value of the end load Р 
jumps from 3.75P, to 083Ру. When the column 
‘changes from symmetrical to unsymmetrical shape, the 
value of the end load P jumps from 7.95Ра to 5.96P,. 
‘The “Euler” three wave buckling does not come into 
the picture at all in this particular case. It is especially 
interesting to notice that the branch point of the 
librium position, А, which in the classical theory of in- 
finitesimal deflections is the only equilibrium. position 
other than the straight unbuckled shape, may not ap- 
pear in the testing procedure. The column might 
buckle at a load P only 3.75/9.00 = 0.417 times the 
“classical” buckling load of Рз. In the рарегфу Cox* 
and the author,’ the lower buckling load of curved shells 
observed in the testing machine is attributed to the 
slight imperfections of the test specimens, The present 
finding seems to indicate that even with perfect speci- 
mens, it is possible to get a lower buckling load than 
that predicted by theory of infinitesimal deflection. 
The second interesting point is that the magnitude of 
the end load P really does not determine whether the 
corresponding equilibrium position is a probable one. 
In fact the correct solution is usnally opposite to what 
one would generally expect. One would generally ex- 
pect that at a given value of the end shortening +, the 
state involving lower load P is the probable one to 
occur. However, a point J (Fig. 5) having a higher load 
P than the point K (Fig. 5) as can be seen from Fig. 4, 
is the probable equilibrium state. 

It has been stated in the previous paragraph that 
for the case shown the "Euler" three wave buckling is 
not a probable state. If, however, the supporting 
springs are much stiffer, it is possible to have a W vs. 
«diagram as shown in Fig. б. Then the "Euler" three 
wave buckling is actually the first buckled shape to 
appear. The symmetrical buckling involving Чейес- 
tions of the supporting springs appears only after the 
end shortening is increased beyond the point J (Fig. 6). 


Case or А SINGLE LATERAL SUPPORT, ЕРРЕСТ ОР 
INITIAL DEFLECTION 


То simplify calculation, the case of a single lateral 
support located at center of the span is considered. 
Assuming that the initial deflection of the column can 
be represented Бу 

wt = аб sin (ex/I) (52) 
and the buckled form of the column again by Eq. (3), 
it is also assumed that the supporting spring is unde- 
flected when the column is at its original state given by 
Eq. (52). Then by variational method the relation 
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between the Fourier coefficients and spring forces is 
obtained as 


(53) 
and 
к. 2(-1) 7- E 
тт ЖЕТ? жәке, = 3, 5, 7) 
== (в: - n) 
By a similar method to that used to obtain Eq. (12), 
% ай Р/Р, Е 
i- [1] + КР, m 


where å is the deflection of the supporting spring, and 
m Eq. (18) 


gn an 


o 


{вы ® 


The end shortening «, due to buckling can be similarly 
obtained as 


ЗОРУ - 


yl- TR (г) 


ME се. 
{5+ щен am DA) (57) 


The due to direct compression stress can be 
calculated by Eq. (31). 

‘The bending strain energy of the column is 
oP (% з АЕ 


Е з а À 
CILP Ра SE +a(£) 68) 


CERA 


The strain energy due to direct compression and the 
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Ж DEFLECTION 


EULER BUCKLING 


P жы 
Ж р 
Рю. 8. Buckling of column started from 


Euler's type without deflection of the lateral 
supports. 


strain energy stored in the supporting spring can be 
calculated by Eqs. (38) and (5), respectively. 

Аз an example, 

F à $ & 

AC 13.712} (1208895 + 10,444 р) (60) 
‘The shape of F vs. 8 curve given by Eq. (60) is similar 
to that shown in Fig. 2, only the initial slope is made 
smaller. By substituting Eq. (60) into Eq. (54), a 
cubic equation for 2/1 with a given value of P/Py is 
obtained. When а? = 0, фе., the column is initially 
straight, this cubic equation has a root 2/) = 0 repre- 
seating unbuckled position, The branch point of the 
solution occurs at Р/Р, = 3.61. The shape of the P 
ts, б curve is shown in Fig. 7 where Р/Р, is plotted 
against 8/4 and with ri/l = 1/100. When a’ x 
0, the curves do not have a branch point. Further- 
more, with larger values of a’, the maximum possible 
end load becomes smaller, For йеті = 9.1 or ay°/} = 
0.001/7, the maximum value of Р/Р is reduced from 
3.61 to 1.82. This effect is shown clearly in Fig. 8, 
where the maximum value of P/P, is plotted as a 
function of m’r/}. 

In Fig. 9, the end load P is plotted against the short- 
ening e Without initial deflection, there is а part of 
the buckling curve which gives decreasing value of е, 
such as LM, Thus within this range of values of e 
three equilibrium positions are possible for a fixed «. 
But with increasing value of initial deflection, this part 
of the buckling curve gradually disappears, and only one 
equilibrium position is possible for a given value of e 
At a,°/ni = ОЛ, this change in the character of the 
curve is already completed. 

In Fig. 10, where the elastic energy of the system is 
plotted as a function of unit end shortening +, the above 
mentioned change in type of buckling curve removes 
the possibility of a Анир in the value of РУР, at a cer- 


Fis. 7. Relation between the end load / on the 
column with various amounts of initial defection 
ай and the deflection à of a single lateral support at 
the middle. 


tain stage of the buckling process which is indicated by a 
node point such as C (Fig. 10). ‘Therefore, by intro- 
ducing a suficient amount of initial deflection, there is 


Fis. 8 ‘The maximum end load P on the column asa 
function of its initial deflection аи. 
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тр 


Fig. 9. Relation between the end load Р on a 
column with e single lateral support at its middle 
amd its end shortening e 


an apparent change in the buckling characteristics of 
fhe column. 


Case ОЕ A SINGLE LATERAL SUPPORT, EFFECT OF 
ELASTICITY OF THE TESTING MACHINE 

In the foregoing paragraphs, it Ваз been assumed 
that the testing machine is completely rigid. In 
other words, if the loading crank of the machine is held 
at a fixed position, the distance between the end plates 
will be constant and not affected by the magnitude of 
forces acting on them, Actually, this is not true. 
The machine always has a certain amount of “yield” ог 
"give" This characteristic of the testing machine cau 
‘be represented by a spring placed between the specimen 
and the supposedly rigid end plate (Fig. 11). The de- 
flection в; of this spring сап be assumed to be a linear 
function of the applied load P, i.e. 


= AP 

Writing in terms of the Euler buckling load Ps, 

aft = (E/DPs(P/Py) = (REA/D (ri, РУР) (62) 

The elastic energy stored in this spring is 
m 


o 


The total shortening е of the column can be obtained 
as the sum a ++. For the case of a single lateral 
support, « and « are calculated by means of Eqs. (58) 
and (31). The total elastic energy is the sum Wi + 
W + Wa + Wy which can be calculated by means of 
Eqs. (58), (5), (39) and (63). 
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(61) 


(63) 


ф-- 
Relation betweeu the total strain energy 


ТУ stored in the system of a columa with a single lateral 
support and the end shortening « of the column 


Fio. 10 


For the numerical example, РЕА / = 3, ті/2 = 1/100 


and a supporting spring with the property represented 
by Eq. (80). The results of the calculation are shown 
in Figs, 13апа 13. In Fig. 12, P/Py is plotted against 


(e/D/ Grif}. In Fig. 13, (W/PyD/(/D* is plotted 


SPRING REPRESENTING 
ELASTICITY ағ TESTE 
MACHINE 


ORIGINAL POSITION 


Fic. 11. 
at its middie tested in a testing machine with cer 
tain amoun! of elasticity 


Column witt а single lateral support 
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Fic. I2, Relation between the end toad P on a 
columi with a single lateral support at its middle 
and its end shortening «, into account the elas- 
ticity of the testing machine, (Compare with Fig. 9.) 


ТТЦ 


-->- 


2 


Fig. 13, Relation between the total strain energy И’ 
stored in the system of а column with m single lateral 
Support and the end shortening e of the column, taking 
into account the elasticity of the testing machine. 
(Compare with Fig. 10.) 


against (e/D/(ri/I*. For a straight column, the first 
possibility of buckling appears at a lower value of Р/Р, 
due to the elasticity of the testing machine. If the ma- 
chine is rigid, the jump occurs at P/P = 2.40 to P/Py 
= 1.09. With БЕА/ = 3, the jump occurs at P/P, = 
1.62 to Р/Р, = 0.89. Therefore, the test buckling 
load of this type of column is profoundly affected by the 
elastic characteristics of the testing machine. 

Furthermore, for a*/xi = 0.1, a rigid testing machine 
exchides the possibility of a jump in equilibrium posi- 
tion, while for the case RAB/I = 3, Fig. 13 indicates 
the possibility of a jump at (e/D/(xi/D* = 61. Ву 
referring back to Fig. 12, it will be noted that the jump 
involves a sudden change of the value of Р/Рь from 
1.52 {о 0.80. Hence, even the apparent buckling char- 
acteristics of the column are affected by the elasticity of 
the testing machine. 


Зтавплтү оғ THe EQUILIBRIUM POSITIONS UNDER 
INFINITESIMAL DISTURBANCES 


The problem of stability in connection with the 
criterion of the most probable equilibrium position has 
been mentioned. If the column is unstable under in- 
finitesimal disturbances, it is certainly unstable under 
finite disturbances, Therefore, a first step in the sta- 
bility investigation is the determination of the sta- 
bility under infinitesimal disturbances. This calcula- 
tion wili be carried out for the case of a single central 
lateral support. 

The elastic energy stored in the system is the sum of 
the direct compression energy in the column and the 
loading spring representing the testing machine, the 
elastic energy due to bending, and the elastic energy 
stored in the lateral support. By means of Eqs. (4), 
(8), (89) and (63), this total energy can be expressed as 


mC y+ (9+ 
iue En ® 


“The end shortening due to bending can be calculated by 


аё) / ; =): ds 


and thus the total end shortening e is 


e t zo fao (any 
174 Болу) (7+ 
Р, „АР; 
P хур. (63) 
The variations of W/Py with respect to «, have to con- 
form to the geometrical constraint which can be ex- 
pressed as 

+Л1 = constant (66) 
The equilibrium conditions are obtained by setting the 
first derivatives of ИР with respect to a, equa] to 
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zero, taking into account the condition Eq. (66). 
‘These equilibrium conditions are, of course, the same 
as those obtained before. Since these first derivatives 
are zero at equilibrium position, the total elastic energy 
for configurations near the equilibrium position can be 
резе into a Taylor series of a, in the following 


ay as — Om") (87) 
where а„* is the value of a, at equilibrium. position, and 


ЕС) 
"7 Фа, да 


Terms not explicitly written in Eq. (67) are terms in- 
volving (e, — а„*) in higher orders than second. For 
infinitesimal disturbances, or infinitesimal values of 
(а, — a,*), the higher order terms can be neglected. 
Then the elastic energy W/Pgl for configurations near 
the equilibrium position will be larger or smaller than 
the clastic energy at the equilibrium position, depending 
upon whether the double sum in Eq. (67) is positive or 
negative. Therefore, if the double sum is always 
positive for any values of (2, — a,*) the equilibrium 
position is stable. In other words, the equilibrium is a 
stable one only when the double sum in Eq. (67) is 
positive definite, If 


t an = On, Om = a." (68) 
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Then it is well-known that the conditions for the double 
sum in Eq. (67) to be positive definite are 4, > 0, A 
> 0, A0... 4, >0,.... 

From Eqs. (64) and (65) 
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where © = 5/4. 

First the simpler case o£ a very elastic testing machine 
isinvestigated. This means that — c», as can be seen 
easily from Eq. (61). Then the last terms in each of 
the expressions in Eq, (70) drop out. The determi- 
nants defined by Eq. (69) are found to be as follows: 
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Now take the case t = 0 first, ie., the unbuckled 
straight equilibrium positions. Here d(F/P,)/dt is 
the initial slope of supporting force curve which is 
positive. For 0 < P/Pg < 1, the multiplying factor 
before the curly bracket is also positive. Furthermore, 
each term under the summation signis positive. There- 
fore, every quantity which appears in 4, is positive and 
hence à, is positive. Consequently the equilibrium. 
Positions are stable. By direct computation, using 
the value of d(F/Py)di = 13.712 as given by Eq. (60), 
it is found that the straight unbuckled equilibrium. 
positions are stable under infinitesimal disturbances if 
Р/Р, <3.610, the branch point of equilibrium positions, 
For ў 4 0, it is found that the stability is indicated by 
the sign of A, with g — ©, $, all the determinant 
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changes sign if Lim A, changes sign. Now as stated 
above, the multiplying factor before the curly bracket 
is positive when 0 < Р/Р, < 1 and negative when 
T € Р/Р, < 9; therefore, the attention of the reader 
need only be fixed on the quantities within the curly 
bracket, When g > о, the series in Eq. (60) can be 
summed and 
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The limiting case between stability and instability is, 
of course, when the expression on the left of Eq. (72) is 
zero. Therefore, for the limiting case between sta- 


bility and instability 

REC sperm Sent 

аФ/Ра) " (Р/Рь) (i-i) бз) 
‘The meaning of this condition сап be understood better 
by finding the corresponding value of df /d (P/P,) which 


is the of the slope of P/P, vs. 8/1 curve as 
shown in Fig.7. Eq. тары а 
a 40Р) и duds 
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Now differentiating Eq. (54) which is true for equi- 
Hbrium positions, 


ТЕРІ ө 
(item ELE eo 
Substituting the value of d(F/Pg)/(P/Pz) from Eq. 
(74) into Eq. (75), 
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Eq; (76) can be satisfied by either 
dp/A(P/Pg) = œ, бе, АР/РУ/Ш = 0 (77) 
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It is found that Eq. (78) cannot be satisfied with any 
of the equilibrium states. Therefore, for a very elastic 
testing machine the transition point from stable equi- 
ВЫ ium positions to unstable equilibrium positions or 
ice versa is characterized by the condition Eq. (77), i... 
the slope of the P/Py vs. 2/7 curve must be horizontal. 
This condition is utilized to mark the stable and the 
unstable regions in Fig. 7. 

With k > e, the deflection of the loading spring 


Therefore, the force in the spring, which is equal to load 
on the specimen, is not influenced by the small variation. 
of shortening of the specimen. Similar situation exists 
also for a column loaded by a dead weight. Therefore, 
the stability criterion given by Eq. (77) also applies for 
such cases. 

For the case Ё 4 =, the calculation for stability is 
more complicated. To simplify the calculation, let 


а? = 0, i.e, assuming the column is initially straight. 
Using the values of Anm given by Eq. (70); it is found 
that g-th determinant is 


FEX 


where (i*/] = (Ра/АЕ) + (РЬ). 


АШ the straight unbuckled configurations are again 
found to be stable up to Р/Рь = 3.61 for the particular 
case investigated. In other words, straight equilibrium 
states are stable under infinitesimal disturbances up to 
the branch point at which buckling begins. For equi- 
librium states involving buckling we again fix our atten- 
tion on the quantities within the curly bracket іш the 
expression for Ap Eq. (79). It iy again found that the 
sign of A, when g — © is representative for the transi- 


217 


BUCKLING OF A COLUMN 1n 


tion from stability to instability or vice versa. When 
ЕТ? =, all the series in Eq. (79) can be summed and 
the condition of transition of stability is obtained 
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By substituting Eq. (81) into Eq. (80), it is found that 
the condition for transition of stability is given by either 
1 


2 + sect (0/2) — 3 ад tan (0/2 = 0 (80) 
or 
F\t 
iyi 4 Р; 
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(B+ feng биа $! -0 (83) 
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Here again the condition represented by Eq. (82) cannot 
be satisfied by any of the equilibrium positions. There- 
fore, the only condition left for the transition of stability 
is that given by Eq. (83). By means of Eqs. (56), (31) 
and (62), the total end shortening including the shorten- 
ing of the loading spring is 
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"Therefore, the condition given by Eq. (83) is simply 
d(«/D/d(P/Py) = 0, or Ф(Р/Рь)/46/) = ә (85) 


Hence, the transition from stable equilibrium to un- 
stable equilibrium or vice versa under infinitesimal dis- 
turbances occurs at points оп the P/Py vs. «/ curves 
where the slope is vertical. Therefore, if the testing 
machine is rigid, Fig. 9 shows that for the case a’, xi = 
0, there is an unstable region between the points 4 and 
В (Fig. 9). However, for the cases a;*/si = 0.1 and 
а/ж = 0.5, there is no unstable equilibrium position, 
И the testing machine has a certain amount of elasticity, 
ег, КЕА /1 = 3, then Fig. 12 shows that for a,°/ri = 0 
there is an unstable region between the points C and D 
(Pig. 12). Similarly for а,”/ті = 0.1, the equilibrium 
positions are unstable between the points F and G 
(Fig. 12). However, for aj'/x$ = 0.5, all the equi- 
Ћъгішц positions are stable. 

The conditions found in this section for transition 
between stable equilibrium to unstable equilibrium 
under infinitesimal disturbances appear in very simple 
form and do not involve any parameter which is charac- 
teristic of the particular problem concerned, There- 
fore, it is possible that although these rules are derived 
from particular cases, they hold for all non-linear buck- 
Jing problems of this category. This surmise has to be 
proved, of course, by further investigation. 


CONCLUSIONS 


In the previous papers," * * ап explanation for the 


discrepancy between the classical theory of thin shells 
with infinitesiinal deflections and the experimental re- 
sult is suggested. It is stated then that there are 
equilibrium positions of the shell which involve much 
Tower values of external load than the buckling load pre- 
dicted by the classical theory. Тһе initial imperfection 
of the shell tends to lower the maximum load the shell 
can sustain. The lower experimental buckling load is 
thus attributed to the slight imperfections always pres- 
ent in the test specimens, Furthermore, the elastic 
characteristics of the testing machine are shown to bave 
profound effect on the buckling process. In the present 
paper these statements are subject to a quantitative 
verification not by attacking the shell problei itself 
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which is too complicated, but by solving the similar 
problem of a column supported laterally by non-linear 
springs. 

However, a new interesting fact is found. With sup- 
porting springs whose characteristic simulates that 
found in the case of a curved shell, a straight unbuckled 
‘column may have an elastic energy aud end shortening 
‘equal to those of a buckled state with finite deflection 
even at a load far below the classical buckling load. If 
the end plates of the testing machine are brought 
slightly nearer, the elastic energy for the unbuckled 
state will be higher than the buckled state. Therefore, 
at a small disturbance, the column will jump to the 
buckled equilibrium state. This means that the re- 
corded buckling load in a testing machine can be lower 
than that of classical theory even for a perfect specimen 
without initial deflection. This critical point can be 
further lowered by the elasticity of the testing machine. 
Hence, it seems that the buckling load calculated by 
means of classical theory really has very little bearing 
on the actual load carrying ability of this type of struc- 
fure. 

At the jumping point of equilibrium states, both the 
initial equilibrium and the final equilibrium states are 
stable under infinitesimal disturbances. The question 
then arises as to how large the external impulse has to 
be in order for the column to leave the initial stable 
state. Take, for instance, the point C in Fig. 10. 
This point represents two equilibrium states, namely, 
the straight unbuckled state and the buckled state. 
Both are stable under infinitesimal disturbances and 
have the same amount of elastic energy. At the same 
end shortening e, there is another equilibrium state in 
the curve AB, which has a slightly higher elastic energy. 
For this particular value of end shortening, the elastic 
energy W given by Eq. (64) can be plotted as a surface 
over the plane with coordinates a1, da, The 
load P is determined by the condition that the end 
shortening must be constant. Then the two stable 
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equilibrium states will be represented by two minimum 
points. One of these points corresponding to the un- 
stabled state is located at the origin of the ay, 02... 
в. plene. Between these two minimum points will 
be а saddle point representing the unstable equilibrium 
state with a slightly higher elastic energy. (The un- 
stable equilibrium state being represented by a saddle 
point follows from the fact that Ai, As, Ae are 
all negative.) Therefore, the necessary external im- 
pulse is equal to or larger than the difference between 
the elastic energy at the saddle point and the minimum 
points. For the case of point Cin Fig. 10, this difference 
AWis 


AW Œ Q5 PG) 


For a 24SRT column of 0.09-inch thickness, 0.375-inch 
width and 19-inch length (tests were made on a column 
of this size’), 


AW = 3.26 X 10-4 inch-Ibs. 


which is very small indeed. This is, perhaps, sufficient 
to explain the “jumping” at point C. 
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A Theory for the Buckling of Thin Shells 
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Susmarv 


In a series of papers written by the present author in collabora- 
tion with Th. von Kármán and Louis G. Dunn, the effect of 
curvature of a structure on its buckling characteristics was in- 
vestigated. The purpose of these investigations was to Бий an 
‘explanation for the discrepancy between the "classic" theory and 
the experiments, For the case of a thin spherical shell under 
oxternat pressure and for the case of a thin cylindric shell under 

ial compression, equilibrium states involving large deflections 

re discovered whieh can be maintained by loads far less than the 
so-called buckling load calculated by the classic theory of in- 
Ainitesimal deflections. It was felt then that since some of these 
newly found equilibrium states closely approach the observed 
phenomena the shell must “jump” suddenly trom the unbuckled 
configuration to these equilibrium states and the structures fail 
as a result of this sudden change. 
shell should jump to these particular equilit 
others was not explained, Tn the present paper a new principle 
involving the energy level and the geometric restraint is de- 
veloped to determine this sudden change in equilibrium states. 
By means of this new principle the buckling load of both the 
spherical shell and cylindric shell can be ¢alculated. The agree- 
ment with experiments is good. 


INTRODUCTION 


пев WITH THEODORE VON KÁRMÁN and Louis 

[Гс. Dunn, tne author" * ная suggested an explana- 
tion for the apparent discrepancy between the observed 
facts and the well-known classic theory for certain cases 
of the buckling of thin shells. The essential result of 
these investigations is the discovery of equilibrium 
states of the shell which involve a much lower applied 
load than the buckling load predicted by the classic 
theory. The load actually decreases as the deflection 
of the shell is increased. Some of the equilibrium states 
found are close to the experimentally observed ones 
both in the applied load and in the wave pattern. The 
authors then concluded that the unbuckled shell will 
suddenly jump to those equilibrium positions during the 
loading process without reaching the classic buckling 
load. However, the question why the shell should 
jump to these particular equilibrium states and not 
others remains to be answered. This is essentially the 
objection raised by К. О. Friedrichs* to the author's 
treatment of the buckling of spherical shells under ex- 
ternal pressure. In the present paper the author will 
first try to clarify this point and then apply the theory 
to a number of special cases, for which experi ental 
data are available, to test the validity of the theory. 
Finally, а more precise mathematical formulation of 


Presented at the Structures Session, Tenth Annual Meeting, 
LAe.S., New Үсек, January 28, 1942. 
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the buckling problem of spherical shells will be presented 
to indicate the possibilities of further investigations. 


Tux CRITERIONS. FOR BUCKLING 


In the author's paper on cylindric shells under axial 
compression, it is stated that under average laboratory 
and actual service conditions the most probable equi 
rium state is the state with the lowest possible energy 
level. This statement is based upon the assumption 
that there are disturbances of sufficient magnitude so 
that the transitions from higher energy levels to lower 
energy levels are always possible. Although this as- 
sumption seems plausible, uevertheless it can only be 
verified by comparison with experiment. Since the 
available experimental data usually only give the buck- 
ling load of the specimen, the present investigation will 
be confined to buckling phenomena. 

First of all the meaning of “possible energy levels,” 
must be made clear. The two conditions for possible 
energy levels are: (1) the corresponding external forces 
and internal stresses must be in equilibrium; (2) the 
geometric restraint and loading conditions, if any, must 
be satisfied. 

The second condition depends, of course, upon the 
manner іп which the specimen is loaded. ‘To facilitate 
the mathematical treatment, two limiting cases will be 
investigated first. If the specimen is loaded in axial 
compression, then one of these limiting loading proc- 
esses is that of a rigid testing machine, and thc other 
is that of “dead weight” loading 

In a testing machine the parameter over which the 
operator has direct control is the distance between the 
end plates, since this distance is determmed by the posi- 
tion of the loading crank. ‘The buckling of a thin shell 
usuaily occurs in a fraction of a second; therefore, the 
operator really has no time to turn the loadiag crank 
during the jump from the unbuckled state to the 
buckled state. In other words, the distance between 
the end plates is the same at the beginning and at the 
end of the buckling process. Hence, the geometric 
restraint in this case is the end shortening of the speci- 
men. Thus, both the starting point of the jump and 
the end point of the jump must lie in a vertical line AB 
in the load vs. end-shortening diagram (Fig. 1). Since 
the end shortening of the specimen is constant, the 
potential energy of the loading force is not changed. 
The energy level of the system is given by the strain 
energy at a given value of the end shortening. Buck- 
ling will prébably occur at a certain value of the end 
shortening which gives equal strain energy for both the 
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unbuckled equilibrium state and the buckled equilib- 
rium state. If these two particular equilibrium states 
are presented by points A and B, respectively, the load 
of the specimen will jump from a higher value to a lower 
value corresponding to the distance between A and B. 
The load given by A winch corresponds to the un- 
buckled equilibrium state is generally revorded as the 
failing load of the specimen 


LOAD ON SPECIMEN, P. 


END SHORTENING. € 


erweca the load and the end shortening for 
ent types ot loading processes. 


Та case of dead weight loading, the parameter under 
the comsel uf operator is the amount of weight on the 
test specimen, However, he has no control of the end 
shortening of the test specimen which is determined by 
the equilibrium of the external force and the internal 
stresses. Hence, the siarting point and the end point 
of the buckling process must He on a horizontal line 
ED in the load vs. end-shortening diagram (Fig. 1) 
Because of the movement of the loading force during the 
buckling process, the potential encrgy of the loading 
weight must be included in calculating the energy level 
of the system, Thus, the energy level is given by the 
total potential Ф of the system, 


we So Ре 


qu 


where S is the strain energy, P the loading force and е 
the end shortening of the specimen. Puekling will 
probably occur at à certain vale of the fad P which 
gives equal total poteutial Ф бог both the unbuckled 
equilibrium state C and the buckled equilibrium state D 


Therefore, referring to Fig. 1, the following eclaton 
exists 

Se ~ Pec = Sn — Peo з) 
Or 

Su Se = Pleo — е) @) 


which means physically that the increase in strain 
energy of the specimen by jumping from the unbuckled 
to the buckled equilibrium states is provided by the 
decrease in potential energy of the load. 

The limiting case of a perfectly rigid testing machine 
that will apply any load to the test specimen independ- 
ent of the distance between the end plates really does 
notexist. In an actual testing machine there is always 
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а certain amount ol elasticity or "give." In other 
words, with the loading crank held fixed, the distance 
between the end plates will slightly increase if the lead 
applied to the specimen is increased. Therefore, the 
starting point and end point of jumping of a specimen 
during buckling must lie on a straight line EF in Fig. 1, 
instead of the ideal case represented by the line AB, 
The more elastic the testing machine, the less will be 
the slope of the line EF. Therefore, the effect of the 
elasticity of the testing machine is to make the buckling 
phenomena more like that which would occur with 
dead weight loading, It will be shown later that the 
failing load of a specimen depends largely on the slope 
of the line БЕ. Hence, the elasticity of the testing ma- 
chine has a strong influence on the failing load. 

There arc certain interesting relations connected with 
the important quantities, strain energy and total poten- 
tial. Let the load P vs. end-shortening є curve of a 
structure be given by Fig. 2. Then if the structure is 
brought up to the state Рь в, by following the equilib- 
rium cürve, the strain energy stored in the structure is 
certainly equal to the external work done by the load- 


ing force. Thus, 
5) = / Ра. 


which is represented by the shaded area іп Fig. 2a 
The direction followed around the contour of this area 
is as indicated and is according to the usual convention. 
Erom Еф. (4) it is evident that 


“5А = Р 


ч) 


5) 
in other words, the slope uf 5 vs. e curve gives the load 
‘on the specimen. 


= p 


Tie 2. Siron energy S and total potential Ф as integrals under 
the load /! vs. end-shortening е curve. 


Using Eq. (1), the total potential is given by the 
difference of the shaded area in Fig. 2a and the rec- 
tangle OABC. In other words, it can be calculated as 
the algebraic sum of the shaded areas in Fig. 2b. Con- 


sequently, 
2 
ФР) = - / «РАР 
^ 


‘The integration is performed by following the contour 
as indicated in the figure. Eq. (6) can, of course, also 


(6) 
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be obtained from Eq. (4) by partial integration, From 
Eq. (6), it is evident that 


аФ/4Р = ~+ aq 


That is, the slope of vs. P curve gives the end short- 
ening of the specimen with a negative sign. 

Both Eqs. (5) and (0) degenerate to rather trivial 
relations in case of linear load vs. end-shortening curves, 
but they are useful in nonlinear buckling problems. 
‘The relations between the quantities P and е and the 
two potentials 5 and * are really equivalent to those 
existing between the pressure and volume and the in- 
ternal energy and the heat content in thermodynamics. 


COLUMN WITH А NONLINEAR ELASTIC LATERAL SUPPORT 


Using the results obtained in а previous investiga- 
tion,” a preliminary calculation of the strain energy in a 
cylindric shell under axial compression shows that the 
relation between this quantity and the geometric re- 
straint—i.e., the end shortening—is rather complicated 
It is felt that since the method of calculating the equilib- 
rium positions in this particular investigation 5s only 
an approximate one, ihe complicated relation between 
the strain energy and end shortening may not be very 
reliable. However, an exact solution of this problem is 
difficult. During the investigation of the general 
character of the buckling of shells? it was found that 
the characteristics of this type of structure can be very 
well simulated by a column (Fig. 3) supported laterally 
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Fic. $. Column supported laterally with a noutincer spring 


by a spring whose load vs. deflection curve has a de- 
creasing slope such as that shown in Fig. 4. This anal- 
ogy was first suggested by И. L. Cox. An exact solu. 

tion of the column problem can be obtamed without 
any mathematical difficulty.* 

To test the validity of the theoretic analysis, the re- 
sult of calculation is compared with experimental data. 
The experimenta! data were obtained from a column of 
24RST oi 0.090 in. thick by 0.375 in. wide and 19 in. 
long -The lateral support is в semicircular steel ring 
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116.4. Relation between the load F amd the detection i for a 
semicircular ring. 


0.015 in. thick by 0.50 in. wide Thìs steel ring gives a 
load F vs. deflection 5 curve as indicated in Ёз. 4. 
The columns were rolled to approximately a lali sine 
wave. The amplitude of the initial deflection is de- 
noted by à. The test resulis are shown im Fig. 5 
where Py = E/I? is the Euler column load, / is the 
length, J is the moment of inertia of the column section 
and E is Young's modulus of the material. ‘The dotted, 
line is the theoretic curve for à perfectly straight eotumn 
using the supporting spring characteristics showa in 


Еш. 5. Load P vs defection è curves fur columus supported 
jateraüy with а semicirewlar ring and with various amouuts of 
initial deflection de 


E 


Fig. 4. One of the experimental curves is labeled. 
“straight.” However. it is practically impossible to 
obtain such 9 specimen; hence, the lower experimental 
valies аге to be expected. In Figs. 6 and 7 the maxi 
mam loads that the columns can sustain are plotted 
against the initiat deflection ratio 64/1 and against the 
deflection ratio à/7 at that maximum load, respectively 
The agreement between the theoretically calculated 
curve and the experimental values taken from Fig. 5 is 
quite satisfactory. 
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Tm В Maximam Joad Po. as в function of 
der columns supported Jaterally with a semi 
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FIG. 7. Махтана load Par as a function of deflection at 
‘the maximum load fnr columns supported Jatcrally with a sem- 
tircular ring 


With (his verification of the theory, a further investi- 
gation is carried out іш which the relation between the 
strain energy and the end shortening of the column is the 
primary consideration, The end shortening is thc 
geometric restraint for а column in a rigid testing ma- 
chine. For this calculation the load F vs. deflection 8 
relation for supporting spring is assumed to be repre- 
sented by 


F 


— Nh 5” ; 
PEE id эшле, + она) iy 
This load vs. deflection relation is similar to that shown 
in Fig. 4. The results of this calculation are presented 
in Figs, 8 and 9, where the end load ratio РУР. and the 
strain energy 5 are plotted against the end shortening с, 
respectively. In these figures 7 denotes the radiis of 


Fio. 3. Relation between the load P and the end shortening + 
ior columns with a nonlinear lateral support and various amounts 
of initial deficetion в 
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Fio. 0. Relation between the steain energy S and the end 
shortening є for columns with a nonlinear lateral support and 
varions amounts of initial deflection i». 
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gyration of the column. For the case of a straight col- 
umn, the load P/P first follows the straight line OA 
(Fig. 8) and then the curve АВ. The point А represents 
the buckled state of the column with infinitesimal ampti- 
tude 5. АП the other equilibrium positions .. the 
buckled state involve finite amplitudes 6. Since the 
classic theory of buckling only considers infinitesimal 
displacement, the point A can be said to represent the 
classic buckling load. 

In the strain energy diagram, Fig. 9, the correspond- 
ing points are denoted by the same letters as in Fig. 8. 
‘Thus, the straight equilibrium states of the column are 
represented by the parabola OA, and the buckled equilib- 
rium states by the curve ABCD. It is interesting to 
notice that the curve AB closely follows the parabola 
ОА--іе., the strain energy is only slightly higher than 
that of straight column with the same end shortening. 
The curve turns sharply at B and meets the parabola 
at C. The branch CD has less strain energy for the 
same end shortening than either the straight column or 
the buckled state represented by AB. Therefore, ac- 
cording to the criterion of lowest strain energy, the 
actual behavior of the column in a testing machine 
when the end plates are gradually brought together will 
be, first, the straight unbuckled shape up to С. At C 
there will be a sudden change in the shape of the column 
to that which involves a finite amplitude ё and a jump 
in the magnitude of the load from Р/Рь = 240 to 
БУР, = 1.09. Since, according to Eq. (5), the slope 
of the 5 vs. е curve is a measure of P/Pz, this jump in 
the magnitude of P/P; is indicated in Fig. 8 by а sud- 
den change in the slope of the two branches of the curve. 
From then on the column will behave according to the 
curve CD with increasing end shortening. Therefore, 
under ordinary conditions the classic buckling state 
does not appear in the buckling process at all, and the 
recorded failing load of the column will be P = 240Р, 
instead of the classic value of P = 3.61Pr correspond- 
ing to the point А. 

The initial deflection & of the column tends first to 
decrease the failing load. Finally, the sudden jump 
in the value of P disappears completely when, at any 
given vaiue of end shortening ¢, there is only one value 
of the load P. For this particular problem the small 
initial deflection of à = 0.177 is already big enough to 
eliminate the jump in the value of P (Figs. 8 and 9). 

To investigate the behavior of the columns when 
loaded by weights, the total potential Ф has to be plotted 
against the load P. This is done in Fig. 10, using the 
same characteristics of the lateral support as given by 
Eq. (8). For the straight column, &/zi = 0, the un- 
buckled equilibrium states are represented by the 
parabola OCsAo. The classic buckling load is indicated 
by the point Ac. The curve AsBiCo represents the 
buckled equilibrium states. Using the buckling cri- 
terion developed in the previous sections, the column 
will maintain its unbuckled straight shape up to the 
point Cy with P/Py = 1.196, while the loading is gradu- 
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Ею. 10. Relation between the (otal potential * and the load 
P for columns with a nonlinear lateral support and various 
amounts of initial deflection ё, 


ally increased. At this value of P/P; the column will 
suddenly jamp from the unbuckled equilibrium state 
to the buckled equilibrium state. At the same time the 
value of the end shortening will change from «/ = 
L19x(/D to e/i = 5.604i/I)?. According to Eq. 
(7) this jump in the magnitude of the end shortening is 
signified in Fig. 10 by the sudden change in the slope of 
the two branches of the curve. Неге, again, the failing 
load will be P = 1.196P¢ instead of the classic bucking 
load of P = 3.01Pz. 

The initiel deflection 3 of the column again tends first. 
to decrease the failing load. For à/mi = 0.1 the failing 
load is P = 1.088Р; for &/wi = 0.5 the failing toad 
is P = 0.778Pr. Finally, when at any given value of P 
there is only one equilibrium value of е, the jump in the 
equilibrium states of the column during the loading 
process will disappear completely. 

Summarizing the results, the failing load of a column 
with a nonlinear elastic support as given by Eq. (8) is 
given in Table 1. It is эсеп that under ordinary condi- 
tions the so-called classic buckling load really does not 
necessarily indicate the load carrying ability of the 
column. 


Tante 1 
Рур, РР of New Theory 
of Classic Testing Dead 
ми Theory machine weight 
° 3.61 2.40 1.196 
ол 1.79 179 E 
05 0 88 [E 9 77% 


THIN UNIFORM Сүммәкіс SHELL UNDER Ахілі 
COMPRESSION 


With the buckling criterions so clearly demonstrated 
by the failure of a column with nonlinear elastic sup- 


878 JOURNAT 
port, the theory can now be applied with confidence to 
thin cylindric shells under axial compression, Using 
the results already obtained by the author in a previous 
paper,’ the strain energy $ of the shell and the total 
potential can be calculated Тһе results are shown 
in Figs. 1) to 14. In these figures R is the radius, ¢ is 
the thickness and е is the unit end shortening of the 
shell. Furthermore, + denotes the strain energy per 
unit area of the shell surface, and е is the total potential 
per unit area of the shell surface. The number of 
waves n in the circumference of the shell is determined 
by the parameter т which is equal to 930/8). The 
ratio of the wave length in the circumferential direction 
to that in the axial direction is defined а м. Thus, for 
р = 1 the waves are square; for и = 0.5, the waves are 
rectangular with jong side parallef to the axis of the 
irie shell. The value of Poisson's ratio is taken to 


S 


OF THE AERONAUTICAL SCIENCES-AUGUST, 


1942 


05 


i 


4 

е 
те 12. Relation between the unit strain energy s and the uit 
cmd shortening e for cylindric shetis under axial compression 


with the w pect ratio д of the waves сана! ro 0.5. 


Fi. Ш Relation between the unit strain energy х and the 
unit end shortening for eylindtx shells under axial compression 
with the aspect ratio a of the waves equal to 1.0. 


То investigate the behavior of the shell under a rigid 
testing machine, the strain energy parameter s(R/t)?/ Et 
is plotted against the end-shortening parameter «&/: as 
indicated in Figs. 11 and 12. According to the criterion 
developed in the previous sections, buckling will prob- 
ably occur when the strain energy curve for the buckled 
equilibrium positions first crosses the curve for the un- 
buckled equilibrium positions. Thus, by referring to 
Fig. 1 for и = 1.0, the lowest probable buckling load 
is indicated by the point А. Then the corresponding 


Fro. 13. Relation between the uit total potential e and the 
compression stress v for cylindric shells under axial compression 
with the aspect ratio is of the waves equal to LO 
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‘buckling load can be calculated as «Ж/ Ей = 0.460 where 
cis the average axial compression stress. The value of 
75 0.400, Thus if КИ = 1000,” = 20. At buckling, 
the stress wil jump from о = 0460EZ/R to в = 
0.230E1/R. With и = 0.5, Fig. 12 shows that the low- 
est probable buckling stress is around. 


д = 0370EUR (9) 


The corresponding value of y is 0.289. Thus if R/t = 
1000,» = 17. At buckling, the stress will jump from 
the value given by Eq. (9) to = 0.2000£t/R. 

The failing load of the cylindric shell under dead 
weight loading can be determined from Figs, 13 and 14, 
where the total potential parameter ¢(R/t)?/Et is 
plotted against the stress parameter cR/E! for и = 1.0 
and и = 0.5, respectively. Using the criterion that 


buckling will probably occur for dead weight loading 
when the total potential curve for the buckled equilib 


rium state. For д = 1.0, this happens at point А 
(Fig. 13), which corresponds to т = 0.208Et/R. Again, 
since there is а sudden change in slope of the two 
branches of the curve which the shell will follow. the 
buckling phenomena is accompanied by a sudden in- 
crease in end shortening. By Fig. 14, for = 0.5, the 
lowest probable buckling stress is around 


в = Ü2ARELR (10) 


Again, there will be a sudden change in the end shorten- 
ing at buckling. 


ИТТІ 


Езс. 14. "Relation between the unit total potential p and the 
compression stress ө for cylindric shclls under axial compression 
with the aspect ratio a of the waves equal to 0/5. 
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Both Eqs. (9) and (10) give a buckling stress much 
less than the classic buckling stress обо = 0.6060 //К. 
As shown in the previous sections, the elasticity of the 
testing machine tends to lower the burkling stress 
toward that which would be obtained by dead weight 
loading. However, even the dead weight failing loud 
given by Eq. (10) is higher than the average of the 
reported experimental data which give с = 0.15E:/R.? 
One oí the reasons for this failure of quantitative agtec- 
ment between the theory and experiment is, of course, 
the approximate character of the method used in refer 
ence 8 which is the basis of the present calculation. 
Furthermore, the aspect ratio р of the wave ік chosen 
rather arbitrarily. There may well be other values of u 
which wil] give lower values of the buckling stress. 
These questions can only be elarified by investigations 
to obtain more accurate solutions of the problem 


SPHERICAL SHELLS UNDER EXTERNAL PRESSURE 


The buckling of thin uniform spherical shells under 
external pressure was investigated by the author in 
collaboration with Th. von Karman' and by K. O. 
Friedrichs.* Jn the author's treatment there are sev- 
eral simplifying assumptions that were shown by 
Friedrichs to be unnecessary. Friedrichs, however, 
was unable to give a definite answer to the problem. 
Therefore, this problem will be treated now in the light 
of the present theory. 

It was shown by Friedrichs that if the ratio of thick 
ness to the radius of the shell and the angular extension 
of the buckle is small and if the additional radial and. 
circumferential stresses duc iv buckling are zero at the 
boundary of the buekle then the difference between the 
sun: of the additional strain energies of extension and 
bending and the virtual work of the externa! pressure 
force acting on the surface of the shell can be caleulated 
by the following integral: 


2i QERS [үшү ode 
7 9120 — WS (Bye * 
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Here, # is the thickness, R is the radiis of ihe spherical 
shell, B is the angular extension of buckle as shown in 
Fig. 15 and а is the stress in the unbuckled shell under 
an external pressure p, and is equal to 
o = PR/2 az) 
Н, due to buckling. the inward radial displacement of 
the shell element is w, the function к(а) 15 given by 
x(a) = —{1/Ra)(dw/da) (43) 
To determine the equilibrium states the energy 
method can be used. For this purpose the radial dis- 
placement v is assumed to be 


-w/R = fil ~ (а/8)# 


(м) 


егете lo i 
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#10715. Symmetric bucking of a spherical shell segment under 
external pressure. 


where f is the ratio of the maximum radial displacement 
at the center of the buckle to the radius of the shell. 
This particular form of radial displacement has a zero 
slope at the boundary a = В. However, the curvature 
is not zero at this boundary. Therefore, it requires a 
distribution of bending moment at the boundary to 
keep the buckled shelf segment in equilibrium. Substi- 
tuting Eq. (14) into Eq. (11), the integral Г can be 
written аз 
BC 
(15) 


а Ry f 
опи 
То find the value of f at which the shell сап be in 
equilibrium with a given value of о, the derivative of Г 
with respect to f has to be set equal to zero. Thus 
2.5 RE 1 (3-- £,8f 
E аса” 20 ae ny 
Eq. (16) can be rewritten in a simpler form by using the 


following parameter: 
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(16) 


pe PRA, = ЈЕЛ (17) 
Then, 
RIA dol. n 8f 
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When the amplitude of the buckle is very small, ie, 
£0, the minimum value of the buckling stress is given 
by 

° = 0.9376Et/R (19) 
with » = 0.3. This value ie higher than the classic 
value 

о = 060%Е/К (20) 
due to the special assumed deffection form given by 


Eq. (14). However, for the present calculation, the 
values of ¢R/Et for finite values of the amplitude ratio ё 
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аге more interesting. Using Eq. (18), the value of 
oR/Et сал be calculated as a function of # for various 
fixed values of 2 which determines the size of the 
The results are shown in Fig. 16. 


buckle. 
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Fic. 16. Relation between the compression stress « and the 
maximum deflection 2 for a spherical shell segment under ex- 
‘ternal pressure. 


The envelope of curves shown in Fig. 16 can be ob- 
tained by differentiating Eq. (18) with respect to } and 
then setting the resultant expression equal to zero. 
Thus, 


zb OW те ep Bic нч 
зп ar aw up 
Combining Eqs. (21) with (18), the equation for the 
envelope curve is obtained as 
+= а = E (22) 


(ee CREE 


For large values of £, the envelope value of oR/Et will 
become negative and decrease without limit. This is 
different from that which the author found in his previ- 
ous investigation! where а minimum value of oR/Et 
exists. This minimum value was due to the particular 
displacement of the shell element used in that investiga- 
tion. The negative values of cR/Et at large deflections, 
however, are not the failing stress of the shell, as will 
be shown presently. 

"When a segment of a spherical shell is loaded by ex- 
ternal pressure, the experiments вот that in general 
only one siugle small buckle appears, whereas the rest 
of the shell remains in approximately spherical shape. 
‘Therefore, in calculating the strain energy and total 
potential of the shell, both the buckled portion aud the 
unbuckled portion have to be considered. Та the pres- 
ent calculation the redial displacement of the shell cle- 
ment is assumed to be composed of two parts: the uni- 
form inward displacement equal to (1 — »)Ro/E due 
to the external pressure and an additional displacement 
given by Eq. (14) within the boundary of the buckled 
portion. Furthermore, the additional extensional 
stresses due to buckling are assumed to be zero at the 
boundary of the buckle. These assumptions result, Ip 


(21) 
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the fotlowing inaccuracies: (1) There is a discontinuity 
of curvature of the shell surface at the boundary of the 
buckle, (2) there is a discontinuity of the circumferen. 
displacement of the shell elements at the boundary 
of the buckle; (3) the effective edge support at the 
boundary of the shell segment is neglected. 

Since in all the calculations the ratio of the thickness 
to the radius of the shell is taken to be very small, it is 
probable that the errors introduced by the above- 
mentioned inaccuracies will not be appreciable. 

With these assumptions, the strain energy s per unit 
area of the shell surface can be calculated by using Eq. 
(14) and expressions similar to (11). The result is 


= (fy +s at ни [an 
а- aw ЕТ Е 
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where А is the ratio of area of a hemisphere with radius 
R to the area of spherical segment, Therefore, if 0 is 
the semiangular extension of the shell segment, А can be 
written as 


ti 


A = 1/(1 — cos 0) (24) 


If the shell is tested by means of external fluid pres- 
sure and the fluid is incompressible and enclosed іп a 
chamber, the geometric restraint is the volume change 
of the shell due to its deflection. This volume change 
is caused by the uniform inward displacement due to the 
external pressure and the additional displacement given 
by Eq. (14) within the boundery of the buckled region 
The change of volume о per unit area of the shell surface 
can be shown to be 


r aR, p URS 
ü-» E MT] та) 


This type of closed chamber fluid pressure test is equiva- 
lent to the so-called rigid testing machine test previ- 
ously treated. From the similarity to the previously 
treated cases, the probable failing load of the shell is 
determined by the.condition that the tmbückled and 
buckled equilibrium states have the same strain energy 
and same volume change. That is, if the quautities 
corresponding to the starting point of buckling are de- 
noted by the subscript 1 and those corresponding to the 
end point of buckling by subscript 2, the conditions are 


(25) 
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Eliminating от from Eqs. (27) and (28), the following 
relation is obtained. 


CORTAS 

mu aot 

[ 4 уз laki MUROS. 
а-я‘ FE BGT 0)] 


(29) 
However, since at the end point of the buckling process 
the shell is at cquilibeium, еъ, {з and & must also satisfy 
the equilibrium condition as given by Eq. (18). ‘Thus, 
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(40) 
Eqs. (29) and (30) give o:R/Et апа & аз functions of 
{з for a given value of M/R. Then from Eq. (27) the 
expressions for ayR/E! and o:R/El are, 
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Fig. 17 indicates the calculated results for М/К = 
0.02101. It is seen that as {+ increases the value of 
e:R/Ef first decreases and then increases again. The 
curves terminate at a-value of {з which causes the ex- 
pression under the radical in Eqs. (31), (32) and (33) 
to be equal to zero, because any further increase in is 
will give imaginary values to the radical. 

Since for a given shell segment only the value of N/R 
is fixed, the size of the buckle or the parameter із is free 
to vary, except that the size uf the buckle cannot һе 
lorger than the size of the segment. Assuming for the 
moment that the last condition is not violated, then the 
actual probable failing load is determined by the mini- 
mum value of s,R/Ei. Denoting this minimum value 
by ey R/ Et and the corresponding o;R/Ef by o:*R/Et, 
then from Fig. 17, for M/R = 0.02101, e, ИЕ = 
0.320 and o2"R/Et = 0.125. 

By carrying out a series of computations for different 
values of M/R, ө"Е/Е and a КАЕТ can be plotted 
against the parameter R//A. This is shown in Fig. 18. 
The upper curve which represents e; *R/£l then gives 
the failing load of the shell segment uuder the previ- 
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Pat 
Fre. 17, Tnitial buckling stress e, and final buckling stress ез 


of a sphoriced shell segment under external pressure as a function 
of the angular extension 6 of the buckle 


Mio, 18, Initial buckling stress өз* aud fual buckling stress сле 
of spherical shell segments under external pressure. 
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Fic. 19. Angular extension 81* of the buckle for «pherice) shell 
‘segmenis under external pressure, 
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ously ‘stated conditions. This figure shows that the 
failing stress parameter оу is по longer а con- 
stant as predicted by the classic theory but decreases 
slowly with increasing values of R/£ if the solid angle of 
the segment—ie., A—is fixed. In fact, at a fixed value 
of Ait is found that 


о1%/Е ~ (ИК) (34) 


for 20 < R/M < 100. Furthermore, as shown in Fig. 
19, the value of f2* at which e; *R/E1 occurs also de- 
creases with increasing R//. It is found that with а 
fixed value of А within the range stated 23% varies ap- 
proximately as (К/)® м. Ther, according to Eq. (17), 
В:* varies approximately as (R/)-*9*, However, И 
lis the diameter or wave length of the buckle, /28 = 
&*. Then 


диакон (35) 


The exponents of //Ж for a buckling stress o/E and а 
wave length ГАК given by the classic theory are, of 
course, 1 and —‘/s, respectively. 

There is no experiment known to the author which is 
performed under the geometric restraint that the en- 
closed volume of the shell during the buckling must be 
constant. However, a number of experiments Ламе 
been conducted at the California Institute of Tech- 
nology on clamped spherical shell segments of б = 17 
deg. 15 min. subjected 10 water pressure.| The water 
is slowly admitted to a closed chamber whose top cover 
is the shell segment. The water is immediately turned 
off as soon as the sheil starts to buckle, so thar the vol- 
ume of water in the chamber is nearty constant during 
the buckling process. However, the pressure of the 
water is measured by a mercury manometer connected 
to the chamber hy a piece of rubber tubing which is 
filled with air at the beginning of the test. Roth the 
drop in height of the mercury column and the expansion 
of air trapped in the rubber tubing will effectively in- 
crease the volume of the chamber. Therefore, these 
tests are somewhat similar to that of a column loaded 
in a partially elastic testing machine. ‘The results of 
these tests are shown in Fig. 20 where the values of 
«R/ Et for the beginning of buckling and the end point 
of buckling are plotted against (R/f). It is séen that 
‘both values tend to drop off slightly as R/t increases, 
which is a feature also shown by the theoretic caleula- 
tion for constant volume restraint. The dotted curves 
represent o*R/Et and o; R/E! previously calculated 
Although the test points do follow the curves very well, 
the agreement can only be regarded as qualitative be 
cause of the difference m the test conditious of these two 
cases, 

If the shel! segment is loaded by means of fluid pres- 
sure and the fluid is drawn from a large reservoir with a 
free surface, then the small change of volume during the 


“+ The experiments were carted out by Mr. Н. В Crockett 


unde: Ог. 1. Ө. Dunn's supervision, The author Is deeply 
grateful to both uf thera, 
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Fic. 20, Initial buckling stress and final buckling stress of 
spherical shell segments loaded with water pressure (experiments). 


buckling process will not appreciably change the level 
of the fluid in the reservoir. Under such test conditions, 
the pressure acting on the shell at the starting point of 
buckling is practically the same as that at the end point 
oi buckling. Let the volume change be AV: then the 
corresponding work done by the fluid is given by p AV. 
This amount of work done must be equal to the in- 
crease in strain energy of the shell. This will give a 
similar relation as Eq. (3). Therefore, if the total 
potential Ф of the system is defined as 


e=S—pv (36) 
the buckling will occur when, at equal values of o R/Et, 
the total potential of the unbuckled equilibrium state 
is the same as that of the buckled equilibrium state. 
By means of Eqs. (30), (23) and (25), the total potential 
Ф per unit area of the shell surface can be expressed 


as 
eR (oR? 1 ce 
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Let ssR/E! be the buckling stress parameter for this 
typeof loading; then the buckling criterion stated above 


requires that 
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On the other hand, since the buckled shell must be in 
equilibrium, Eq. (18) must also be satisfied. Therefore, 
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From Eqs. (39) and (40) «4R/E! and {з can be obtained 


as functions of із. Then, 
aR _ 1 4 1 
EC + -»Bn en 
and 
= @/За (42) 


If the shell segment is large enough, the actual buck- 
ling load will be determined by the minimum of оз КА. 
Denoting quantities corresponding to this mifimum by 
an asterisk, calculations show that 


oy R/EL = (43) 
fat = ВУ? (44) 

and 
= 75/0 (45) 


It should be noted that under this type of testing the 
buckling stress parameter c; *R/Et is again a constant 
as in the classic theory. However, the numerical value 
of this constant is only about one-fourth of the classic 
value. 

‘The experiment on в hemispherical shell made by 
Е. E. Sechler and W. Bollay was performed by immers- 
ing the shell іп a mercury bath. Hence, the test condi- 
‘Бойз approximate the constant pressure type to which 
Eqs. (43), (44) and (45) applies. In Table 2 the values 
predicted by Eqs. (43), (44) and (45) are compared with 
those deduced from the test. The agreement between 
theory and experiment is truly remarkable. 


Тави 2 

Experiment Theory 
oR Et олы 0.1561 
Bt 8 deg 8.3 deg. 
ылги 16.4 


CONCLUDING REMARKS 


In the previous sections a new principle for determin- 
ing the buckling load of curved shell under ordinary test 
and service conditions has been developed. This prin- 
ciple of lowest energy level is verified by comparing the 
experimental data. with the theoretic predictions. 
However, in view of the prerequisite that arbitrary dis- 
turbances of finite magnitude have to exist, the buckling 
load determined by this principle may be called the 
“lower buckling load.” The classic buckling load that 
assumes only the existence of disturbances of infinitesi- 
mal magnitude лгу be called the "upper buckling 


зы. 


load. Of course, by extreme care in avoiding all dis- 
turbances during the test, the upper buckling load can 
be approached. The lower buckling load, however, has 
to be used as the correct basis for design 

It may well be mentioned here that the possibility 
of the existence of the lower buckling load is connected 
with the elastic characteristics of the structure—i.e., 
the load on the structure must decrease as the deflection 
is increased. Tf this is not the case, the lower buckling 
ай does not occur, and the buckling load of the struc- 
ture can be closely calculated by the classic theory, as 
shown by the well-known case of a flat plate under edge 
compression, The author believes that when a cylin 
drie shell is loaded by external lateral pressure, the load 
rises with the increase in the deflection of the shell sur- 
face after buckling- Therefore, for this case, also, the 
buckling load can be closely predicted by means of the 
classic theory of thin shells. 

To indicate the possible future developments, the 
problem of buckling of a spherical shell of constant 
thickness under uniform dead weight pressures will be 
formulated more precisely. If the radial and circum- 
ferential displacements of the median surface of the 
shell from its spherical equilibrium positions are de- 
noted Бу w and u, respectively, the strains and change 
in curvatures can be calculated as* 

e = Wuda) ~ w +! du/da) + u|? 
" R $ gc 
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ais the angle between the radius vector aud the axis of 
symmetry. The difference in the total potential  — Ф 
for the buckled and unbuckled state with same external 
pressure can then be expressed as 
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All equilibrium positions can be determined by the 
condition that the variations of the integral with respect. 
to wand u must be zero. Or 


[Gb — Ф/хК?Ей\„ = 0 
КФ — dxRIED), = 0 


"The upper buckling load is determined by the additional 
condition that 


(48) 


w= и-э 0 


(49) 
The lower buckling load is determined by the additional 


«т condition that 
х. (46) (P — &)/rR'EL = 0 (50) 
The problem of determining the lower buckling load 
xc = Фа) eot a + w thus becomes a special case of the well-known isometric 
Е: problem in variational calculus. 
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Heat Conduction Across A Partially Insuleted Wall 
Hsue-sher Tsien 
Recently, the author is interested in a problem of heat conduction across а partially in- 


mulated wall.’ The problem can be simplified to a two-dimensional one and stated in the following 
manner: 


а IBI a РИШИ 
t 
b 1 ? 
—— Cooled See Um 1 


Тһе upper surfece of the wall with thickness % (Fig. 1) is in contact with the material to 
be cooled. The lower surface, however, ін in contact with cooling medium only at regular inter- 
vals of length b. The distance between these cooled regions is а. The problem is to determine 
the heat conductior from a the upper surface to the lower surface. 


The calculation can be further simplified by tno circumstances in the engineering design 
problem which the author has to deal with. These ars: 


1) Тһе temperature along the upper surface is constant because the material to be cooled 
is in constent agitetion. 

2) The lower surface at the uncooled regions is in contact with the atmosphere which is a 
very poor heat conductor, Therefor, it is justified to sesume that the lower surface of the wall 
is Insulated at these uncooled regions. 

3) The thickness t of the wall is very small in comparison with the distances a & b. The 
temperature gradient across the vail will be constant except st the immediate neighborhood of the 
junction of the cooled and uncooled regions. 


With there conditions in mind, the problem can be solved approximately in the following way: 


First calculate the additional heat conducted due to the presence of an infinitely long un- 
cooled wall attached to an infinitely long cooled wall. In other words, if the heat conducted 
per unit time for the problem shown in Fig. 2a із H}, and the heat conducted per unit time for 
ike problem shown in Fig. 2b 18 Ho, Calculate first 


Ч Fig. 28 
Y -6; 
(0,4) 78 9; 
ттт а. 
lasulated 9-6, 


This value of AH can then be considered ве tne additional heat conducted due to the pre- 
sence of one junction of a cooled and an uncooled wall. Then the total heat H conducted for one 


region of cooled wall per unit time per unit depth is 


(1) 
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To solve the problem shown in Fig. 2e, one observes first that since the wall surface for 
X«0,y = 9, із insulated, 
20 


By ^ о at X«0, у-о 
whers O is the temperature. This is evident because 42% із the heat conducted across в unit 


area parallel to x axis per unit time. Furthermore, for steady temperature field, it is well 
known that 


29,2%. 
Әй ду? 


(2) 


Therefor, the method of conformal transformation can be used and the mathematical problem is to 
solve Eq. (2) together with the boundary conditions 


O-0 , yet 
soe 9, , 9-0 x»o (3) 
26 - =O , У“0 X«0 


-9, 
AH д (6 Hes 2 7 Јах м 
By introducing а conjugate function % and using the properties of tho functions of & complex 
variable, 
222. © 


where F is a function of Х*Фу It has to be determined in such a way as to satisfy the boundary 
conditions, Eq. (3). The lines of constant temperature О can be sketched as shown in Fig. За. 


(6) 


Now, by substituting 


(7) 
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the configuration of Fig. 3b is transformed into that shown in Fig. 3c. 


6-69 
— 
f 
Consider the function 
cos (4 +48) = сф dg = coa cosh |8 - isina sinh B (8) 
yo f ғ "P 
qus (еа) Jin / o 
If 5-0, the hyperbola is degenerated into the line Ғ-0,7>/. Ма», the hyperbola is 
degenerated into the Ж -вків. By putting tip A (6ғ(%-ө) , the curves of (X = constant 


9; - 9, 
corresponds to the constant temperature lines required for the problem. 


Since 


2x4. әр, "A 20 
ду эх 6-9, ay (зо) 


the expression for AH, Eq. (4), can be written as 
&- 
al^ kin /7%24.,- 8р8] an 
24 99 E 
54 DA dr. [Bre ғ] 
By using Eqs. (6), (7), and (8) 
A. tog Геб tdi] (12) 


Then DH= 4 m Pi L log (die) 


(13) 
= 49-9 
Ша (Be 


Therefor the presence of the infinitely long wall with insulated surface is equivalent to an in- 
crease in the length of tne cooled wall equal to 2 log 2/z-t or 0.441 t. Then Eq. (1) gives the 
total heat conducted for one region of the cooled wall per unit time per unit depth as 


A= к € (6+ 0.8821) аш 


10 
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When 657 Ё ав the case considered, the contribution of the uncooled portion of the wall to the 
heat conduction is very small indeed. 


Pasadena, California 
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On the Design of the Contraction Cone for a 
Wind Tunnel 


HSUE-SHEN TSIEN* 
California Institute of Technology 


Г DESICNING the contraction cone for a wind tunnel, 
the usual design condition is.that the velocity at 
the end of the cone must bc fairly uniform. However, 
if the curvature of the wali along the flow direction 
is too large at certain points, local velocities at these 
points may exceed the uniform velocity at the end 
of the contraction cone. There are then regions of 
adverse pressure gradient and the boundary layer 
may separate from the wall. Furthermore, if the 
velocity at the end of the contraction cone is very high, 
бау about 0.9 that of the-sound, an additional factor 
enters—nainely, the danger of compressibility shock. 
This danger can be avoided by keeping the velocity 
of flow below that of sound in the whole field of flow. 
In the particular case of a contraction cone, the highest 
velocity is reached at the wall of the cone. Therefore, 
if the velocity at the wall is made to increase mono- 
tonicaily} from the beginning of the cone to the end 
of сопе the velocity in the cone will be always less 
than that of sound, provided that the velocity at the 
end of the contraction cone is less thàn the velocity of 
sound. The pressure along the wall will then be de- 
creasing monotonically. Hence, the danger of boundary 
layer separation is also avoided. 


FORMULATION OF THE PROBLEM 


‘To actually design such a contraction cone using the 
hydralynamnics of compressible fluids is rather com- 
plicated. However, it is substantiated by both theoretic 
and experimental investigations that the velocity of 
flow of a compressible fluid can be obtained by increas- 
ing the velocity of an incompressible flow with the same 
boundary by a certain factor. This multiplying factor 
is a function of the incompressible velocity itself and 
increases with it. Hence, if a contraction cone is 


designed for incompressible fluid such that the velocity 
at the wall increases monotonically from the beginning 
to the end, the same cone with compressible flow will 
give a wall velocity that is the product of two mono- 
ionicaly increasing functions and therefore is itself 
monotone. 


Received September 21, 1942. 

* Research Fellow іш Aeronautic: 

1A monotonic increasing function is one in which for every 
sequence of increasing values of the argument the corresponding 
values of the function always increase; similarly, a function is 
monotonic decreasing if its values decrease as the argument 
impresses. 
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To design such a contraction cone for inco npressible 
flow is, however, mucti simpler. One can proceed in 
the following munner: 


At the axis of the cone (Fig. 1), ie., atr = 0, assume 

а= fix) (r= 0) a) 

where 1 is the velocity in the x-direction. M vis the 
velocity in the r-direction, by symmetry 

v=0atr=0 [7 


Values of и and о or the resultant velocity w can be 
found for other values of r hy using the following 
fundamental equations of hydrodynamics: 


әг/дх — ди/де = 0 
(Э/ах)(ги) + (0/0%)0й = 0 


(3) 
(4) 


wre X 


Flow in a contraction conie, 


Eq. (3) is the condition for irrotational flow. „Eq 
(4) is the continuity equation. 
By combining Eqs. (2) and (3), one obtains 


dufor = Oatr=0 


Hence, и is ati even function of r. 
to be an odd function of ғ. 


Simi! , t is shown 
Therefore, it is appropriate 


to put 
u = Уы) 16), 
в = Se шыш) о 


By substituting Eqs. (0) and (7) into Eq (3) and 
equating equal powers of r, 
Fani) = ?л/ы(х) 8) 


where the prime indicates derivative with respect to x. 
By substituting Eqs. (6) and (7) mto Eq. (4) and 
equating equal powers of 7, 


CONTRACTION CONE FOR A WIND TUNNEL ө 


Baer) = - Деш) С) 


Eqs. (8) and (9) give the recurrence relation between 
the functions fas as follows ` 


ое ВЕ 
(en)? 


Jas) = Jam-a) ат 


Therefore 


aa) 


Hence, by substituting these expressions back into 
Eqs. (6) and (7), 


А) (11) 


pe 


= ws (2m), 
«= E, ers ЫШ а? 
v-À Cm AUT) um 


‘The resultant velocity w can then be calculated as 
wn Vut fot 


‘The stream lines are lines of constant values of the 
stream function у defined as 


(14) 


War) = Ји (уве 


By starting from am assigned monotone velocity dis- 
tribution и == М(х) at r = 0, the resultant velocity w 
and the stream lines can be calculated by this pro- 

“cedure. ‘The shape of the contraction cone is then 
determined by the strcam line along which the velocity 
w still varies monotonically, but further out or for a 
further increase in the radius ғ this condition ss no 
longer satisfied. In other words, the shape of the 
contraction есте is determined by the Jast monotone" 
stream line. 

Jt can be seen that the shape of the contraction cone. 
depends upon the function fy(x) chosen at the begmning 
However, with a plausible assumption of the function, 
it is believed that a satisfactory design for the contrac 
tion cone can be obtained. 

it is interesting to notice that the solution in the 
form Eq. (12) can be easily identified with the well 
known Laplace expression for the symmetric potential 
function 


ғ) 


u = l Да + ip cos 049 16) 
* 


However, for practical numerical calculation 
series form of Eq. (12) is more convenient. 


the 


SOLUTION OF THE PROBLEM 


To carry out the computation, it is assumed that 


Ма) = 055 + аш / X3, "dy nD) 


— >. 


Fic 2 Assumed velocity м along the axis of the com asa iune- 


tion of the distance x on the axis. 


This distribution of velocity along the axis of the 
tunnel is shown in Fig. 2. The velocity at the end of 
contraction cone is here taken as unity It is seer 
that the chosen distribution of velocity is quite 


plausible. Furthermore the derivative of fix) can 
be easily calculated as follows: 
Put 
(x) = е UU (18) 
then 
jo tu) = 09990) (19) 
But 
E dus 
фт) = ИРЕР, 
| Jon de ) 


By using the substitutiens, х = 4/22, 24/2 = af, 


E "m 
Pat du E ФН, 


where Мы) »s the Hernite polynomial. By means of 
the recurrence relation. between the Hermite poly- 
notnials, 


Has) = 221,2 (а) ~ т — UH, s) 


era) 


the following recurrence relation between D(x) is 
immediately ubtained f 


PM) - = feb) + би — 08790) (20) 


The values of Дим 77 ак, Hx), (x), 
win) Ф), Қа) are given in mauy mathematical 
tables? The higher derivatives can be calculated by 
using the recurrence relation (20). Then Eq. (19) 
gives alf the required functions for calculating a, and 
vis given by Eqs. (12) and (13) For each of the series 
(12) and (18), ко terms are used to give four signi- 
ficant Bgures. The stream function $ is obtained by 
numerical wtegration from Eq. (15) 


Тнк RESULTS 


The stream lines and velocity profiles are plotted 
in Fig. 3. The part of tbc stream lincs where the 
velocity cageeds unity, the asymptotic velocity of the 
cone, 5 drawn as dotted lines. Therefore, theo- 
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Frc. 8. Stream lines (А. B, C, D, Б, F) in the meridian 5, 
plane of the contraction cone together with the velocity profiles 
at different sections. 


ivtically the “last monotone” stream line must lie 
inside the line E. However, for the stream line F, 
the velocity at x = 1.2 is 1.032, while at x = 2.9 the 
value is 1.018. This slight excess of velocity will be 
easily removed by wall friction if this stream line is 
used ds the wall of the contraction cone. In other 
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words, the stream line F can be used as the share for 
the contraction cone. 

This result has been applied to the design of the 
contraction cone of a large variable density wind 
tunnel The cross section of the contraction come is 
not circular but partly circular and partly octagonal. 
Since this modification must tend to increase the local 
velocity at some points of the wall, it is thus thought 
safer to use the stream line D instead of stream line F 
as the basis for designing the contraction cone. Fur- 
thermore, the velocity change from x = 2.0 to x = 
2.8 is negligible. Therefore, the final recommended 
shape of the contraction cone for this particular wind 
tunnel is based upon a boundary as marked in Fig. 3. 
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SYMMETRICAL JOUKOWSKY AIRFOILS 
IN SHEAR FLOW} 


BY 
HSUE-SHEN TSIEN 
California Institute of Technology 


1. Problem. The usual two-dimensional theory of airfoils assumes a uni- 
form velocity for points far from the airfoil. There are many applications 
where this condition is not satisfied. For example near the ground there is a 
large vertical velocity gradient, and therefore a first approximation to the 
problem can be obtained by assuming a linear velocity distribution. This has, 
in fact, been done by H. v. Sanden! in connection with O. Lilienthal's experi- 
ments in natural wind. However, v. Sanden used a numerical method of in- 
tegrating the differential equation and carried out the calculation only for a 
wedge-shaped body. Th. von Kármán* suggested to the author to take up 
this problem again in order to develop a more complete theory. Hence in the 


У 


Fre. 1. Body in a Shear Flow. 


f Received Dec. 27, 1942. 

1 у, Sanden, H., Über den Auftrieb im natürlichen. Winde, Zeitschrift f. Math. u. Phys., 
61, 225, (1912). 

* The author wishes to thank Dr. von Kármán for suggesting the problem and his kind 
interest during the course of the work. 
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first part of this paper, a generalization of the well-known Blasius theorem 
for calculating aerodynamic forces acting on an airfoil is given. Then the 
result is applied to the case of symmetrical Joukowsky airfoils and the final 
data are given in a number of tables and graphs. 

2. Method of solution. By setting up the problem as shown in Fig. 1, the 
velocity distribution far from the airfoil is given by 


v (1 +K 2) а) 


E -0 


І 


where Up іє the undisturbed flow velocity along the x-axis and К is the non- 
dimensional velocity gradient of the undisturbed flow. c is some dimension 
of the body immersed in the stream, e.g., the chord of the airfoil. Then the 
vorticity at locations far from the airfoil can be calculated from Eq. (1) as 


SHS — К/с (2) 


which is a constant, However, in the flow of non-viscous incompressible fluid, 
the vorticity is associated with the fluid and maintains its strength. Consider 
the field of flow starting from the far left, where the vorticity is constant and 
equal to — К/с. This value of vorticity is carried with the fluid over the 
whole field of flow. Therefore, the flow problem on hand is one with constant 
vorticity distribution. 

To satisfy the equation of continuity, 


ou дә 
о (3) 
Ox ду 
the stream function 4 is introduced. It is defined by 
ay 
-— ш---. 4 
u 3 id v ax ( ) 


и, v are the components of velocity in the x-direction and the y-direction. 
Due to constant vorticity distribution, the vorticity equation is 


ðv ди 

L = — К/С. 5 

d әу К/с (5) 
By using Eq. (4), Eq. (5) can be written as 

94 әз, 

= = (К/с. 6 

uaa VE (6 


Therefore the flow problem is reduced to that of solving Eq. (6). 
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The stream function фо of the undisturbed flow given by Eq. (1) is 
K 
v= и (> +— 2) (7) 


which can be easily verified by means of Eq. (4). The mathematical problem 
can be considerably simplified by introducing the stream function Ұл due to 
the presence of the body defined as i 


Y = pot Ул. (8) 

By substituting this expression for y into Eq. (6), the equation for ya is simply 
95, , дза 

—- = 0. 9 

an p (9 


This is the Laplace equation. Therefore any solution of the Laplace equation 
Ad -05 o x as 


V - 2y yh (итп) 


40 45 


04. 
02: 


т 6 ^y 
-D4- 
-05 
06. 
2 4o 


Fic. 2. Source in a Shear Flow. 


combined with фо will satisfy Eq. (6). For example, we can combine фо with 
a source 
ya = Ubh ^ a9 
Ұл = Uom logr a0 
as shown in Figs. 2, 3, and 4. Here 


ога vortex 


a= tani, rm AY yt. (12) 
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It is interesting to notice that in the case of a source the zero stream line, 
which forms the wails of the “half body" when К =0, is no longer symmetrical 
with respect to the flow direction. The velocity, and hence the pressure, along 


x 
45 чо -05 
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Fic, 4. Vortex іп a Shear Flow. 
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these two branches are also different. If the flow field within the zero stream 
line is replaced by a solid body, such lack of balance may cause the resultant 
pressure force to become infinitely large with the infinitely long solid bound- 
ary. This surmise will be verified later when the resultant force and moment 
are calculated. 

If the boundary of the solid body is given, the flow problem indicated in 
Fig. 1 subjects ұл to following conditions: 

(i) the disturbance velocity due to Ұл must vanish at points far from the 
body so that Eq. (1) is satisfied; 

(ii) the normal component of the disturbance velocity at the surface of 
the body must equal the negative of that due to ү so that the resultant nor- 
mal velocity is equal to zero. 

3. Shear flow over a circular cylinder. To illustrate this method before 
solving the more complicated case of an airfoil, the flow over a circular cyl- 
inder will be investigated first. If the center of the circle is located at the 
origin, and the radius of the circle is c/2, the undisturbed velocity U due to 
Ұз at the surface of the cylinder is 


K 
U- v(t + sin ) (13) 
where 9 is given by Eq. (12). The normal component U, of the velocity U is 
K 
U, = U созд = Uo(cos 0-4 in n). (14) 


Therefore, the normal component of the disturbance velocity due to y at the 
surface of the circular cylinder must be equal to — U,, or 


1 ӘЖ ( K 
are = – 0 зан) 15 
ғ æ ju немен БА 
where r is given by Eq. (12). 
On the other hand, the solution of Eq. (9) that will give vanishing dis- 
turbance velocities at points far from the origin is 


= 1 
= voce ++ È (on cos me + ba sin on — a6) 
p 


“1 


The a, and 6, are undetermined coefficients, By substituting Eq. (16) into 
Eq. (15), one has immediately 


e 


ЖЕН o» 
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these two branches are also different. If the flow field within the zero stream 
line is replaced by a solid body, such lack of balance may cause the resultant 
pressure force to become infinitely large with the infinitely long solid bound- 
ary. This surmise will be verified later when the resultant force and moment 
are calculated. 

1f the boundary of the solid body is given, the flow problem indicated in 
Fig. 1 subjects Ул to following conditions: 

(i) the disturbance velocity due to Ұл must vanish at points far from the 
body so that Eq. (1) is satisfied; 

(ii) the normal component of the disturbance velocity at the surface of 
the body must equal the negative of that due to ұ so that the resultant nor- 
mal velocity is equal to zero. 

3. Shear flow over a circular cylinder. To illustrate this method before 
solving the more complicated case of an airfoil, the flow over a circular cyl- 
inder will be investigated first. If the center of the circle is located at the 
origin, and the radius of the circle is с/2, the undisturbed velocity И due to 
Wo at the surface of the cylinder is 


U= (а = sino) (13) 

where 6 is given by Eq. (12). The normal component U, of the velocity U is 
U, = U соз ө = Us (sos 0 +E sin 2). (14) 
Therefore, the normal component of the disturbance velocity due to ұл at the 


surface of the circular cylinder must be equal to — U,, or 
1 дуу 


ПИТУ 
where 7 15 given by Eq. (12). 


On the other hand, the solution of Eq. (9) that will give vanishing dis- 
turbance velocities at points far from the origin is 


K 
aic Us (sos 0+ ^. sin 28) (15) 


ы і 
w= “е log r + 50 + У) (an cos 29 + b, sin n6) 21 (16) 


nal 


The а, and b, are undetermined coefficients. By substituting Eq. (16) into 
Eq. (15), one has immediately 


--@ 


i өз 
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All the other coefficients vanish. Therefore, the resultant stream function is 


S t 20) |. (18) 


At the surface of the cylinder, г =с/2, Eq. (18) reduces to 


тап К 19 
-U 6 (19) 


2 к/т 
ФЕИ = 116 -5) sino + Z (Tue 


Fis. 5. Circular Cylinder іп a Shear Flow with К =2, 


which is a constant, verifying the boundary condition of the problem. The 
stagnation point on the cylinder can be calculated by means of Eq. (18). The 
condition is (@¢/9r)+-<=0. This is satisfied at the point where 


о уа + 1]. (20) 


Therefore, if — 8/3 < K < 8/3, there will be two stagnation points on the cyl- 
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inder located on that half of the surface where the velocity is higher: If К 
has a value beyond this range, there will be four stagnation points on the 
surface. 

Fig. 5 shows the stream lines for the case of K =2. It is seen that there is 
an additional stagnation point in the flow field on the negative y-axis. 

4. Force and moment. In this section, the force and the moment acting 
on а body whose disturbance stream function Ұя is given by Eq. (16) will be 
calculated. 

The pressure р in the fluid is related to the velocity components и, v and 
the density p by Euler's equations 


ðu ðu Эр 

dir Marr ЕТ en 
ðv Әз әр 

шн + р 5 E ay! 


By means of Eqs. (4), (7) and (16), the quantities on the left hand side of 
Eq. (21) can be calculated and then р can be obtained by integration. How- 
ever in the final calculation of force and moment, the pressure will be in- 
tegrated along a contour far away from the body; only terms up to 1/r? in p 
need to be considered. Furthermore, the calculation can be simplified to a 
certain extent by differentiating the first of Eq. (21) with respect to x and 
the second with respect to y and adding the resultant. Then by using Eqs. 
(3) and (5), 


OM Ot. у так =ч]. о» 


1 
vp = af 
? az? ay? ӘхӘу Ox? 


p 


By substituting Eq. (16) into Eq. (22), the differential equation for p is then 
1 1fia 9, 1 2? 
ve HES Se 
ГА оғ arX\ ar. 7? 00? 


2 1а 2. К [1 
-u[- — (ao + bo) + — 4 — (— ав cos 28 + b, sin 20) 
rt e lr 


1 
+ —; (201 cos 39 + 2b, sin 30) 
T 


+ (Gan cos 40 + бы sin а... } |. (23) 
я 


The appropriate solution for this non-homogeneous equation is evidently 
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1 P ї «+, K 1 р 
р -20 (ao + bo) + {- (— вв cos 20 + bo sin 20) 
P 4r? € 4 


1 
T {241 cos 30 + 25 sin 36) 
r 


n (баз cos 48 + 65, sin a} ] 
r 


1 
А +Aologr + Bod + — (А, cos @ + Bi sin 0) 
r 


1 
+= s cos 20 + Bs sin 20) + · · - (24) 
т 
where the A's and B's are undetermined constants. Either the first or the sec- 
ond equation (21) can be used to determine Ao, 44, “>. and Bo, Bi, В, >... 
The final result for the pressure p can be written as 
? 


аГК к K 
-А- vl ао log r + — bó — — (~ as cos 26 + b, sin 20) 
p с с 2с 


K 
— — (ai соз 38 + b, sin 36) 
2er 


1 3 Ka 3 КА 
xU ERU сор 
r 2 с 2 c 


471% 
1 «à к 

+ {- Zot 22 _ = (as cos 49 + ba sin 49) 
r? 2 c 


Kas Къ, 
+ (2 - 2 cos 20 + 2( + Э) зіп 2) T J (25) 
c 


€ 

Now by considering the pressure force and momentum of the fluid, the 
following relations can be obtained between the forces X, Y acting on the 
body and their moment Мо about the origin? (Fig. 1). 


= f = /, pu(udy — тйх) 


dx — dy — 
f » f. pr(udy — uda) (26) 


Xx 


Y 


І 


My = f + ydy) — f — 4y)(udy — vdz). 


3 See for example Glauert, H., Aerofoil and airscrew theory, Cambridge University Press, 
London, 1930, p. 80. 
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The integrals are taken along any closed curve C enclosing the body. If a 
circle with radius R is taken as the contour, then in the integrals of Eq. (26) 


x= Ксоз0 


27 
y = R sin 6. en 
Therefore, by using Eq. (25), 
E 2 3 K 
- f pay = -Rf p cos 040 = тр be -%та) (28) 
c o 2 с 
Furthermore, 
K 1 
udy — зах = Е R? sin 20 + В cos6 + Бо 4 R (- аз ѕіп 6 + 5, cos 0) 
c 
1 
+ T 2а» sin 20 + 26, cos 20) +... Je (29) 
and 
K т 1 р 
“= Ue] É R sino + 1 +- (ao sin 8 + bo cos 0) 
€ 
1 
s C ea sin 29 b cos 20) +--+ |. (30) 


By combining Eqs. (29) and (30), the second term in the equation for the 
horizontal force X can be calculated as 


А 3K 
- f rta — э4х) = — ES — — а |. (31) 
с 2с 
Finally the horizontal force is expressed as 


X = — 27р. (32) 


Similarly, the vertical force Y or lift and the moment Мо about the origin are 
obtained in the following forms: 


v= 6 + = (Rb, — ы | (33) 


м 


к 
2xpUs ЕС -аж-акь- ә) (34) 


Eqs. (32), (33) and (34) show that the force and moment on the body can be 
calculated in terms of the strength of the vortex, the source, the doublets 
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and the quadruplets in the disturbance stream function Ұл. These equations 
can be regarded as the generalization of the well-known Blasius formulas. 
They reduce to the latter formulas И К =0. However, it should be noticed 
that if there is а source, i.e., 5520, both the lift Y and the moment Мо 
grow to infinite magnitude with Е — œ. This confirms the surmise stated pre- 
viously. If the boundary of the body is closed, bo must vanish, and there can 
be no horizontal force or drag and the lift and moment will remain finite. 
v. Sanden! obtained a small drag force for his wedge shaped body. Evidently 
this is due to the unavoidable inaccuracies in his numerical method. 

5. Symmetrical Joukowsky airfoils. For the flow over a symmetrical 
Joukowsky airfoil, it is difficult to determine the disturbance stream function 
Ұл directly. But, as seen from Eq. (9), Ұл satisfies Laplace's equation, and 
therefore conformal transformation can be used. It should be noticed, how- 
ever, that фо does not satisfy Laplace’s equation; and therefore it does not 
allow the use of this transformation in the ordinary sense. 


fb) 
Fic. 6. Joukowsky Transformation of a Circle into an Airfoil. 


Consider a circle of radius a in the ¢ plane (Fig. 6a). The transformation 
1 2e? 

= e[t — 35 

z (+ t) (35) 


will transform the circle into a symmetrical Joukowsky airfoil in the z plane 
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(Fig. 6b) inclined at an angle а against the x-axis, e is a positive quantity 
which increases with the thickness of the airfoil. « is zero for a flat plate and 
is infinite for a circle. Furthermore 


а=1+е (36) 

The origin of the s-plane lies at the center of the airfoil (Fig. 6b). If we repre- 
sent the circle in the {-р!апе by А 
{ = ае“, {37) 

the trailing edge of the airfoil corresponds to the point where 0 —0. The lead- 
ing edge of the airfoil corresponds to the point where 8-т. Therefore, the 


chord is 
є 


2 
в=4(1+ ы) =n 


eja = № 


With 


the values of x and y corresponding to an arbitrary value of @ are given by 
Eq. (35) as 


cos (@ + а) — Хсова , 2X* cos а 
a*(1 — 2^ cos 8 + №) 145 } 
sin (9 + о) — ^ sin 6 2M sin а 
ақа — 2А сов 4 X) — e 


х= {соз (0 — а) —Acosa + 
(39) 


y= af{sin 0 — 2 + dain a 


After Eq. (7), the velocity due to фо at a point in the z-plane corresponding to 
f=cae* is 


а-а Ls e ) sin (0 + a) — A sina | жес] (40) 
n c Qn Л © 7 V — 2А cos Ф А) а(1 + X) 


This velocity is horizontal and has a tangential component in the counter- 
clockwise direction equal to 


d. 
- vu (41) 
У (dx)? + (ауу гә 
and a normal component, directed along the outward normal, equal to 
d. 
U ы] . (42) 
у(х)? + (d)! i-o 


On the other hand if ұй is the disturbance stream function, the velocity com- 
ponent normal to the circle { = ае“ is 
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1 9 
c3 Ed (43) 


Therefore, the corresponding velocity component in the z-plane, normal to 
the surface of the airfoil, is 


(= 2 аҹ; 


Then the boundary condition at the airfoil surface requires that this normal 
component of the disturbance velocity be equal to the negative of the normal 
velocity component due to y». By means of Eqs. (42) and (44), this boundary 
condition is expressed by 


a 
ds 


j (44) 


pma" 


1 apr dt > | 
M U . 45. 
= VE FN de i 
But 
[VG E GSP lera = E. (46) 
4 
de рае 
With the aid of Eqs. (39), (40), and (42), Eq. (45) can be re-written as follows 
1/1 дуз 
Us Хт 96 


Kaj sin Ora kcg 1. Asin а 
= E + “4 sin (6 — a) 1 
€ a*(1 — 2А cos 0 + ху + аа + № 


cos (9 + а) + X cos (6 — o) + acre 
a(1 — 2) cos 0 + №)? М 


le (8 — e) (47) 
This equation alone would not determine the function y, completely but for 
the additional so-called Kutta-Joukowsky condition, which fixes the strength 
of the circulation over the airfoil. 

6. Strength of circulation. The Kutta-Joukowsky condition states that 
the velocity at the trailing edge of the airfoil must be finite. The velocity at 
the trailing edge of the airfoil consists of two parts: one part is that due to Yo 
and the other that due to Ұл. Only tangential components need be considered 
because the normal components cancel each other as required by the bound- 
ary condition. The part due to y in the counterclockwise direction is 


2 ae а 
үл 
Therefore, by means of Eq. (41), the resultant velocity at the trailing edge is 


(48) 


ime 
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_ NE. dx 1 
ar” Waa GP jd 


dz 
but {=а is the singular point of the transformation from { to 2 as can be 
easily verified. In other words, [dt/ds| tends to infinity at { =а. Therefore, 
the resultant velocity at the trailing edge can only be finite if the quantity 
within the square bracket of Eq. (49) vanishes. By means of Eqs. (39), (40), 
(46), this condition can be written as 


= (28) » [+ Af in КЕСЕ sin (f--a) —Х cos бы Asin a \] 


а 
dz 


(49) 


3 
faa 


t-o 


ar а%1--2Х cos @+7) a+) 
(ж 
А sin (@++е)—\?* sin (6 —o) —2^ sin “| 
5 4- =0. 50; 
[= (cet a*(1 2 cos 04-M) T 6% 
The appropriate general solution JA in the {-plane is 
= 1 
we ЛЕР; + Ва + У (as cos яд + B, sin n6) =|. (50) 
= ” 
Therefore, қ . 
1 1 =. 1 
ат БЕД жар X (— па, sin ид + npa cos n8) › 
Us Nr. 80 a өзі "n 
1 sap 2 (52) 
1 eo n 
оо е кыша! 
By expanding the right hand side of Eq. (47) into a trigonometric series, 
all the coefficients a, os, · · * and Bo, В, - - - in ya can be determined by the 


first of Eqs. (52). Then the second equation of Eqs. (52) together with Eq. (50) 
will determine the value of ағ. Actually, calculations are easier if each 
term on the right of Eq. (47) is taken separately. For example, the term 
— Up cos (а) can be expanded into — О cos а cos @— Uo sin о sin 0. Then 
according to Eq. (52), the contribution to a is a? sin a; the contribution to.fi 
is —a? сова. Finally the contribution to —(ys/ór),-. is Uo(sin æ cos 0 
— соз a sin 0) = — Us sin (@—a). The other more complicated terms сап be 
treated in a similar manner with the aid of the following expansions and their 
derivatives with respect to @ and А: 
fea ОЧЕ = Ja sin nê 
1—23co50 + № ал 

ы E 
ER Lm 
1—2Xcos + А part 


ш Dp + 2E com). 


1-Ress+h 1-м aot 
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The value of —(8¥1/@r),.. thus found is 


1 (91 с. Kn 
B (> jas ЕР [а ] 


à sin (@-+e)—M sin (0—0) 2» sin а 
. E @—о)— а 2d cos 6+) ] 


+ Жа [+ cos 2(9-о)-- {sin (0—2)— 
€ 
sin (9-а) — №? sin (8—2) — 24 sin æ 
` (1—2 cos 0--M)* 
. соз (@—«) [cos (6--о--Х cos «| 1 ] (53) 
a*(1—2X cos 04-32) 2a*(1—X)(1—24 cos 04-X2).] 


sin (@-+a)— cos a } 
а%(1— 2% cos 0--M) 


The strength of circulation a» necessary to satisfy the Kutta-Joukowsky 
condition can then be calculated by means of Eq. (50). The result is 


2d sin? a 


= st [1s a 7 x TFN = $+ cos 2a — E + | {54) 


The strength of the source, 9%, is zero, as would be expected from the fact 
that the airfoil is represented by a closed contour. 

7. Strengths of doublets and quadruplets. By collecting the contributions 
of the different terms of [(1/r) 941/98],-„ in Eq. (47) to ол, оз, Pı and В», the 
following values of the strength of doublets and quadruplets in the {-plane 
are obtained 


eec (1+5) sina 

L a, 

HA 7 ` +(14 Jot] 
с Ош 229 2441-29 “a в(1+%) 


ве (-:+ 5) cos T sin 24-2 (2i + ju ТҮРТУ Ң 


au АЕ; ТЕ Line \] 
= [А Жазык ноа 
те abe e og "l4 2a 225 аа») 
тал Ке ы Men А 
Bi а [> соз a+ 2 sin 2a 4 34 ча | (55) 


However, to calculate the lift and moment over the airfoil, it is not the 
strength of doublets and quadruplets in the {-ріапе that is needed but the 
strength of those in the z-plane, where the airfoil is located. From the known 
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values of од, • > + & given by Eq. (35) and the transformation specified by 
Eq. (55), the desired quantities can be easily calculated.in the following man- 
ner. 

By introducing the conjugate function фу of the stream function one can 
write 

2 А Ве о | — Bt ia: 
i+ ah = Е ені далы. .... (686) 

With { —re, the real part of Eq. (56) is Eq. (51) since В, is found to be zero. 
Now Eq. (35) gives 


` 1 
= реа "AS — уэ 7 
tas [1 Saas uet | (57) 


for sufficiently large values of 2. Then $i--41 can be expanded into a series 
in 2 by substituting Eq. (57) into Eq. (56). The result is 


Aat 
ФН ias log s+ Е (s: с-ш 


Же Mis ml __ Meo а... 
+[ Bees pp ^ a)" T . (68 


If the strength of the circulation, the doublets, and the quadruplets in the 
1-plane are denoted by a», 41, bs, a, and б, respectively, the following relations 
are obtained by comparing Eq. (58) with Eq. (56): 


= оар Ь=0 


B ( 1+ 3 
а = В, sina aj a 
(59) 


b (ses 
1 = ficos а en pn sina 


MY an Nao 
a-( "E т) заза а ра рур) ее 


һ-( - м.) 82, ( M egg eS ) sin 
» = { 8: Tay cos 2a ar 13x а зал a. 


Eqs. (54), (55), and (59) give all the necessary data to calculate the forces 
and moment acting on the airfoil. 

8. Lift and moment coefficients. By means of Eqs. (32), (33), and (34), 
the drag, lift, and moment about the origin can be calculated with the values 
Of ao, G1, аз, bo, by, ba given by Eq. (59). It is seen that the drag is also zero in 
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the case of shear flow. The result of the computation can be conveniently rep- 
resented by defining the functions Jo, А, Ё, д, la and mo, mi, ть, ть та in con- 
nection with the lift coefficient C; and moment coefficient Cy, in the following 
manner: 


C= =2ж|Ь sin «+K {l+ cos 2a} +K? [Ia sin a+ sin За) | 
Зое 
C Ms 2 Е sin 2a +K [mi cos ата cos За} (60) 
Берас ен Ша. а 
ме aU 212 ! к 


+K? (m, sin ата sin 4a} |. 


The negative sign in.the moment coefficient is introduced in accordance with 
the usual conyention of taking the stalling moment as positive. The functions 
lo h, 1, In, l and то, fry, та, ть, ma are given by the following equations: 


iud в M 
TRE Та 104A 
№429 р MO MA 
ТЕГУ 
( m ВЕ + А) p 
ео ну" 
A A - 
cede ^ | 
mm ах 
ape ЕЗ га) 
“- аза 
БТА, А (сөз ^ 
m= ale 2143 ! ain) 
1 pi х [2 2+1/@ 
i [dea Cer i 


MEME: 1 E м м 
TNT ns Tw ag z) T 24а + = 

me А aL + А) 
б nlt TN aX(1 + А) (: + a(t + 5) 2a(1 + Ха — M) 


(++ - 9м ] 
4at\a 1H а +) J" 
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Table I gives the numerical values of these functions together with the 
thickness ratio 8 of the airfoil. It is seen that with increasing thickness the 


TABLE I 
e 4 h h h h h m | т т та т 
0 р 1.00000 0 0° 0 11. 0000/0. 1250| —0.1250,—0.0156]0.0078 
9.05|0.0618,1.0476|0.01220.0009) —0.0006/0.0007|1 .0430/0. 1334| —0.1267|—0.0155,0.0102 
0.10,0.1179/1.0909,0.0237 0.0033| —0.0009/0. 0014/1 0737/0. 1413| 0. 1259| —0.0152/0.0128. 
0.150.1687/1.1304/0.0345/0.0069 —0.0010/0. 0020/1 .0945/0. 1477| —0. 1231] —0.01480.0157 
0.20,0.2150/1.16670.04460.0115] —0.0009/0.0025/1 . 1073/0. 1530| —0.1190| —0.0143 0.0188 
0.300.2958/1.2308/0.0628/0.0227| —0.0003/0.0034 1. 1148/0. 1610; 0131,0.0250 
0.4010.3636|1.2857|0.0787 0.0356] --0.0005/0.0040 1. 1058/0. 1660| 0119/0.0310 
0.50,0.421011.3333/0.09260.0494! --0.0014 0.0045|1.0864/0.1687| .0106|0.0365 
0.6000.4701/1.3750/0.1047 0.0635] --0.0023/0.0048|1 .0608j0. 1697) .0095/0.0416 
0.8000. 5489 1.4444/0.1248/0.0911|--0.0039,0.0051/1.0006/0. 1683 0075|0.0499 
1.00/0.6089/1 .5000]0.14060.117214-0.0051(0.0051(0.937510.1641|—0.0293! —0.0059/0.0560 
© |1.000012.0000]0.2500]0 . 5000; 0 0 0 0 4 9 9 
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Fic, 7. Ratio of the distance d from leading edge to aerodynamic center (positive when іс 
is behind the leading edge) to the chord c as a function of thickness ratio $ and non-dimensional 
velocity gradient K. 
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effect of the velocity gradient K becomes larger and larger. For example, if 
8=11.79% the effect of К on Сі, at small angles of attack is approximately 
given by the term 2rK (h+) = 20K X0.02695. In other words, it is equiva- 
lent to a shift in the angle of zero lift by 1.54 K degrees. For an airfoil of 
21.50% thickness, this value is 3.21 K degrees. 
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Fic. 8. Moment coefficient Сы, , about the aerodynamic center (positive for stalling 
moment) as a function of thickness ratio and non-dimensional velocity gradient К. 


9. Aerodynamic center. To demonstrate the effect of the velocity gradient 
on the moment more clearly, the aerodynamic center for small angles of at- 
tack will be calculated presently. For small values of æ the expressions for Сі, 
and Cy, of Eq. (60) can be simplified to 


Ci = тр + К + 3а + K( + 09] 
3 
CL [fmo + Кета + deme) Ja + Kms тд). 


The moment coefficient corresponds to the stalling moment about the 
center of the airfoil. If the moment is referred to a point on the chord at a 
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distance d back of the leading edge, the corresponding moment coefficient См 
will be 


1 d 
См = es -e(7 - 2) 


2 с 
= Mme Кб + анд ја + Кш + m2] (64) 
2 G = 2) 2e {le + Ks + 3d ja + КО +12]. 


At the aerodynamic center, the corresponding moment coefficient should be 
independent of the angle of attack о. From Eq. (64), this condition gives the 
distance d of aerodynamic center back of the leading edge as 


d 1 1 mo + K*(2ms + 4m) 


© 2 4 —hdK( 43) 


Then the moment about the aerodynamic center is given by the following 
coefficient: 


(65) 


mo + КҚ2т; + 4m4) 
la + КЬ + ЗА) 


The numerical values of d/c and Cy,, calculated from Eqs. (65) and (66) 
are plotted in Figs. 7 and 8 against the thickness ratio ô for different values 
of K. 


См = fem + т) – (+ w]. (66) 
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TECHNICAL NOTE NO, 961 


TEE "LIMITING LINE" IN MIXED SUBSONIC AND 


SUPERSONIC FLOW OF COMPRESSIBLE FLUIDS 


By Hsue-shen Tsien 


It is well known that the vorticity for any fluid element 
is constant if the fluid is non-viscous and the change of 
state of the fluid is isentropic, When a solid body is placed 
in a uniforn stream, tho flow far ahead of the body is irrotu— 
tional, Then if the flow is further agsumed to be isentropic, 
the vorticity will be zero over the whole field of flow, Іп 
other words, the flow is irrotational, For such flow over a 
solid body, it is shown by Theodorsen (reference 1) that the 
solid body experiences no resistance, If the fluid has а 
small viscosity, its effect will be Limited in the boundary 
layer over the golid body and the body will have a dres due 
to the skin friction, This type of essentially isentropic іг- 
rotational flow is generally observed for a streamlined body 
placed in a uniform strean, if the velocity of the stream is 
kept below the so-called “critical speed," 


At the critical speed or rather at a certain value of the 
ratio of the velocity of the undisturbed flow and the corre— 
sponding velocity of sound, shock waves appear, This phenome— 
non is called the "compressibility burble," Along a shock 
wave, the chenge of state of the fluid is no longer isentropic, 
although still adiabatic, This results in an increase in en- 
tropy of the fluid and generally introduces vorticity in an 
originally irrotational flow, The increase in entropy of the 
fluid is, of course, the consequence of changing part of the 
mechanical energy into heat energy, In other words, the part 
of fluid affected by the shock wave has a reduced mechanical 
energy, Therefore, with the appearance of shock waves, the 
wake of the streamline body is very much widened, and the 
drag increnses drastically, Furthermore, the accompanying 
change in the pressure distribution over the body changes the 
aerodynamic moment acting on it and in the case of an airfoil 
decreases the lift force, 
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All these conseguences of the breakdown ef isentropic 
irrotational flow are generally undesirable in applied аого- 
dynamics, Its occurrence should be delayed a= much as possi- 
ble by modifying the shape or contour of the body, However, 
such endeavor will be very much facilitated if the cause or 
the criterion for the breakdown can be found first, 


CRITERION FOR TEE BREAKDOWN OF 


ISENTROPIC IRROTATIONAL FLOW 


Taylor and Sharman (reference 2) calculated the succes- 
give approximations to the flow around an airfoil by means of 
an electrolytic tank, They found that when the maximum veloc 
ity in the flow reaches the local velocity of sound, the con- 
vergence of the successive steps seems to break down, This 
fact led to the identification of critical speed or critical 
Mach number with the Mach number of the undisturbed flow for 
which the local velocity at some point reaches the local vel- 
ocity of sound, However, there is no mathematical proof for 
the coincidence of the critical Mach number so defined and 
the breakdown of isentropic irrotational flow, Furthermore, 
such a finition for critical Mach number implies that а 
transition from л velocity loss than that of sound, or sub- 
sonic velocity, to x velocity greater than that of sound, or 
supersonic velocity, docs not occur in isentropic irrotational 
flow, On the other hand, Taylor (reference 3) and others 
found solutions for which such a transition occurs, Further- 
more, Binnie and Hooker (reference 4) have shown that at 
least for the caso of spiral flow the method of successive 
approximetion is a convergent one even for supersonic vol- 
Ocities, With these facts in mind, it may be concluded that 
the identification of critical speed with local supersonic 
velocity cannot be correct, 


Baylor's investigation on tho spiral flow (reference 3) 
indicates that there is a line in the flow field where the 
maximum velocity is reached and beyond which the flow cannot 
continue, Tollmien in a subsequent paper (reference 5) called 
such lines limiting lines, The velocity at the limiting Line 
is пеусг subsonic, However, the true characteristics of such 
limiting lines and their significance were not investigated 
by Tolimien at that time, Recently Ringleb (reference 6) ot-- 
tained another particular solution of isentropic irrotational 
flow in which the maximum velocity reached is approximately 
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twice the local sound velocity, For this flow also а limit— 
ing line appeared beyond which the flow cannot continue, 
Furthermore, he found the singular character of the limiting 
line, that is, infinite acceleration and infinite pressure 
gradient, Von Karman (reference 7, particularly pp. 381-356) 
demonstrated this fact for the goneral two-dimensional flow, 
Не а150 suggested that the limiting line is the envelope of 
the Mach waves (fig, 1) and thus can occur only in a super— 
sonic region, He also took its appearance as the criterion 
for breakdown of isentropic irrotational flow, This gencral 
two-dimensional theory was established later by both Ringleb 
(reference 8) and Tollmien (reference 9), Tollmien corrected 
some nistakes in Ringleb!s paper and, in addition, showed 
that: the flow definitely cannot continue beyond the limiting 
line, The later fact introduced a "forbidden region" in the 
flow bounded by the limiting lino, This physical absurdity 
can be avoided only by relaxing the condition of irrotation— 
ality, But, as stated previously, for non-viscous fluids, 
the t sition from a flow without vorticity to that with 
vorti y cen be accomplished only by shock waves, which at 
tho s time also cause an increase in the entropy, 


However, before it can be concluded that the appearance 
of a limiting line, or the envelope of Mach waves, is the 
general condition for breakdown of isentropic irrotational 
flow, it must be proved that the singular behavior of limit— 
ing lines is general and not limited to two-dimensional flow, 
This is the purpose of the present paper, First the property 
of limitiag line in axially symmetric flow will te investigated 
in detail, Thon the genoral three-dimensional problem will be 
sketched, These investigations confirm the results of Ringleb, 
Yon Karman, and Tollmien for these more gonoral cases, 


Therefore, by considering only the Steady flow of non= 
Xiscous fluids, the criterion for breakdown of isentropic 
irrotetional flow is the appearance of a limiting line, For 
the actual motion of a solid body, however, tho flow is neither 
steady nor non-viscous, Small disturbances always occur and 
almost all real fluids have appreciable viscosity, The snall 
disturbances in the flow introduee the question of stability, 
In other words, the solution found for isentropic irrotational 
flow may be unstable even before the appearance of the limit— 
ing linc, and tends to transform itself into a rotational flow 
involving shock waves at thc slightest disturbance, If this 
is the casc, the criterion concerns not the limiting line, but 
the stability limit, This problem has yet to be solved, 
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The effect of viscosity will be limited to the boundary 
layer if the pressure along the surface in the flow direction 
never inereasos too rapidly, Then outside the boundary layer 
the flow is isentropic and irrotational, If the gradient of 
pressure ic too large, the boundary layer will separate from 
the surface, However, at low velocitics such separation only 
widons the wake of the body and changes the pressure distri- 
tution over the body, But if the boundary layer separates 
at a point where the volocity outside the boundary layer is 
supersonic, additional effects may appear, Тһе flow outside 
the boundary layer in this case can be regarded approximately 
ns that of a solid body not of the original contour but of a 
new contour including the "dead water! region created by the 
separation, It is then immediately clear that the ideal 
isentropic irrotational flow around this new contour may have 
e limiting lino, Henco, the actual flow then must involve 
shock waves, In other words, tho separation of the boundary 
layer in the supersonic region may induce a shock wave and 
thus extené its influence far beyond the region of separation, 
Furthermore, the steep adverse pressure gradient across a 
shock wave may accentuate the separation, This interaction 
betwoen the separation and the shock wave is frequently où- 
served in experiments, 


The above considerations indicate the possibility of 
the breakdown of isentropic irrotational flow outside the 
boundary layer even before the appearance of the limiting 
line, Therefore, the Mach number of the undisturbed flow 
at which the limiting line appears may be celled the "upper 
critical Mach number," On the other hand, since shock waves 
enn occur only in supersonic flow, the Mech number of the un- 
disturbed flow at which the local velocity reaches tho volcoc— 
ity of sound плу bo called the "lower critical Mach numbor," 
The actual critical Mach number for the appearance of shock 
waves and the compressibility burble must lie between these 
two limits, By carefully designing the contour of the body 
to avoid the crowding together of Mech waves to form an anve- 
lope and to eliminate adverse pressure gradients along the 
surface of the body, the compressibility burble can be delayed, 


AXIALLY SYMMETRIC FLOW 


The solution of the exact differential equations for an 
axially symmotric isentropic irrotational flow was first given’ 
by Frankle (reference 10), Тһе method was developed independ— 
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ently by Ferrari (reference 11), Their method applies par— 
ticularly to the case of supersonic flow over a body of 
revolution with pointed nose, In this case, the flow at 

the nose can be approximated by the well-known solution 

for a cone, From this solution, the differential equation 
is solved step by step, using the net of characteristics 
which are real for supersonic velocities, Іп the following 
investigation, the chicf concern is not the solution of the 
partial differential equation but rather the occurrence and 
the properties of the limiting line in an isentropic irrota- 
tional flow, The general plan of attack is that of Tollmien 
(reference 9). However, here the calculation is based on 
the Logondre transformation of velocity potential instead of 
the stream function, 


If q is the magnitude of the velocity, а the corre— 
sponding velocity of sound assuming an isentropic process, 
p the pressure, and p the density of fluid, the Bernoulli 
equation rives 


= (1) 
e 
із (2) 
D. um 
= = (3) 


In these equations, the subscript o denotes quantities 
corresponding to q= 0, and Ү is the ratio of specific 
heats of the fluid, Let the axis of symmetry be the x-axis, 
the distance normal to x-axis be denoted by y, and the 
velocity components along these two directions be denoted 

by u and v, respectively (fig, 2), The xy plane is, 
therefore, а moridian plane, Then the kinematical relations 
of the flow are given by the vorticity equation 


тх - Uy 


(4) 

*Throughout this paper, partial derivatives are denoted 

һу subscripts, Thus v, = SY, uy = 9% 
Ox 
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and the continuity equation 


(ее в (ву) о (5) 
Ox Po oy Po 


Equations (1) to (5), together with the relation 4% 
specify the flow completely, 


To simplify the problem, a velocity potential defined 
аз follows is introduced? 


U= фу, T= Фу (6) 


Then equation (4) is identically satisfied and equation (5), 
together with equations (1) and (2), gives the equation for p. 


42 _ а BY ES Yeo 
Q- 3) хх 2%, + (1 e,*i- o 


a 


The characteristics of this differential equation, to be 
called the characteristics in the physical plane, ere given 
ty в (x, у) = 0, where g (x, y) 1з determined by the 
following equation 


2 ғ 
u 2 uv v 
(б = х) Ex? - 2 Тш bx by + e m х) sy? = 0 (8) 


It сап be easily seen from this equation that g is real 
only when q >a, Therefore, the eharacteristics are real 
only in supersonic regions of the flow, | 


The meaning of characteristics in the physical plane is 
immediately clear if one calculates the relation between the 
slope of a characteristic and the slope of e stream line in 
the meridian or x-y plane, By the definition of the function 
g(x,y), the value of g is zero, or constant, along а char- 
acteristic, Therefore, by writing a quantity evaluated at a 
certain constant value of a parameter with that parameter as 
a subscript, the slope of the characteristic in the physical 
plans is 
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Along a streamline, the stream function У defined by 
following equations is constants 


р р 
V = у 2 а V = ут (10) 
M Pos x Po 
Therefore, the slope of a streamline is 
ay) =х Gi) 
ax/y u 
Equations (8), (9), and (11) give 
as 
ifia à 
IR кыз EC tae} G2) 
" ЕГІ бх y dx, v 


1o 
as 


-і 
where 8 is the Mach angle given by B-sin 2, Therefore, 


equation (12) shows that the characteristics in the physical 
plane are inclined to the streamlines by an angle equal to 
the Mach angle, Such lines are the wave fronts of infinites— 
imal disturbances and are called Mach waves, In other words, 
characteristics in physical planes are the Mach waves in 

that plane, There are two families of Mach waves inclined 
symmetrically with respect to each streamline, 


If to each pair of values of u and v, there is ene 
pair of values of x, y, then x and y can bo considered 
as functions of u, v. In other words, instead of taking 
xand y as independent variables u, v сап be used as in- 
dependent veriables, The plane with u and v ав coordinates 
is called the "hodograph plane," An equation in the hodograph 
plane corresponding to equation (7) can be obtained by means 
01 Legendre'ts transformation, By writing 
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X= шх + зу - о (13) 


it is seen tast 


Then equation (7) can be written as 


u* xv 


2 
Y Y Е 
--- — - 20 15 
Ы Q z) Xun + Xy [eus Xu xs] ав) 


Тһе characteristics of equation (15) are given by f{u,v)=0 
where 7 із the solution of the following differential equa 


tion 
И х? x 2 uy у 
--- — --. if... 4 
{© a37 * X. ха) SU er Xv Xe) mY 
v? } 2 
= =) ж 2 = 0 16 
E < =) ху жуы ae 


Equation (16) shows that the characteristics in the hodograph 
plene depend upon the values of the derivatives of X which 
must be obtained from equation (15), In other words, the 
characteristics in the hodograph plane change with the flow 
end are not в constant set of curves as are those in two- 
dimensional problems, 


To ottain the relation between the characteristics in 
the physical plane and those in the hodograph plane, it is 
noticed that equation (9) can be rewritten as 


(ay), B (ax), =- E (17) 
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Then equation (8) is equivalent to 
uw? ay ve 2 
1-27 (а а (ах) + (1-2) (ах) 2-0 (18 
C d ng až Un. g ( zi) Қ ? 


However, in general, equation (14) gives the following 
relation between the differentials of x and y and those 
of u and vi 


ах = Xu du + Хау dv 
(19) 
ay = Xo. du + XL, dv 


By means of these relations, equation (18) сап be transformed 
into an qustion for (du) and (ат) , This transformed 


equation can be simplified by using equation (15), The final 
relation is 


2 2 
ба X 7 ХЭ - S) goa] (ns? 


E хам) m) (ат), ser E nan |+ А 
(20 


Therefore, if the first factor of equation (20) 4s not zero, 
the variations (ач), ала (àv), elong a characteristic іл 


physical plane must satisfy the relation 


{ 1-3 + a (au), 5. 2 Tis -2x ә) (an), Go, 


Y Xy 


v? т 2 2 
+ {G ae) T х, (av), = 0 (21) 
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This is the same relation for the variations (du), and 
(ат) along a characteristic in the hodograph plene es can 
be shen from equation (16) and the following relation ob- 
tained from the definition of f 


(ағ), : (au), == f? f. (225 


The transformed characteristics of the physical plane and 
the characteristics of the hodograph plane themselves satisfy 
then the same first order differential equation, Therefore, 
these two types of curves are the saue, In other words, the 
characteristies of the hodograph plane are the representation 
of Mach waves in the u-v plane, 


THE LIMITING LINE 


Equation (20) shows that if 


Хаң Ye 7 Xuy = O (2з) 


then ths transformed differential equation for the character- 
istics of the physical plano, Ог Mach waves, is satisficd, 
Therefore, if there is a line in the hodograph plane along 
which the values of the derivatives of % are such that 
equation (2%) is true, then this line when transferred to 
the physical plane will have its slope equal to that of one 
family of Mach waves, Such iines are called the Limiting 
hodograph in u-v plane and the limiting line in physical 
plane, Since Mach waves occur only in the supersonic regions 
1% іс then evident that the limiting line must appear in 
these regions, The significance of the adjective "limiting" 
will bo made clear ав other properties of such lines are 
investigated, 


flow the question arises: Oan the limiting hodograph 
te a characteristic in wv plane? Along a limiting hodo- 
graph, equation (23) gives 


@) Qo Хава зу” 2 Хау Хацу + Xnu Хату (24) 
ч 
1 


Xauv Хит — 2 Хау Хауу + Xuu Хут 
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where the subscript 1 denotes the value along а limiting 
hodograph, Now the general differential equation for X, 
equation (15), is true for the whole п-т planes thers 
fore; the equation is still true by differentiating it with 
respect to u and v, The results can be simplified by 
using equation (15) itself апа equation (23), Then at the 
limiting hodograph, 


2 г. 2 
1-75) х | Хана |1. way | *[G- 3) 
( 1) X. ve] uuu PC X. = Xuuv ( a 


i Xun | Xuvy = (91) Æ Хуу-2 Sy Хау% (%1) Æ Хат (25е) 
Xy АІ а” a a 


vy у fuv, v a? 
[2-5 х, | Ху 2 la x Xov | Xavy + а-%) 


+ Хаа | тте 6-1) Roe. а X уа (141) Б Xan (250) 
Xe d аё a? a? 


Equations (24), (25a), and (25b) are the only avsilcble 
equations involving no hizher derivative than the third, On 
the other hand, the slope of а characteristic in the holo- 
graph plane can be calculated? by equation (2: 


ee (ге) 
Ue f. 
This equation togethor with equation (16) gives 
[о-у х.) 
ГЕ aaj Xy “wtf Maus 


. # 
uy Y v ý у 
ap {ЖУ ma e + [t-5y 2 l0 (27) 
{= Xy 2 ue B a? Xy Хаш 
Therefore, if the limiting hodograph is а characteristic, then 
т) mast satisfy equation (27), However, a simple calcula 
1 


їч 
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tion shows that it is not even possible to obtain a relation 


between Е and other quantities not involving the third- 
V/A 
order derivatives of X, Hence, (az) does not satisfy 
д 


equation (27). In other words, the limiting hodograph is 

not a characteristic, Transferred to the physical plane, 

this means that the limiting line is not a Mach wave, But 

as shown in previous paragraphs, the limiting line is every- 
where tangent to one family of Mach waves, Consequently, the 
limiting line must be the envelope of a family of Mach waves, 
This property of the limiting line can be taken as its physical 
definition, 


LIMITING HODOGRAPH AND THE STREAMLINES 


At the limiting nodograph both equations (15) and (23) 
hold, Ву eliminating one of the second-order derivatives, 
say Ха, the following relation is obtained 


ау 92 _ 
аё а 
Gy, = —— —— би (28) 
u? 
l- = 
z 
a 


The sign before the radical in equation (28) can be either 
positive or negative, but not both, This relation will be 
used presently to show that the streamlines and one family 
of characteristics are tangent in the wv plane, 


From equation (10), the differential of the stream 
function can be calculated as 


ар = -y үах жу 0 а ау (29) 
Po Po 

In this equation, y can be replaced by X, according to 

equation (14) and the differentials dx and dy replaced 


by the differential du and dv according to equation (19), 
en 
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ар = Хх. (6 “Хал х) aus (- Y Xuvt Uu ЗІМ (30) 


Y Po 


Along a streamline, dU = O; therefore tho slopo of the stream- 
line in the hodograph plane is given by 


Gis 25 Xun Ч Xuv (31) 
= у Хоу + BX, 


At the limiting hodograph, equation (23) holds; therefore, 
equation (31) together, with equation (28) gives 


a) а — Bá (32) 


(8 ae бә) 1- ES 

du X 

Jya yv = К EE 

where the sign before the radical can be oither negativo or 


positive corresponding to the sign in oquation (28). 


On the other hand, the slope of the characteristics in 
the hodograph plane is 'acternined by equation (27), By 


solving for (8), and simplifying the result with the 


aid of equation (15), 


uv M / 42 
(=) DE кыо E (33) 


due 2 
e - 5) + 


The sign before the radical is either positive or negative 
corresponding to the two families of characteristics, By 
using the positive sign in conjunction with the positivo sign 
in equetion (28), and sinilarly for the negative sign, 


cam e > (з4) 
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Equations (32) and (34) show that the streamlines and one 
family of characteristics are tangent to each other at the 
limiting hodograph, This result is the same as that ob- 
tained for two-dimensional flow, (See references 7, 8, and 
9, These equations when compared with equation (12) for 
tho slope of Mach wavos in the physical plane yields the 
interesting result that the streamlines and one family of 
characteristics at tho limiting hodograph are perpendicular 
to the corresponding Mach waves at the limiting line, 


у 
ay) = 2 
GJ, m (35) 


Equation (22) gives the following equation which holds at 
the limiting hodograph 


Since 


2 P 
(өз) ла E бы, (2-25) уно Go 


This equation can be reduced to more familiar form by intro- 
ducing the polar coordinates in the wv plane: 


u= q соз 8, У = а зіп ө 


where 8 is the angle between the velocity vector-and  u-axis, 
Then equation (36) takes the form 


2 1 1 
(Yq) * % E ғ) (Wg) о (37) 


This can be regarded as the equivalent of equation (28) for 

defining the limiting hodograph, А similar relation exists 

for two-dimensional flow, (See references 7, 8, and 9,) 
Along a streamline, the ratio between (dv)y and 


(day is givon by equation (31), By substituting this 
ratio in equation (19), the differential Caxdy and 


(ауҙу along a streamline is given as 
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2 

34 Еп Xey 7 Хат ] 

(ay = zi 
-vy 


За) у 


жақ 


uv vv 


At the limiti line, equation (23) is satisfied, Then equa 
tion (38) shows that at the limiting line, the streamline has 
a singularity, Or, more plainly, (ах)у and (dy)y at these 


points are infinitesimals of higher order than (au)y ара 
(Ағур. By writing в for the distance measured along a 


streamline, equation (38) gives immediately 


x x 
RUM Ng ЕЛЕУ рур 
(ay = (39) 
ҚОШЕМЕТІ 
| Хам % uv | 
Similarly, 
"X -uX 
uu uv 
GM = (40) 


sty 2 
4 [x Xa. oum ] 
uu vv uv 


Therefore, at the limiting iine, the acceleration along в 
streamline is infinitely large, Furthermore, since the 
pressure gradient (Pedy along a streamline is 


adye a ag toes т бу 0m 


the pressure gradient at the limiting line is also infinitely 
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Such infinite acceleration and pressure gradient lead 
one to suspect that the fluid is thrown back at the limiting 
line, In other words, the streamlines are doubled back at 
this line of singularlty, To investigate whether this is 
true, the character of the relation Xu. Xy, — Xy, = 0 


along a streamline has to be detarmined, If the derivative 
of this oxpression along a streamline is not zero, thon 

Xou Ww ~ has only a simple zero at the intersection 

of the limiting line anà the streamline, Consequently, the 
differentiols (ах) у and (4у) у will change sign by passing 
through the limiting hodograph in wv plene along а stream 
line, Hence, the streamlines will double back and form a 
cusp at the limiting line, The dorivative of Ха Хуу “Xuv” 


along the streamline can be calculated with the eid of equa-~ 
tion (50) 


The expression on the right of equation (42) cannot be reduced 
to zero by the available relations, which consist ОҒ equation 

(23), equation (15), and differentiated forms of equation (15), 
Therefore, the expression concerned generally has only a sinple 
zero at the limiting hodogreph and the streamlines are deubled 
back at the limiting line, It will be shown later that there 

is no solution possible beyond the limiting line, Hence, the 

name limiting line, 


BEVELOPE OF CHARACTERISTICS ІШ ECDOGRAPE PLANE AND 


LINES OF CONSTANT VELOCITY IN PHYSICAL PLANE 


Since the limiting line is the envelope of tho Mach wavos 
in the physical plane, it is interosting to see whether there 
is also an envelopo for the characteristics in thé hodograph 
plane, The characteristics in the u-v plane are determined 
by equation (26), The envelope to them can de found by elim 
ду 


inating 
au 


үй between equation (26) and the following equation 
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{6 2 4)+ tye} E ВЕ. aoe = tw} о (43) 


which is obtained by equating to zero the partial derivative 
of equation (27) with respect to E) The result can be 
simplified by equation (15), and then it becomes simply 


в 2 2.2 202 
wer u^v uv (44) 


1------- + = 
2 


This is satisfied by either 
а= 0 (25) 


or 
v trv а а (46) 


Tho first condition, equation (45), when substituted into 
equation (26) gives 


т) u 
v aus (47) 
£,a=0 m 


which shows that the circle of maximum velocity correspond— 
ing to a = 0, is the envelope of the characteristics in hodo— 
graph plane, The second condition, oquation (46), is the 
spurious solution, since generally the characteristic at 

q= а is not a tangent to the circle q = a. Hence а = 0 

is the only envelope, 


The lines of constant velocity in the hodograph plane 
are simply circles, Therefore 


6%) .-3 (48) 


By means of this relation and equation (19), the slope of the 
lines of constant velocity is given as 


an УХ 9 Хуу 


== (49 
аха v Ху 9 Оу 29) 
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This equation together with equation (30) gives the folloving 


interesting relation 
x а) 
4 duy 
In other words, a line of constant velocity in the physical 


plane is perpendicular to the streamline in tho hodograph 
plane at the corresponding points, 


тна LOST SOLUTION 


Throughout the previous calculation, the possibility of 
using the Legendro transformation is assumed, This requires 
that for cach pair of values of u, v there is one and 
only one pair of values of x, y. However, it із not al- 
ways true, It is possible to have a number of points in 
the physical plane having the same value of u and v, If 
this is the case, then evidently it is impossible to solve 
for x «nd y from tho pair of functions u=u (х,у), 

у = у (х,у). Mathematically, the situation is expressed by 
saying that the Jacobian d(u,v)/e(x,y) vanishos in the 
physical plane, Or 


By Vy = Wy Vy = 0 (51) 


However, this is also the condition for a functional relation 
between u and v; for example, т can be expressed as a 
function of u, In other words, u and v are not independ- 
ent, Hence if a solution is "lost" or not included in the H 
family of solutions allowing Legendre transformation, then for 
that solution, 


v = v(u) (52) 
It is seen that equation (51) is then identically statisfied, 


By oliminating p from the continuity equation, there 
is obtained 


E 
u uy Y 
і- Үл, 22 (yy + vy) + Є ane 
( 5) Ж-ға» “ТУ. Ж а 
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This equation can be rewritten in the following form by usin 
equation (52) 


2 
ng ёз а [e-z п-т. о (в) 
a? du a au a2 f 


The vorticity equation, equation (4),can be expressed as 


From equations (54) and (55), it is possible to solve for 
u ant u The result is 


x ve 
a? uy dv 72 av\? Š Y 
e sis е. шш 
- 2 
КЕЗБЕ jE SEE --24% (56) 
| а2/ a? au d y du 


By differentiating the first of equation (56) with respoct 
to y, the second with respect to x, the following rels- 
tion is obtained by subtraction: 


ms (57) 


Therefore 


Eu (ва) 
du y 
or 
_ f(y) -х 
àv 
du 


where f(y) is an undetermined function of у. However, 
equation (65) shows that for lines 207 constant values of u 


whore du = uy (dx), + uy (dy), = 0, 
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=) ae 25 = constant (59) 
х u %), 


Hence, lines of constant values of u апі v are straight 
lines, This restriction reduces the function f(y) in 
equation (58) to a numerical constant, Put fly)=E, equa- 
tion (58) is then 


(50) 


Therefore lines of constant value of u and v are radial 
lines passing through tho point x = К, Thus the lost solu 
tion is nothing but the well-known solution for the flow 
Over a conical surface, 


Prom equation (59), it is seen that lines of constant 
y ore perpendicular to the tangont of the ч-т curva 
corresponding points, By substituting the value of 


7 from cquation (67) into equation (56a), a relation betwoen 


У 
u and v із obttaineds 
а 
x аа y? 25 ағу, 2 BY ay - 6-1) - о (61) 
u^ 


the differential equation for determining the hodozraph 
y ting the flow over a cone, Figure 3 shows the hodograph 
for в cono of 30° semivertex angle and with a velocity at the 
surface of cone equal to 0,35 c, The maximum velocity is c- 
that is, the value of q corresponding to ағ 0, Figure 5 

is drawn from data given by Taylor and Maccoll (reference 12), 


It may well be mentioned here that the lost solution for 
the axially symmetric flow is not limited to supersonic veloc- 
ity as is the case for two-dimensional flow, In fact, Taylor 
and Maccoll show that for small forward velocity of the cone, 
supersonic velocities occur only just after the heed shock 
wave, The velocity decreases as the surface of the cono is 
appronched, Finally, it becomes subsonic for points near the 
surface of the cone, Figure 4 shows a few examples taken fron 
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their calculations (reference 12), The dotted curves in ihe 
figure are tho Mach waves, The dotted straight lines are 

the boundaries between the supersonic and the subsonic regions, 
Furthermore, spark photographs of a conical shell in actual 
flight taken by Maccoll (reference 13) do not indicate the 
presence of shock waves in regions of flow where such transi- 
tion from supersonic to subsonic velocities is expected, 
Therefore, at least for this particular type of flow, a 

snooth transition through sonic velocity actually takes 

place, 


CONTINUATION OF SOLUTION BEYOND TEZ LIMITING LINE 


Since it is shown in а previous paragraph that the 
streamlines are generally turned back at the limiting line, 
the question arises: Is it possible to continue the solution 
beyond the limiting line? Of course, there are two ways of 
continuing the solution: The new solution is joined either 
smoothly to the given solution at the limiting line or with 
a discontinuity, Аз shown before, the limiting line is the 
envelope of one family of the Mach waves, Then at every 
point of this line its direction differs from that of the 
streamline by an angle equal to the Mach angle, But the 
Mach angle is not zero except at points where the velocity 
of fluid has reached the maximum velocity and the ratio 


В = 0, Therefore, the limiting line zencrally docs not 


4 

coincide with the streamline, and the discontinuity at the 
junction of the solution at the limiting line cannot bo that 
of a vortex sheet, The only other type of discontinuity is 
the shock wave, However, the angle betwoen the limiting line 
and the flow direction is equal to the Mach angle, Then ac- 
cording to the result of the theory of shock waves, the dis- 
continuity across suoh a line vanishes, In other words, 
there cannot be a discontinuity at the limiting iine, There 
fore, it is impossible to join a new solution at the limit- 
ing line with a discontinuity, 


As to the second possibility of joining a new solution 
smoothly at the limiting line, it is seen that the flow beyond 
the limiting line must be irrotational and isentropic since 
the limiting line cannot be a shock wave, There are only two 
types of isentropic irrotational flow; namely, one that allows 
the Legendre transformation, and one that does not, the "lost 
solution," Investigate the second alternative first, If the 
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solution beyond the limiting line belongs to the so-called 
lost solution, then since the junction at tho limiting line 
must be smooth, the values of м and v at the limiting 

line must also satisfy equation (61), But the slope 


E) at the limiting line is given by equation (24), The 
usi 


аё 
second derivative С), will then involve the fourth 
u 


order derivatives of X, Besides these expressions, the 
available relations are equations (15), (23), (25а), (25b), 
and three more equations obtained by differentiating equations 
(25) with respect to а and v, However, it is still impos- 


gible for E) to satisfy an equation like equation (61) 


where no derivative of X appears, Hence, the limiting 
hodograph does not satisfy the equation for the lost solu- 
tion, In other words, the lost solution cannot be used to 
continue the flow beyond the limiting line, 


The only remaining possibility is to continue the flow 
smoothly by another solution obtainable by a Legendre trans 
formation, Smooth continuation means that the values of u, 
v, and p must be the same at the junction, the limiting 
line, Since shock waves do not appear, isentropic relations 
still hold, The density p ts determined by velocity only, 
The value of м and v are determined by the coordinates 
in the hodograph plane, The position of the limiting line 
in the physical plane is determined by Ха, Ху. Therefore, 
the problem can be stated as follows: At a certain given 
curve u(A), v(A) іп the hodograph plane, the limiting 
hodograph, the values of Xu, Xy, are given; A is the 


parameter along the given curve, It is required to deter- 
mine a new solution of the differential equation (equation 
(15)) with these initial values, First of all, it is seen 
that with the given data, the left-hand sides of the follow- 
ing equations are given? 


à М du dy 

d OQ) = Ха ах Ху aX (522) 
à _ du àv 

FN OS) “Хы ах vy ах (62b) 
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Therefore 


Б x 6х | = (63a) 


a 

ат) av 4 | du a ] zy 
-4(— == (х) к (X) — 2b 
Xun [ ах хуу ах ах y dady 1 5 (esp) 


By substituting those values into equation (15), the second— 
degree terms reduce to 


? fav a du а 1 ên” 
AEE ох He 
Xan 5 7 Ху [5 аа ovo алал М UY: H 


+ [= еу (64) 


which is linear in Хоу, Therefore Хоу can be uniquely 


determined by equation (15), In other words, with the given 
fata, the second order derivatives of X at the given curve 
u(A), v(A) сап be determined uniquely, in spite of the fact 
that the differential equation (15) is of second degree, 
Friedrichs and Lewy (reference 13) have shown that under 
these circumstances, tho function X within a region R 
(fis, 5) bounded by two characteristics and the given curve 
is uniquely determined except for an additional constant, 
Consequently there can be only one solution corresponding to 
the given data at the limiting hodograph, However, this solu 
tion is the very one which gives the reverse flow at limiting 
line, Therefore, it is impossible to continue the solution 
beyond the limiting line even by a Legendre transformation, 


Since all three alternatives fail to offer a way of con— 
tinuing the solution, the limiting line is truly an ішроввізі 
boundary to cross, In other words, the region beyond the 
linitiag line is a forbidden region, This physical absurdity 
can be resolved only by the breakdown of isentropic irrota- 
tional flow, 
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GENERAL TEREE-DIMENSIONAL FLOW 


The methods used in previous sections for investigating 
tho axially symmetric flow can be easily extended to the 
general three-dimensional case, In the present section, this 
investigation will be sketched briefly and the results indi-~ 
cated, 


Let the three components of velocity along the three 
coordinate axes х, у, and z de denoted by u, v, and 
w, respectively, Then by introducing a velocity potential 
ф defined by 


u= Фу, v= Фу меф, (es) 


the differential equation for q of an isentropic irrotationa 
flow can be written as (reference 7) 


Ы б. % Фуу Е Paz) т 


8 E 
Ж yyt" Фаз + ®ҮМФ „+ BHU, + 21% ху (66) 


1f, for every triad of u, v, w, there is only one triad 
of X, у, 7, then the Legendre transformation can be 
used, Thus 


X = ux + vy + we ф (е?) 


ап& 


Ж I Xy =, Xyz (63) 


The differential equation for о, equation (66), is then 
transformed into D 


a? EX CA- 6* + anc u^ |o u? (no. F?) + v? (64-07) 
к К 2 (69) 
жи” (AE— H^) + 2vw (GH- АР) + 2wu (EF— 30) + zuv (36-08) 
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where the following notations are used 


Ae Xau’ TE С X ut FX. T. EX. (70) 


By analogy with the axially symmetric case, the linit- 
ing hodograph surface is defined as the surface in the u, 
У, w space, ог hodograph space, where the following rela- 
tion holds: 


дне 
ды HE B F = 0 (71) 
e ғ б 


The properties of this limiting hodograph and tho correspond- 
ing limiting surface can be found by considering the behavior 
of streamlines and characteristics at such surfaces, 


From equation (68) the differentials of x 
can be written as 


» У, and z 


dx = А du + H dv + G dw (72a) 
dy = H du + B dv + F dw (720) 
dz = G du Р àv + бан (72c) 


Along a streanline, the differentials dx, dy, and dz must 
be proportional to u, v, and w, respectively, Thus the 
equation of a streamline in physical space is 


(ах) (ay) (àz) 
D. IU T 


where the subscript indicates values taken along the 
streamline, The equation of a streamline in hodograph space 
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is obtained by eliminating dx, dy, and dz from equation 
(73) by equation (72), The result is 

( dv dw 

(ач), ( ly 2 ( dy 


(74) 


au + iv + Zw hu + bv + fw gu + fv + cw 


where a is the co-factor of A in the determinant à of 
equation (71), b the co-factor of В, and so forth, Egua- 
tion (74) can be used, in turn, to eliminate two of the three 


differentials du, dv, and dw in the right of equation 
(72). The result is 
(ax), == SA du — (75а) 
au + іе + 
(ау) vA dv (755) 
DUST ior ai OPE Хай 75 
У Ru bv + fw 
wA dw 
(az) 7 = { 75°) 


eu + fv + ew 


At the limiting surface, A = 0 


as defined by equation (71); 
therefore the streamlinee have 


a singularity there, Similar 


to the axially symmetric flow, 
turned back and form a cusp at 
tion and the pressure gradient 
large at such places, 


The characteristic surface 


the streamlines generally are 
this surface, The accelera- 
are, of course, infinitely 


e(x,y,z) = 0 in physical 


space is determined by the equation 


2 2 2 2 
a БЕ + ғу + En ] = 


82 84 vee Ra weg 8 ү, 
uže v гу +w £z * ығы 2wug.g.* 2uve.by 
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Since this equation is а secondwdegree equation, there are 
two families of surfaces passing through each point, These 
surfaces are the wave fronts of infinitesimal disturbances 
in the flow and can be called the Mach surfaces, The char~ 
acteristic surface flu, v, и) = 0 іп the hodograph space 
is determined by the equation 


a [oos * (ora), ? * (азу, 2- ағ Тї 20 f of. 2H 5,5, 


2 


а 2 ә 2 2 
u [° fy +h fy =F сы, |+ v E fy ЗАТ, - 26 f, al 


+ 


2 2 2 
v [> fy tA f, — 2H tss | + 2vw E fyfyt 0 faf. 


Е 2 
-r:á-ag, “1% awe Е EAEE E E э оз #—-вҺ t^s] 


a 
+ fuv fe РЕЯ, НС, i (77) 


Зу transforming equation (76) for Mach surfaces to hodograph 
space, it can bo shown that the transformed equation is 
satisfied either by the characteristics in hodograph space 
determined by equation (77) or by the limiting hodograph 
determined by equation (71). Therefore, here again the 
limiting surface is the envelope of a family of Mach surfaces, 


By using equations (74) and (77), it is possible to show 
thet the streamlines in the hodograph space are tangent to 
the characteristic surfaces at the limiting hodograph,  Fur— 
thermore, by using equations (69), (71), and (74), the ine 
clination of the streamlines at the limiting hodograph can 
te calculated, In fact, if (às)? = (ач)? (av)? + (àw)*, 


q = u? + v? + w, the following relation is obtained 


deg q a 
— e m or айы (78) 
à 
( Vy 4 a a 


This relation is really equivalent to equation (32), In 
other words, at the limiting hodograph, the inclination of 
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M LINE 


MACH WAVES 


7” SUPERSONIC 
REGION 


SUBSONIC 


REGION LIMITING LINE 


(ENVELOPE OF WAVES Q) 


Figure 1.- Limiting line as the 
envelope of Mach waves. 


Y= CONSTANT 
—=- | 


Figure 2.- Stream line and velccity 
| components in an axially 


| symmetric flow. 
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Figure 3.- Hodograph of the flow over a cone of 30° half vertex angle 
and a 0.350, 


aurface velocity q enual to 
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k-10 50-04. 


Figure 4.- Flow over cones of various vertex angles involving 


subsonic regions. @в = half vertex angle, ug = 
velocity over the surface of cone. 
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LOSS IN COMPRESSOR OR TURBINE DUE TO 
TWISTED BLADES 


HSUE-SHEN 


ТЕК 


Due to various design considerations, the gas stream leaving the 
guide wheel of an axial compressor or a hirbine is sometimes made 
to have a twist along the radius of the wheel. The resulting non- 
uniform force, distribution over the length of the rotating blades 
causes an induced velocity af the blade. The resulting loss can be 
calculated by a simple application of hydrodynamics. ‘The anthor 
first develops the gencral theory and then examples are given fo 
illustrate the use of the method. 


Problem 


The gas in the rotating wheel of an axial compressor or a turbine is 
subject to centrifugal forces, If there is no radial pressure gradient to 
counteract this centrifugal force field, a radial flow will take place. 
Similarly the rotation of the flow after the moving blades will cause 
a flow along the radial direction unless a radial pressure gradient is 
present to prevent it. Such lateral or radial fow has a detrimental effect 
on the boundary layers over the blades and may cause premature separa- 
tien of the boundary layers with the accompanied bad results on the 
performance of the machine. "Го avoid these consequences, a twist is 
sometimes given to the moving blades or to the flow leaving the guide 
blades so that in case of a compressor the angle of attack of the rotating 
blades near the tip is larger than that near the root. This will make 
the lift force at the tip larger than that at the root of the blade. The 
result is a larger pressure rise across the rotating wheel at the tip than 
at the root, The pressure gradient so obtained will prevent the radial 
flow and thus insure a more satisfactory eperation of the machine. 

However, such expediency is not without a slight loss in the efficiency 
of the blading. The magnitude of velocity in the twisted flow behind 
the guide blades is approximately constant along the length of the blade, 
since the total twist is usually only a few degrees. "The circulation, being 
the quotient obtained by dividing the lift per unit length of the blade 
by the product of density and velocity of the stream, increases towards 
the tip. This change in circulation will cause the “shedding” of vortices 


* Gugenheim Aeronautical Laboratory California Institute of Technology. 
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along the blade in the same manner as the shedding- of vortices in an 
airplane wing. These vortices trail along the flow direction behind 
the blades and cause an induced velocity at the blade. "This induced 
velocity will rotate the flow around the blade and change the effective 
local angle of attack of the blade section. The change in effective 
angle of attack has two consequenses: First, the actual lift cannot be 
calculated directly from the geometrical angle of attack. Furthermore, 
the resultant change in the direction of action of the lift force of the 
blades will decrease the pressure rise across the blading. Both effects 
have to be considered fori the proper design of the guide blades and 
rotating blades. The present paper із ап attempt to calculate these effects 
by means of the well-known principles of hydrodynamics. 


The Voriex System and the Induced Velocity 


"To make the discussion more definite, the following analysis is carried 
out with the axial compressor in mind, although the same procedure can 
be used for the turbine blading. As shown in Fig 1, which represents 
the development of a cylindrical section of a compressor stage composed 


GUIDE BLADES 


AAA 


—— y 


ROTATING BLADES 


Fig. 1. Compressor Stage 


of a row of guide blades and a row of rotating blades, the blade sections 
are airfoil sections of small camber. Fig 2 shows the velocity diagrams 
for the guide blades and the rotating blades. It is seen that by using 
the modern airfoil sections, the change in direction of flow in passing 
through the blade is quite small. Therefore, the trailing vortices can 
be considered as lying in the direction of the flow before the blade lattice. 
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In other words, the trailing vortices of the guide blades are considered 
as following the direction of Uo, the inlet velocity to the guide blades. 
To treat the rotating Майев in this case, one has to investigate the prob- 
lem of blade lattice in a twisted flow. However, as an approximation 
the problem can be analyzed as that of twisted blades in a uniform 
velocity. In other words, the effect of twisting the flow and the effect 
of twisting the blades are approximately equivalent, With this simpli- 
fication, both the guide blades and the rotating blades can be treated 
as a twisted blade lattice in the uniform flow with trailing vortices in 
the inflow direction. 


Fig. 2. Velocity Diagram of a Compressor Stage 
Us = Inlet velocity to the Guide Blades, Absolute; 
Or, Outlet velocity from the Rotating Blades, Absolute 
U, = Outlet velocity from the Guide Blades, Absolute 
Vo = Outlet velocity from the Guide Blades; Relative; 
Or, inlet velocity to the Rotating Blades, Relative 
У, = Outlet velocity from the Rotating Blades, Relative 
w = Circumferential velocity of the Rotating Blades 


In an axial compressor or a turbine, the height of the blades is usually 
very small in comparison with the diameter of the wheel. Therefore 
the spacing of the blades can be considered as uniform from root to tip. 
Hence, the problem on hand is finally reduced to that of a parallel blade 
lattice of length / between two walls (Fig 3). One wall represents 
the surface of the hub. Another wall represents the casing of the 
machine. As in the usual wing theory of airplane, the blade will be 
replaced by a vortex of variable strength T. Now, it is well-known 
that the vortex between two walls can he calculated as an infinitely 
long vortex without walls, but with the additional condition of image 
symmetry, Let the positions of the walls be y = 0 and y =/ (Fig +). 
Then the image symmetry requires 


that Гб) = Г(—у) 
апа И) а) 
It is easily verified that Eq (1) is satisfied by putting 

42 


‘Loss Due to Twisted Blades Н. S. Tsien 


= 
го) = Ха, cos Ë D D 


where a, is the Fourier coefficient of the circulation distribution. 


LOCAL FLOW 
DIRECTION 


— 


Fig. 3. Airfoil Lattice representing Compressor Blades 


The rate of decrease of circulation in the y-direction is — dT /dy. 
Therefore, between у and у + dy, the amount of vortex shed off is 
(—4dr/dy)dy. This is the strength of the trailing vortex at у. The 
direction of the trailing vortex is, according to the simplifving assumption 
that of the inflow velocity U or the x-axis. The induced velocity at a 
point у’ due to the trailing vortices on the x-y plane is then!; 


(3) 
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However, there are other vortices above and below the y-axis repre- 
senting other blades in the lattice. Let the spacing or gap of the blades 
be b and the stagger be ћ. The stagger is considered as positive if the 
upper blades are ahead of the lower blades, as shown in Fig 4. The 


Fig, 4. Vortex System representing Compressor Blades 


induced velocity at apoint у’ due to trailing vortices shed by the vortex 
at x = h, Z = b is then 


1 * aT 1 h 
- 1 
af. Есті Шаты аа рды 


This velocity is in a direction perpendicular to the line joining x = 0, 
y=y,Z=Oand x = 0, y = y, = b and lies in the у-2 plane. 


+ 
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The vertical component of this velocity is directed downward and is 
equal to 


Df 4Г_ у-у В 
2 НЕЕ ЛЕРИНЕ PEE 
af dy girs УИ} ё e 


Similarly, the downward vertical component of the induced velocity due 
to the trailing vortices from the blade at x = -h, Z = -b is 


1? dT" y-y Е В К 
af Bole ЕЕ © 


By adding Eqs (5) and (6), the vertical component of the induced 
velocity due to the pair of blades is 


A f? аг 2(-») 
nj. d 6-345? 0 


For the calculation of the change in angle of attack due to induced 
velocity, one needs only to consider the vertical component of the 
induced velocity. “Гһеп as shown in Eq (7), there is no effect due 
to stagger. 


There are blades at Z = + 25, + 3b, + 4b,.... Therefore, 
the total induced downwash at x = 0, y = у, = 015 


ni у агр 2 у= у , 
FEE. dy art Lge ean” % 


т- 


The downwash at other blades is, of course, the same as that at y-axis. 
By using the formula 


х 


к= 1+2 Ў 
cot] aw lc Y rgo 


Eq (8) can be re-written as 


у 1 4С oth 
о 0) = ау ch 9 dy (9) 


This is the general equation for the downwash due to an infinite 
lattice of airfoils of gap b. 
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The General Blade Equation 


By substituting Eq (2) into Eq (9), w(y') can be expressed 
as 


s) = бака? 


беп 


Р 
where о, (у) = 27 :/ sin t eoh tO 99 vy qp 
2a 


Eq (11) can be greatly simplified by introducing the new variable 
$5 =у- у. 
Then 


ЖЕ А 
However, due to the fact that cos 775 is an even function of Ẹ 


while coth ZË is an odd function of & 


" 
ГА cos Т S coth S ae = 0 
s 


Hence, 
tty б) = P os т ii (12) 
where 
hag f Lot Ë coth TÈ ag 
-zf E ETE (13) 
This integral is not difficult to evaluate. The result is* 
1, = $ coh т? ao 


* See Appendix. 
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Therefore Eq (12) can be re-written as 


" 
Wa (у) = pun coth an cos TE (15) 
By combining Eqs (10) and (15), the induced downwash due to 
trailing vortices is then 
Е 


fm e. р лт пту 
w (у) TE пан coth map y (16) 


Of course, the vortices paralle: to y-axis оп the "bound" vortices also 
give an induced velocity at y-axis where the typical blade is located. 
However, such induced velocity also exists in two-dimensional flow 
without trailing vortices and is considered in calculating the two-dimen- 
sional or section characteristics of an airfoil lattice. Therefore in 
accordance with the usual wing theory, the induced downwash angle is 
taken as w/U with w calculated from trailing vortices only. The 
effect of the bound is incorporated into the section characteristic of 
the lattice. 

If Ө is the local geometrical angle of attack of the airfoil, 1. е.) angle 
between the zero lift direction of the airfoil and the direction of U, 
then the effect local angle of attack is @-w/U. Let k be the slope of 
the lift coefficient for the two-dimensional flow over a lattice of the 
same profile and the same gap and stagger. Then the local lift 
coefficient of the blade is & (@ -w/U). The lift per unit length of 
blade is then 

w 


P 
АСЕ 


where o is the density of the fluid and c is the chord or width of the 
blade. This quantity must be equal to 2 U Г. Hence, the general 
blade equation is 


By == уз Brb А АЈ 
50 afe Tee та, coth jr 9 } 


co 
=a UL a, cos 7.2 an 
7 Я 


T 


Let c, be che mean chord, then Eq (17) can be put into non-dimen- 
sional form by introducing а, defined by 


ъ= 0 (18) 
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Тһе resultant general blade equation is then 


£o 


id ] 
ког 0) {ө — FS nay coth А cos ч} 
S 


= E an cos > 
9 


This equation determines the relation between the geometrical proper- 
ties of the blade and its aerodynamic behavior. It can be used to 
calculate the geometrical angle at attack ® when the lift distribution 
is given, or to calculate the lift distribution from given ©. Since for 
constant gap and stagger the life slope Ё is a function of chord с, both 
Ф and c/c, are variables along the blade. Тп order to justify the use 
of two-dimensional section properties of the lattice, the rate of change of 
Ł and c along the blade should be small. This condition is fortunately 
satisfied for the practical cases where the chord of the blades is approxi- 
mately constant. 


Application Т 


As an example for the application the results obtained in the 
previous sections, take the case of constant chord and linearly 
increasing lift from root to tip of the blade. Thus c/c, = 1, and 


LE c 2 £o nab пту 
ө = ео ta n coth H ILI 77 0 
However, since the lift coefficient с is defined as the lift per unit 
length or р U Г divided by ; ә U? c,, Eqs (2) and (18) give 
E] 
a= Y an cos 272 (21) 
° 
Eq (20) can be written аз 
шац TOS пт пту A 
9-;+ 8l Den con ay Фа COS —7 (22) 


1f the value of c at the root is с and that at the tip is c; then at 
any point у, the lift coefficient is expressed as 


аза) + (а а) (23) 


By substituting Eq (23) into Еа (21), the values of as can be 
easly determined as 
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ES Che АР en 
„=й for n even QU 
ы» ae = а, for n odd 


Therefore Eq (22) gives the geometrical angle of attack Ө as 


h 

1% e ON ney 

— 3237 (n — а) У ——— cos = 
2-14 tae т i 


% 2-1 яту 
e Cen = а) { Slee ЕЗ 
Tei Aag 


= (o us - 
+; z Q5) 
iss 


But the first infinite series сап be summed, 1.6., 


Then the final form for the geometrical angle of attack is given by 


1 ер 
( 6 9 [ Fle (30) 


œ coth ue - : 
4X ——RÓ  — ws t TI ] (26) 
Ке " И 


The series іп Eq (26) is rapidly convergent and can be calculated 
without any difficulty. It represents the effect of the lattice, because 
the value of the series vanishes when the gap 0 approaches infinity. 
The result of calculation for the case of 1/b = 3 is shown in Fig 5, 
where the additional twist necessary to obtain the linearly increasing 
lift distribution is plotted against y//, the distance along the blade. 
At points near the root and the tip, the additional twist becomes very 
large. This is in contradiction to the simplifying assumptions made 
and the result is only quantitative at those regions. 

The “induced drag” or the component of the lift force in the direc- 
tion of the inflow velocity U for the blade from y to y + dy is (Fig. 3): 
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теуге 


Let D be the total induced drag of one blade, then by using Eqs (2), 
(16) and (18) 


серле ГЕ. 0724 narb ney 
р= $0 eif E an cos HHE D сив "7," cos "24у 


Ua eS nat coth "ТВ 
^il п a! cot (27) 
1 


20 “ТУГ 


5 


2.6 
f-9) 


тл 
a 


-H 


Fig. 5. Additional Twist due to Trailing Vortices for Linear Lift Distribution, }/b = 3 
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For the case under consideration, а/8 are given by Eq (24). 
Therefore 


coth int 
2 yr, 116 uy 
D = 5U gayi (а-а 2 P 


nmo 
о coth — t Цо 


af суба — а)? LT 
=fur.($) <2 1 1.05180 + 5 — 14 


The energy loss associated with this drag is DU. The total kinetic 
energy in the inflow streams between two blades is QU bl. U*/2. 
The ratio е of loss due to trailing vortices and the inflow kinetic 
energy is thus 


© mE - il 

ау t 2 

ge o (aa = 5 Ф| 05180 +3 A | 
51 Im at 


Тһе series is again rapidly convergent. It can be seen from Eq (19) 
that the loss due to trailing vortices is quite small as ¢ is limited to 
values less than unity for airfoil blade sections. 


Application П 


In the previous section, the problem of calculating the geometrical 
angle of attack Ө from given lift distribution is considered. “The inverse 
problem of finding the lift distribution from given ® will be now 
investigated. As before, k and с are assumed to be constants, and is 
taken as linearly increasing from ©, at the root to @ at the tip. Then 


9-9,-(6.- 907 (30) 


The first step to solve this problem is to expand Ө into a Fourier 
series, Thus 


© 
Ө = У, 4 соз UA GU 
о 
where 6, = 81 ө. 
“.-0 for п even (32) 


for 2 odd 
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(31) and (32) into Eq (19), the lift coefficient 
‚ The result is 


By substituting Е 


Hea (33) 


135 ( + Б kon coth т i) 
The series converges rapidly and can be easily calculated. 


The fraction = of the kinetic energy lost to the trailing vortices 
is obtained by using Eq (27). The value is given by: 


t c (Өз — 99* ә, SN (34) 


: өне 
d Т ison [1+ Fh ба coth 25? 


Since £9 is of the order of lift coefficient, the magnitude of loss is there- 
fore again quite small. Hence, the method of twisting the blade is a 
very efficient device to avoid the radial flow in the axial compressor 
or turbine. 


Appendix 


The integral /, of Eq (13) can be evaluated in the following way 
о 
=} 7 sin (om zar 
um 


Е 
However coth? -1--2У ег?" This series 
1 


is uniformly convergent except at thé lower limit of the integral. 
Hence it can be substituted into the integrand and the integral 
evaluated term hy term, provided the resultant series is convergent. 
Thus 


Dp f° fub mo? fnb N m 
hoa [ [ (Fuar | Ше; a] 


nb 
= 
х MESS 
ay 1 +25 
ЕС ттар» 
2i 
52 


H. $. Tsien 


Loss Due to Twisted Blades 


= C+ pon #7 


The constant C is not determined due to the first integral in the 


above equation. However, when 5 -> œ, 7, = C +1 But then 


ІҢ 
Lm n= dm у / Ж E 
b baa 0 * 


2, 
Therefore, С = 0. 
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LIFTING-LINE THEORY FOR A WING IN NON-UNIFORM FLOW* 
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California Institute of Technology 


1. Introduction. Prandtl's theory of the lifting line gave the answer to most of the 
questions in the aerodynamic design of airplane wings. Thus the three-dimensional 
wing theory became a standard tool of airplane designers. One restriction involved 
in the conventional wing theory is the uniformity of the undisturbed flow in which 
the wing is placed. Now there are many important cases which do not satisfy this 
condition. For instance, in the case of a wing spanning an open jet wind tunncl, the 
velocity of the air stream has a maximum at the center of the jet and drops to zero 
outside of the jet. Another example is the problem of the influence of the propeller 
slip-stream on the characteristics of the wing. Here the higher velocity of the propeller 
slip-stream makes the application of the Prandtl wing theory difficult. Such cases led 
several authors to investigate the problem of a wing in non-uniform flow. Some in- 
vestigators found a satisfactory solution of the problem for the case of “stepwise” 
velocity distribution. In this case the flow in regions of uniform velocity can be deter- 
mined by using Prandtl's concepts with additional continuity conditions at the bound- 
агісв between such regions. On the other hand, the problem of a continuously varying 
velocity ficld scems to need an appropriate treatment. K. Bausch! has tried to modify 
the Prandtl theory for the case of small inhomogeneity in the air stream; however, 
besides the restriction of slight deviation from uniform flow, his method encounters a 
further difficulty in estimating the error introduced by the approximations. The 
seriousness of this difficulty becomes evident when one tries to compare the results of 
Bausch with that of F. Vandrey.? Vandrey considers the problem with variable 
velocity as the limiting case of a wing in a stepwise velocity field, and his result seems 
to differ from that of Bausch. Recently В. P. Isaacs? has investigated the same prob- 
lem, but the authors have not yet had the opportunity to study his work, 

It seems to the authors that a general and more satisfactory solution for the flow 
of a wing in a non-uniform stream can be obtained by studying the three-dimensional 
problem anew in this generalized case, introducing the modifications of Prandtl's 
fundamental concepts. The first fundamental concept is the following: the span of 


* Received September 27, 1944. 

1K. Bausch, Aufiriebsverteilung und daraus abgeleitete Grössen für Tragflugel in schwach inhomogenen 
Strömungen, Luftfahrdorschung, 16, 129-134 (1939). 

? F, Vandrey, Beitrag sur Theorie des Trogflügels in schwach inkomogener Porallelstromung, Zeit- 
schrift Г. angew. Math. и. Mech. 20, 148-152 (1940). 

IR. P. Isaacs, Airfoil theory for, flows of variable velocity, abstract in Bulletin of the American 
Mathematical Society, 50, 186 (1944). 


306 


2 TH. v. KARMAN AND H. S. TSIEN [Vol 114, No. 1 


the wing is sufficiently large compared with the chord so that the variation of the 
velocities in the spanwise direction is small when compared with the variation of the 
velocities in a plane normal to the span; then the flow at each sectional plane per- 
pendicular to the span can be considered as a two-dimensional flow around an airfoil. 
The only additional feature for the flow in this sectional plane is the modification of 
the geometrical angle of attack, as defined by the undisturbed flow, on account of the 
so-called induced velocity. The second fundamental concept of Prandtl is the replace- 
ment of the wing by a lifting line having the same distribution of lifting forces along 
the span as the wing. This concept, 
2 with the additional assumption that 
the disturbance caused by the lifting 
line is small, ie, that the wing is 
lightly loaded, makes the calculation 
of theinduced velocity relatively sim- 
ple. In this paper the authors will 
study the flow around a lightly loaded 
lifting line placed in a parallel stream 
whose velocity is perpendicular to the 
span (Fig. 1) and is assumed to vary 
in both directions normal to the flow. 
Due to the rather complicated char- 
acter of the flow, the usual concept of 
the picturesque system of trailing 
vortices encountered in Prandu's 
wing theory is not very useful here. 
A method, which is mathematically 
Fic, 1. Lifting line in a non-uniform flow. more convenient, has to be adopted. 
This method has already been used 
by the senior author‘ in explaining the similarity between Prandtl's wing theory and 
the theory of planning surfaces. After the general theory is formulated, the problem 
of minimum induced drag will be considered. Finally a general expression for calculat- 
ing the induced drag of a wing in a stream of varying velocity will be presented. 

Of course, the complete solution of the problem of a wing in a non-uniform stream 
requires a knowledge of the “section characteristic" or the two-dimensional properties 
of the airfoil sections of the wing. If the velocity of the main stream is varying only 
in the direction of the span, the required section characteristics are those of an airfoil 
in a two-dimensional uniform flow, and are common knowledge in applied aerodynam- 
ics. However, if the velocity of the main stream is also varying in a direction perpen- 
dicular to the span and to the velocity itself, the required section characteristics are 
those of an airfoil in a two-dimensional non-uniform flow. Such flow problems have not 
yet been studied extensivcly.* 

2. General theory of a lifting line. Let the x-axis be parallel to the direction of 
the main flow, the y-axis coincide with the lifting line and the z-axis be normal to the 


* Th. von Kármán, Neue Darstellung der Tragflugeltheorie, Zeitschrift f. апкем. Math. и. Mech. 15, 
56-61 (1935). 
5 H. S. Tsien, Symmetrical Joukowsky airfoils in shear flow, Quart. Appl, Math. 1, 130-148 (1943) 
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lifting line (Fig. 1). If р is the pressure, p the density, and v, vs, va the components of 
the velocity, the dynamical equations for the steady motion of an inviscid, incompres- 
sible fluid without external forces are 


ön 0m дщ 1 ap 

wp ddgt pde ee ba а) 
as әу ди р ox 
дм Әт | дь 1 ap 

ш Ч 00 и = > — > 2 
TIL TD HS о) 
ane 2 19 

ана 3 
de ay az р ёг 


The equation of continuity is 


ðv дә до 
Еф 0, (5 
ӧх ду z 
Equations (1) to (4) constitute a system of four simultaneous equations for the four 
unknowns 21, ve, v; and р. 
For the particular problem of a lightly loaded lifting line, the velocity components 
can be expressed in the following forms: 


n= 0+, (5); n= 


А (6); 8 = ш. e 


Here и, v, w are the velocity components due to the presence of the lifting line and U 
is the main stream velocity assumed to be a function of y and z but independent of x. 
Since the lifting line is assumed to be lightly loaded, u, v and w are small compared 
with the main velocity U. By substituting Eqs. (5) to (7) into the dynamical equa- 
tions and neglecting higher order terms, a set of linear equations for а, v and w is 
obtained. Thus 


au oU au 1 ap 
SU poy OU Шар (8) 
ах ду E" р ox 
ðv 18 ðw 1 ð 
pel 9); т. (0) 
ӛз р ay әх р д: 
Then the equation of continuity becomes 
ди дт ow 
ео. (11) 
ay. ae 


If Eqs. (8), (9) and (10) are differentiated with respect to x, y and z respectively and 
the results added, the sum can be simplified by using Eq. (11) and can, finally, be 


written in the form 
1 ap afi a afi ap 
неси а 
U? às 5OyNU! ау)" ONU? az, 


This is now an equation for the pressure р only and can be used conveniently as the 
starting point of the solution. If the pressure of the undisturbed main flow is chosen 
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as the reference pressure and set equal to zero, one of the boundary conditions to be 
satisfied by p is 


ф= 0, for | |, or | ә. (13) 


The condition at the lifting line, or y-axis, is that the lifting force is represented by a 
suction force on the “upper surface” of the lifting line and a pressure force of equal 
magnitude on the “lower surface” (Fig. 2). Hence the pressure p must satisfy the 
following expressions 


p Гм- = Щу), fo z=+0, (14) 


and 


Јело tor e 


—0 (5 


where Ку) is the lift per unit length of the 
lifting line at the point y. Furthermore, on 
account of the symmetry of the flow, 


p=0 for 220, |«і>« (16) 


To solve Eq. (12) together with the 
boundary conditions given by Eqs. (13) to 
(16), the Fourier integral theorem can be 
used to build up the solution of the problem 
from the elementary solutions of Eq. (12) 


Fic. 2. Representation of lift as pressure forces ОҒ the form 
acting on the two “surfaces” of the lifting line. P(y, 2, №) cos dx, 


The equation to be satisficd by P is 


ә(1 ӘР afi ӘР 
ЕСЕ irs 5 Z)-we -0. an 
To determine P uniquely, it is convenient to impose the following conditions 
P=0, for 15| ә ә, [s] œ, (18) 
P= — НО). for z= +0, (19) 
Р= НО) fo s=-0. (20) 


The required solution for р can then be written as 
vns 
pon f cos xP(y, z, Х)д\. Qn 
т), 


By substituting Eq. (21) into Eqs. (9) and (10), the “induced velocities” v and w 
are obtained; 
1 ре вілХх д 


1 
= Sees = Р 22 
v(x, y, z) = 20, у, 2) Moe das мы ЭУ (у, =, NOD, Q2) 
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1 f* sindx д 
w(x, y, 2) = w0, yz) — — — -- Ply, г, Ха. (23) 
pU rdo А д 


Because the integrals are odd functions of x, the following relations hold for velocities 
far ahead of the lifting line and far behind the lifting line: 


MC, +, у, 2)] = $0,» 2), #[ш(— m у, з) + (оо, у, 2)] = (0, у, 9. 


However, it is evident that the induced velocities far ahead of the lifting lines must 
Ље zero. Hence 


0, у, z) = iC. 2. (24); w( y, 0 = wle, 5,3). 09 


The induced velocities v and w at the lifting line are then one-half of those far down- 
stream. This is in accordance with the usual wing theory based upon the concept of 
trailing vortices. 

One meets an apparent difficulty if the x component of the induced velocity is cal- 
culated; integration of Eq. (8) with respect to x furnishes the x-component of the 
induced velocity: 

1 1 90 рғ 1 90 (= 


“----)----- Белек қалан 


vd шах. (26) 
pU U ау). U à: JL. 


Since р tends to zero, v and w tend to finite quantities as x tends to infinity, and и in- 
creases indefinitely as x tends to infinity. This is in contradiction to the assumption 
of small disturbances introduced at the beginning of the present investigation. How- 
ever, it is believed that this difficulty does not prevent the application of the theory to 
practical cases, since the apparent large value of the 4 component is due to the dis- 
tortion of the variable main stream by the induced cross flow and the infinite value 
for x is due to the linearization of the differential equations. Some further re- 
marks on this point are given in Section 4. 

3. Conditions far downstream. For the application of the lifting-line theory to the 
wing problem, the quantity of primary interest is the z component of the induced 
velocity at the lifting line. The simple relations given by Eqs. (24) and (25) suggest 
a possible simplification of the calculation by considering conditions far downstream, 
or the “Trefftz plane" according to the terminology of the conventional wing theory. 
To abbreviate the notation, we let 


то = 00, у, 2), wo = ш(0, у, 2), \ 


27 
n=, ya) w = wl, у, 2). en 


"Then, according to (24) and (25), vo = їо, wo = wi. Therefore, Eqs. (22) апа (23) give 


1 1 f? зам д 

n= = — lim — — Ply, в, Уф, 
pU re t do ^ ay 
1 2 p° sindx д 

w = — — lim — — Ply, 2, Xd. 
. pU rardo A дь 


Let us consider P(y, 2, №) as a regular function of A; then 
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ӘР 
Р») = Pon +e] +. 


By using the variable 1 2Xx, the expressions for v; and ил can be rewritten, 


X 2 * sint д 1 [ӘР 
п tim f LES ( ) + Je 
pU з= тоо i ду € NON Ао 


1 2 ә sinl ð 1 (ӘР 
m= = lin f [роо + ( ) toje 
Bary do) вах 


At the limit, only the first terms of the integrands are significant, and furthermore 


2 f° sint 
E -- —— dit = 1, 
ado t 
Hence 
i 2 ps0, 08) L 2 ny, 2,0). . 09) 
= BU 9) (y, 2, 0), ; w = Жз у, в, 0). . 


Equations (28) and (29) simplify the problem of calculating the induced velocities 
at the Trefftz plane considerably. In fact, by introducing a “potential function” ф de- 
fined by the relation 


$0.2 = — Ply, 2, 0), (30) 


the problem can be formuiated as follows: the differential equation to be satisfied 
by ф can be deduced from Eq. (17) by setting А —0; thus 


9/1 дф (2 &) 
—(— +)+—(— —)=-0 (31 
2i» uv. 0° az en 


The boundary conditions to be satisfied by $ are 


%-9 for |y|— ә, |2|->%, (32) 
$ = (9/2 fo z= +0, (33) 
Ф--Қу/2 for z= —0. (34) 
Then 
1 do 1 аф 
AAA 35); -——. 36 
uc (35); m= A (36) 


By substituting Eqs. (35) and (36) into Eq. (31), one has 


ð fm 8 (2) 

—(—}4+—(—)=0 (37) 

ду % ) UU 
This equation has a very simple physical meaning. Since v; and ил are considered to 
be small quantities, the ratios 91/0 and w./U are the angles of inclination, В and 7, 
of the stream lines with respect to the zx and xy planes. Consider parallel planes 


perpendicular to the x-axis and dx apart (Fig. 3). If the width of the stream tube 
at the section x is ô, then at the section «+dx, the width of the stream tube is 
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5, [1--dx 98/85]. If the height of the stream tube at the section x is ô, then at the 
section «-+dx, the height of the stream tube is &,[1--dx 9y/8z]. The total increase in 
the cross-sectional area of the stream tube from x to x--dx is then approximately 


Fic, 3, Stream tube far downstream from the lifting line. 


ЭВ ay 
AE — + — }d. 
а (Z+ 24 е 


Now at the Trefftz plane, the flow field сап be considered as settled into a uniform 
condition; 1.е., the pressure is constant in the x-direction. Hence, the velocity of the 
flow along any stream tube is constant. Then the cross-sectional area of the stream 


tube must be also constant. Therefore, 
98 дү 
Әу dz 


which is simply Eq. (37). From this point of view, Eq. (37) is really the equation of 
continuity, simplified under the conditions prevailing at the Trefftz plane. 
On the other hand, ф can be eliminated from Eqs. (35) and (36). The result is 


ð ð 

— (Un) — — (Uw) = 0. (38) 

д ay 

This equation can be considered as the modified vorticity equation. It actually holds 

for all values of x under the approximation assumed in the present investigation. This 

can be seen in the following way: since U is a function of y and z but independent of x, 

Eqs. (9) and (10) can be written in the form 

8 1 9, ә 1 д, 

т=- 2 P 


m в ду ӛз р as. 


By differentiating the first equation with respect to z and the second equation with 
respect to y and then subtracting, the result is 
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а 
(ly – — ww] =0. 
ду 
Thus 
9 а 
— (Uv) — — (Uw) = a function of y and s. 
ae ay 


But for points far upstream, ог for х = — ©, в and w vanish; therefore the function 
of y and z on the right of above equation must be identically zero. Hence for all 
values of x, 


Ê u 22 (и ) = 0 39) 
ENS ge ыы ( 


Jt should be noted here that Eqs. (37), (38) and (39) are obtained without any 
reference to the lifting line and hence they are true for more general cass. However, 
the complete determination of vı and « requires a knowledge of the relation between 
the induced velocities and the lift on the wing. This relation depends upon the type 
of lift distribution. For the particular case of a lifting line, this relation is supplied 
by Eqs. (33) and (34). 

Equation (37) can be identically satisfied by introducing the "stream function" 


y defined by 
nsU, w--U—- (40) 


Then Eq. (38) gives the differential equation for y: 


2 (o). 2(u®) - o di 
ay\ 85/ as\ дг 


Both Eq. (31) and Eq. (41) reduce to the Laplace equation for the conventional wing 
theory when U is a constant. 

4. Minimum induced drag. The induced downwash angle at the lifting line is 
equal to 100/17 or 211/0, according to Eq. (25). Therefore, Eq. (36) gives the down- 
wash angle at the lifting line as |1/220%(9%/дг).-о, and the induced drag D; can then 
be expressed as 


1 1 /ӛф 1 % 9ф 
Ban -e»-9)—(—) а= | - Sa. az 
һ--% f bo. +9 - 06. - 0) x. sez, rat Ч® 


The first integral is evaluated across the span of the lifting line. The second integral 
is calculated along a contour following the upper and lower “surface” of the horizontal 
strip shown in Fig. 4. Since 60 for points far from the lifting line, the contour in- 
tegral can be transformed into an area integral by Green's theorem, and 


1 ay дё ue чу . 
= дуй. 43 
2; 5/7 s) a. 0%) 9% e 


This integral extends throughout the region outside of the lifting line. Since ¢ satisfies 
the differential equation (31), Eq. (43) reduces to 
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«SLAG 9) en 


Therefore, the induced drag is represented by the kinetic energy corresponding to the 
velocity components v; and wi at the Trefftz plane. It is seen that the и component 
of the velocity does not appear in the expression for the induced drag. This is due to 
the fact that the increase of и with increasing x does not represent a real acceleration 


PROJECTION OF LIFTING LINE 
ОМ TREFFTZ PLANE 


Ею. 4. Contour integration in the Trefftz plane. 


of a fluid element in the x direction. Rather, it is due to the fact that the cross flow 
transports fluid elements from regions of lower main velocity to regions of higher 
main velocity and vice versa. This is in accordance with the modified continuity 
equation (37) which clearly indicates that the cross section of the individual stream 
tubes has a definite limiting value for x— ©, and therefore the velocity component 
in the direction of the stream tube tends to a finite value. 

The problem of minimum induced drag requires the determination of the mini- 
mum of D; as given by Eq. (44) together with the condition that the total lift 7, 
remains fixed, Thus 


L- f^ = fle Ф(у, + 0) — фу, — 0) |4, --/ж = constant. (45) 


By using the method of Lagrange's multiplier, the above problem can be reduced to 
that of finding the minimum of D;+K/pL, where К is a constant. Hence, 


z j 
8D; + — ôL = 0. (46) 
p 
The variation of the induced drag can be obtained from Eq. (44), 
1 à 1 дф 1 дб 
E eie INIM LL 
р U ay U ау 0 ә: U às 


However, ф must satisfy the differential equation (31) ; thus 


SIE CE: усы JE 
= в = 
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òL = - f ess, 
с 


By substituting these results into Eq. (46), the condition of minimum induced drag 


is obtained in the form 
E Yeu = 0. 47 
AAT к) не en 


The variation of ёф on the lifting line is arbitrary; therefore the minimum induced 
drag is given by the condition that the induced downwash angle must be constant 
along the span. If the main strcam velocity U is constant, the above condition is 
reduced to the requirement of constant downwash. This is in agreement with the 
well-known result of Prandtl's wing theory. 

5. Flow with velocity varying in the direction of span only. If the stream velocity 
varies only in the y direction, i.e., in the direction of the wing span, the calculation 
of induced velocity and induced drag can be simplified with the aid of characteristic 
functions connected with the differential equation for the potential function ф. In this 
case Eq. (31) becomes 


On the other hand, 


dU 
ә ә dy à 

VR NL MB ушу LT (48) 
ay әр 0 әу 


To satisfy the boundary condition given by Eq. (32), $ is expressed by the following 
integral 


96,2 = f oe mox (49) 
в 
for s>0, f(A) is an unknown function to be determined, For 2<0, 


oly, 2) = — oy, — 2). (50) 


By substituting Eq. (49) into Eq. (48), the differential equation for У»(у) is ob- 
tained, 


au 
азу, Чу ар, 
Bg OE аар 0; (61) 
dy? U dy 


This equation will determine Y,(y) uniquely if proper normalizing and boundary con- 
ditions are imposed. 
At the span, the condition (33) must be satisfied. Thus 


Ky) Ы 
== Í INTOA. (52) 


This relation can be considered as the equation for determining f(A) with the given 
lift distribution Ку). For example, in the case of constant stream velocity U or 
Prandtl's case, Y,(y) is a trigonometric function and therefore f(A) can be deter- 
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mined easily by means of Fourier's inversion theorem. Equation (50) shows that with 
Ж so determined, the condition (34) will be automatically satisfied. 

The downwash velocity w at the wing can then be easily calculated by using 
Eqs. (25), (36) and (49). The result is 


ТИЕ 
woo т f, DAYS 63 


The induced drag D; is given by 


* „0 
D=- | к» “©. hg 


‘Therefore, in terms of (у), the following general expression for the induced drag 
is obtained: 


и Я 
в.- | " froma frons (53) 


Thus the problem of calculating the induced drag with a given distribution of lift 
Ку) is reduced to the problem of solving the integral equation (52) for А) and then 
evaluating the integral given by Eq. (54). 

If the chord c, the geometrical angle of attack æ and the slope & of the lift coeffi- 
cient are given instead of the lift distribution /(y), then 


„© 

1O) = зла fa + uo . (55) 

Thus Eq. (52) is replaced by the following equation 
1 * 
totter da - f мотоа) = f ху)», 

200° Jo D 

or 
* k 
ілдім = f ( + e) JO9Y 45. (56) 
в 


This is now the integral equation for f(A). When f(A) is determined, the induced drag 
D; can be again calculated by using Eq. (54). 
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California Institute of Technology 


INTRODUCTION 


був SPECTACULAR RESULTS achieved by the use of 
atomic bombs toward the end of World War II 
have greatly stimulated the interest in the possibilities 
of atomic energy in other fields of engineering applica- 
tions, The very fact that the energy release by nuclear 
reactions is approximately a million times that of the 
more conventional chemical reactions seems to stagger 
one'simagination. Although there are wide differences 
in opinion as to the time required to develop this branch 
of new-found knowledge to practical power-piant engi- 
neering, there is no diversity in the belief that a new 
era of technological evolution has begun. To keep 
abreast with the expected rapid advancement in this 
field, the engineers rhould have a clear understanding 
of the fundamental concepts involved as advocated by 
von Kármán in a recent article.t 
The aeronautical engineers have a further interest in 
the matter due to the belief that the aeronautical power 


plant will probably be the first prime mover to utilize _ 


the atomic energy. This belief is based upor. the 
following fact: For stationary power plants, © cri- 
terion for economic operation is the cost to produce one 
kilowatt-hour and thus the cost of thé fuel, be it chemi- 
eal or atomic, is of prime importance instead of the 
weight of the fuel. For automotive applications and 
-especially aeronautical applications, the weight of the 
fuel is extremely important. In case of the projected 
‘supersonic flight at extreme speeds, it seems that only 
‘the use of atomic energy will make such flight economi- 
cally feasible by reducing the fuel load and increasing 
the pay load. 

‘This article is a digest of the basic concepts in this 
branch of knowledge as an introductory study of this 
mew field, The enormous energy release of nuclear 
reaction is explained through the binding energy of the 
atomic nuclei, with the energy generation in the stars 
and the atomic bombs as typical examples. Frequent 
«omparison between molecular reaction and nuclear 
reaction will be made to guide the exploration of an un- 
familiar land. 


Тнв Eyuivaence ОР ENERGY AND Mass 


The astonishing amount of energy released by the 
nuclear reactions can be easily understood through the 
still greater energy potential in the atom itself repre- 
sented by its mass. Therefore, one of the fundamental 
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concepts of the atomic energy is the coucept of the 
equivalence of energy and mass. This concept was 
first announced ‘by Einstein as a conclusion of his 
special theory of relativity. ‘This theory deals with the 
comparison of measurements made by observers who 
are assumed to be in unaccelerated relative motion and 
in а region of space and time where the action of gravi- 
tation can be neglected. The basis of the theory can be 
conveniently regarded as the two following fundamental 
postulates:? 

(a) It is impossible to measure or detect the nn- 
accelerated translatory motion of a system through free 
space or through any ether-like medium that might be 

. assumed to pervade it. 

(b) The velocity of light in free space is the same for 

all observers, independent of the relative velocitv of the 
. source of light and the observers. 

The first postulate is derived from the failure to de- 
tect the ether drift of the motion of the earth through 
‘the space, and the second postulate can be derived from 
both astronomical evidences and laboratory experi- 
ments, Therefore, although Einstein's theory is often 
disseminated by popular science writers as an abstruse 
mathematical theory, it really is solidly founded on 
observational facts, In this sense, the relativity theory 
is just as empirical as a stress-strain curve drawn 
through test points obtained on a steel specimen. 

‘The first postulate of special relativity is already con- 
tained in the Newtonian dynamics and can be accepted 
as part of everyday experience. The second postulate, 
although familiar in wave theory of light, is somewhat 
beyond the daily experience. In fact, опе would gen- 
erally expect the velocity of propagation and the 
velocity of the source to be additive. The combination 
of these two postulates of widely different natures 
would certainly lead to entirely new results. This 
expectation is, of course, fully substantiated. One of 
the results of deduction is that, if the mass of a particle 
is mo at rest, then its mass m at velocity V is 


т = m/ VI — (0/0) а) 


where c is the constant velocity of light. Since the 
velocity of light is about a million times the velocity of 
sound at ordinary conditions, for all velocities realized 
in the terrestrial macroscopic world the mass m is 
practically the rest mass m. The kinetic energy calcu- 
lated by the relativity theory is 


Е = (m - т) e 


т 
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For small velocities—i.e., V «& c—the preceding equa- 
tion reduces to the familiar form E = Узи. 

This close relationship between energy and mass, as 
well as other evidences, prompted Einstein to take а 
revolutionary step. He says that there is no difference 
between energy aud mass. One is just a form of the 
other. They are closely associated with each other. 
The energy E associated with any mass mt is Е = me? 
Any energy E has a mass m = E/c? associated with it. 
In other words, a complete equivalence of energy and 
mass is achieved here. The old concept of separate 
conservation of energy and mass is thus merged into 
one single concept of conservation of "energy-mass." 

Since the velocity of light is generally given as 
approximately 3 X 104 cm. per sec., 1 Ib, of mass is 
equivalent to 


T 1 \ Y X 109, 

Q “= (8) 19 X (3.280)* 
= 3.86 X 10" ВАЛ. 
= 1.130 X 10? kwh. 


(8) 


The problem is then how to transform the mass into 
energy or how to release the energy intrinsically 
bounded with the mass. 


Атомтс STRUCTURE 


‘The problem is similar to that of releasing the chemi- 
cal energy, intrinsically bounded with a mixture of 
hydrogen and oxygen. Until a device for igniting this 
gaseous mixture is discovered, the chemical reaction, 
although known to be possible, cannot be started and no 
chemical energy of this mixture will be released. Thus, 
the central problems of converting mass into energy are 
first to discover the type of reactions which can perform 
this mass-energy transformation and then to find the 
means of “igniting” or starting such reactions. The 
only known reactions that will transform mass into 
energy are nuclear reaction or the reactions with the 
atomic nuclei as the participants. Before entering into 
the discussion of the nuclear reaction, it is thus profit- 
able to study the structure of atoms first. 

The atom is composed of the central core or the 
nucleus and the outer collection of electrons, The 
mass of the atom is mostly concentrated in the nucleus. 
The electrons are extremely light. The mass of an 
electron at rest is 9.035 X 10-3 g., and in the physi- 
cal atomic weight* scale it is 0.000549. The total mass 
of the electrons is only several thousatidths that of the 
nucleus. The charge of the nucleus is positive and that 
of the electrons is negative. For a normal atom the 
positive charge of the nucleus is just equal to the nega- 
tive charge of the electrons and thus gives a neutral 
atom. 

* [n thc physical atomic weight scale, the atomic weight of 
Он, or the oxygen atom with 8 protons and 8 neutrons, is cx- 
‘actly 16. Because of a slight amount of heavier atots in natural 
oxygen, the usual atomic weight scale or the chemical atomic 
weight scale is slightly larger (by about 1 part in 4,000). 
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Таша 1 
Electronic Quantum States 
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Tio. 1. Energy levels of electronic quantum states. 3d 
states are first occupied by the iron transition elements. 4d 
ites are first occupied by the palladium transition elements. 
54 states are first occupied by the platinum transition elements. 
ФИ states are first occupied by the rare earth elements. 


The electrons are arranged in "shells" around the 
nucleus. Га terms of atomic scales there is an enormous. 
distance between the nucleus and the first shell. This 
is indicated by the fact that the diameter of the nucleus 
is less than */,o00 of the diameter of the atom. The 
shells are named as К, L, М, №, O, P,Q. The states of 
motion the electron might occupy are designated by 
three-positional or orbitual quantum numbers and а 
"nonelassical" spin quantum number. For each orbit- 
ual quantum number there are two spin quantum num- 
bers, These quantum numbers, together with the 
energy of the corresponding states of motion, can be 
determined either experimentally by measuring the 
spectrum of the element or theoretically by calculation 
with the rules of quantum mechanics assuming Cou- 
Tomb forces between the electrons and the nucleus. In 
fact, the excellent agreement between the theory and 
the experiment is one of the major triumphs of modern 
physics. It is also found that no two electrons can 
occupy a state with the same four quantum numbers, 
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according to the "Pauli exclusion principle.” The 
orbitual states are listed in Table 1. The number in 
the parentheses is the number of orbitual states. Since 
there are two spin numbers with each orbitual state, 
the number of electron positions is twice the number 
shown in the parentheses. 

With increasing atomic weight, the nucleus gets 
heavier, and the charge of the nucleus is increased with 
increase in the number of electrons attached to it. In 
other words, the shells of electrons gradually fll up. 
‘The states or "positions" with the lowest. potential is 
filled up first.. ‘The potential ladder is shown in Fig. 1. 
Hydrogen uses one of the 15 electron positions. Helium 
uses both of the 15 electron positions and completes the 
K shell. Hence, helium shows little tendency to draw 
electrons of other atoms to form chemical compounds 
and is an inert gas. Neon completes the L shell and be- 
comes ап inert gas. Now, the chemical property of 
the atom is mainly determined by the outmost shell. 
Since the Fe, Pd, Pt, transition elements, and the rare 
earth elements are made by filling up the inner shells 
with 3d, 4d, 5d, and 4f positions, respectively, and with- 
out changing the outer shell, their respective similarity 
in chemical property is expected Бог the same rea- 
son, the similarity between the elements U, Np,* Pu,* 
indicate that they may be the elements-made by filling 
up the 57 positions in the О shell with the two electrons 
in the Q shell unchanged, These elements then might 
constitute the beginning of a new series similar to the 
rare earth elements. 

‘The nucleus is now generally considered as composed 
of neutrons and protons. They have about the equal 
mass, with the neutron being slightly heavier, and are 
approximately 1,840 times heavier than electrons. In 
the physical atomic weight scale, a neutron is 1.00898 
and a proton is 1.00757. Similar to the electron, their 
states are determined by the orbitual numbers and the 
two spin numbers. Since only the proton has a imit 
positive charge, the number of protons in the nucleus 
must'be equal to the number of electrons. This number 
ig the atomic number Z. Hydrogen has the atomic 
number 1 and uranium 92. The total number of 
neutrons and protons in the nucleus is the mass number 
А. Thus N = A — Z is the number of neutrons in the 
mudeus. Since the mass oi neutrons or protons is 
approximately unity in the scale of atomic weight, A is 
also roughly the atomic weight. ‘therefore, the nu- 
cleus of the hydrogen is a proton. The nucleus of 
deuterium is deuteron, or a proton and a neutron, The 
nucleus of helium is usually сей the a-particle and is 
composed of two neutrons and two protons, Elements 
with equal number 2 are caled “isotopes.” Thus, 
hydrogen and deuterium are isotopes. Similarly, the 
uranium isotopes 17-235 and U-238 are composed of 92 
protons and 133 and 136 neutrons, respectively. 

* Np and Pu stand for neptunium and plutonium, two new 
elements beyond uranium with 93 aud 94 electrons, respectively 
{atomic numbers 93 and 04). 
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The neutrons and protons in the nucleus are not a 
loose assemblage but are tightly bound together. In 
fact, their bounds are much stronger than the bounds 
between the nucleus and the electrons in the outer 
shells, For instance, while it takes only 13.53 volts to 
remove the electron irom the hydrogen atom—ie., а 
binding energy of 13.53 ev.t—the binding-energy be- 
tween a proton and a neutron is approximately 2.15 X 
10 ev. The average binding energy per particle for 
heavier elements is even higher, being approximately 
8.5 X 10%еу. Тһе ratio for these two types of bounds 
is thus roughly 10%. The ordinary chemical energy re- 
leased by molecular reactions is linked with the rcar- 
rangement of electrons in the molecules. For instance, 
the electrons in hydrogen molecules and'in oxygen 
molecules are bound to the hydrogen nuclei and the 
oxygen nuclei, respectively. By rearranging the elec- 
trons so that they are bound to both the hydrogen 
nucleus and the oxygen nucleus at the same time, water 
molecules are formed. The closer binding between the 
electrons and the nuclei in the water molecule corre- 
sponds to the chemical energy released during the com- 
bustion of hydrogen with oxygen. Therefore, if 
nuclear reaction involving' rearrangements of the 
particles in nuclear structure is realized, then the associ- 
ated energy released must be of the order of the nuclear 
binding energy—i.e., approximately a million times that 
of chemical or molecular reaction. This difference in 
the order of magnitude between the nuclear reactions 
and the molecular reactions is basic and will occur fre- 
quently in the subsequent discussions. 


Мосівав REACTIONS 


‘The nuclear reactions known up until 1939 are reac- 
tions produced by the bombardment of the atoms with 
various kinds of projectiles, such as a-particle, proton, 
neutron, and deuteron. The result of this hombard- 
ment is either absorption of the bombarding particle 
with emission of short wavelength electromagnetic 
waves or yray, or disintegration of the atom with 
emission of other particles. The reactions can be 
classified as in Table 2. For instance, in 1932 J. D. 
Cockeroft and E. Т. 8. Walton of Rutherford’s labora- 
tory, bombarded a target of lithium with protons of 700 
kv. energy and found that a-particles were ejected from 
the target as a result of the bombardment. ‘The 
nuclear reaction that occurred can be written sym- 
bolically as 


aLi +H! > „Не + Het ч) 


where the subscript represents tae atomic number Z 
and the superscript the mass number А. Ina chemical 
equation, the number of atoms of any element entering 
into the reaction must be equal to the number of atoms 


fev. is the abbreviation for electron-volt—i.e,, the energy 
spent in moving а unit electron charge through a potential of L 
volt, lev. 445 X 107? kwh- 
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of that element in the product, In a nuclear reaction 
as shown in Eq. (4), the number of the nuclear particles, 
protons, and neutrons must be the same on both sides. 
Thus the suni of subseripts is four and the sum of super- 
scripts eight on each side. 

Neither mass nor energy has been included in this 
equation. In general, the sum of the masses of the 
incident proton and the lithium atom will not be pre- 
cisely the same as the sum of the masses of the a- 
particles produced, According to Einstein's law of 
Conservation of energy-mass, the sums of mass and 
energy taken together should be the same before and 
after the reaction. The masses were known from mass 
spectra, On the left (Li? + H?) they totaled 8.0241; 
оп the sight (ӘН ез), 8,0056, so that 0.0185 unit of mass 
lad disappeared in the reaction. The experimentally 
determined energies of the a-particles were approxi- 
mately 8.5 Mev." each, a figure compared to which the 
kinetic energy of the incident proton could be neglected. 
Thus, 0.0185 units of mass are 3.07 X 107? g. or 
17.2 Mev. according to Eitstein's equation. Therefore 
the. experimental results have completely proved Ein- 
stein’s mass energy equivalence. 

As stated, the protons for the lithium reaction are 
accelerated by 700 kv. or have 0.7 Mev. energy рег 
particle. Such an amount of kinetic energy gives the 
proton an appreciable probability of penetrating into a 
lithium nucleus and causing a reaction. However, out 
of a million accelerated protons there still is ouly one 
that will make a successful hit; the others will be 
slowed down by collisions with atoms without producing 
the desired reaction, and their kinetic energy will be 
lost by transforming into heat. Thus 0.7 X 10* Mev. 
energy is required to accelerate a million protons to 
produce one reaction giving 17 Mev. energy. Hence, 
40,000 times more energy is spent than recovered. It 
is obviously impracticable to use this nuclear process to 
produce energy. ‘The situation could be compared to 
that of a hypothetical molecular reaction where an in- 
efficient igniting device has to be used for every pair. of 
molecules. Then the chemical reaction, even if it were 
ап energetic one, cannot be practically utilized for 
energy production. 

The is a special class of nuclear resctious which docs 
mot involve incident particles. This means that the 
nuclei automatically disintegrate with the emission of 
particles. This phenomenon is called the radioactivity 
and is discovered actually earlier than the usual nuclear 
reactions described above. The emitted particles could 
be the o-particles, the protons, the electroas, and the 
positrons, positive electrons, as shown in Table 2. 
‘The emission of electrons and positrons are found, how- 
ever, to give continuous spectra of the kinetic energy of 
the emitted particles, while the energy states of the 
nuclei are found to be discrete. This is in contradiction 
to the law of conservation energy-mass, which is 
1 Mev. is one million electron-volts ос 10' ev. and is equiva- 
lent to 445 X 10-8 kwh. 
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Таша 2 
Types of Nuclear Reaction 
Incident ^— Emitted 
Particle Particle 2 Becomes А Becomes 
a Proton 2+1 2+3 
Р а Neutron — 2+2 43 
3 Proton. ipt 2+1 441 
Е i Proton. a 2-1 4-3 
Е Proton Neutron Z+1 A 
E Proton | Deuteron 2 4-1 
H Н Deuteron Proton 2 AT 
8% Deuteron Neutron 2+1 4+1 
i a Deuteran а 2-1 2-2 
Neutron fees 2 А+! 
Neutron Proton 2-1 4 
Neutron. a 2-2 A-3 
М = 2-2 4-4 
4 H Proton 2-1 4-1 
ii Electron 2+1 4 
Positron 2-1 4 
observed to hold in all other cases. To preserve this 


law, a neutral particle with spin but of practically zero 
mass called neutrino is assumed by W. Pauli The 
neutrino is, so far, not directly detected. However, 
because of the assumed existence of neutrinos, part of 
the energy could be transferred to them, and the con- 
tinuous spectra of electron energy in radioactivity is ex- 
plained. The kinetic energy of the neutrinos is “lost” 
because it cannot be detected. 


NUCLEAR SrRUCTURE—BINDING ENERGY 


An entirely new type of nuclear reactions is the 
breaking up of a heavy nucleus into two approximately 
equal fragments, This is called the nuclear fission 
reaction. It was discovered by L. Meitner, O. Hahn, 
and F. Strassmann toward the end of 1938. To under- 
stand the reaction one must look into the structure of 
the nucleus in more detail. 

In studying nuclear structure one is, however, faced 
with the difficulty of not knowing the character of the 
forces between the nuclear particles. The desired in- 
formation must be deduced fiom the scanty experi- 
mental data. First, by plotting the atomic number 2 
against the mass number A for all known elements, 
there is an obvious relation between these two quanti- 
ties, This relation is, of course, not precise because of 
the variations by isotopes. For instance, with the 
same atomic number 1 for hydrogen and deuterium, 
the mass numbers are 1 and 2, respectively. However, 
for light elements, the value of A is approximately 
twice that of Z. This is exactly true for ,C', у, 
407, еіс. This means that the stable light nuclei are 
composed of equal numbers of protons and neutrons, 
Then, the binding force between the nuclear particles 
must be the greatest between the proton and the neu- 
tron. If the force between protons were stronger, the 
stable nucleus would contain more protons than neu 
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trons. If the force between the neutrous were stronger, 
the stable nucieus would contain more neutrons, How- 
ever, the fact that the force between the neutron and 
the proton is the strongest does not exclude the possi- 
bility of forecs between neutrons themselves and protons 
themselves. But if such binding force between the like 
particles exists, they cannot be widely different, be- 
cause, if the binding force between a pair of neutrons 
were much higher than that between a pair of protons, 
then the stable nucleus would again have a preponder: 
ance of neutron instead of.the observed equality in 
numbers of these two kinds of particles. Of course, 
there will be Coulomb repulsion between two protons. 
But this repulsion can be shown to be small in compari- 
son with the specifically nuclear forces. In fact, it is 
generally assumed that aside from the Coulomb force, 
the force between a pair of neutrons is equal to the force 
between a pair of protons. 

‘The a-particle, or the nucleus of ihe helium atom, 
consists of tivo protons and two neutrons. The binding 
energy per particle of this nucleus is found to be much 
higher than the deuteron. Furthermore, à nucleus of 
five particles, by adding either a proton or a neutron to 
the a-particle, is never observed. This means that a 
nucleus of five particles is highly unstable and its life- 
time is so short that its detection by experiment is 
highly unlikely, This great stability of the helium 
nucleus and the difficulty of adding another particle to 
it show the satura of the-binding forces in belium 
nucleus. The situation is similar to that of the helium 
atom with the two electrons in the same orbitual quan- 
tum state but different spin states. The resultant 
closed K-shell structure refuses to combine with addi- 
tional electrons from other atoms to form molecules. 
Thus, similarly, the two neutrons must be in the same 
orbitual quantum state with different spin states, and 
the two protons must be іп the same orbitual quantum. 
state with different spin states. But the large binding 
energy of the helium nucleus requires that there is bind- 
ing force between every pair of the particles in this 
nucleus. Hence, the binding force between a proton 
and a neutron and the binding force between the like 
particles cannot depend to any considerable extent 
upon the relative spin directions of the interacting 
particles. 

If there is binding ezergy between every pair of inter- 
acting particles, then, since ће number of pairs in а 
nucleus is (/)4(4 — 1), the total binding energy of а 
nucleus must be proportional to the square of A. 
Howe"er, experimental data show a practically linear 
relation between the binding energy and the mass num- 
ber 4. This is the same as the relation between 
molecular binding energy of a liquid drop containing 
many molecules. It is known that the force between 
the molecules in liquid or solid shows saturation. In 
other words, a molecule is attracted only to the other 
molecules in its immediate neighborhood. ‘Thus, the 
intermolecular forces can be said to be short ranged, 
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speaking in terms of the dimension of the drop, This 
character of the binding force greatly limits the number 
of effectively interacting pairs of particles and makes 
the total binding energy proportional 'to the number of 
particles, The nuclear forces then must show a similar 
saturation character. Here, a neutron or a proton only 
interacts strongest toward another particle of nearest 
orbitual quantum states. As the number of the parti- 
cles increases with increasing mass number A, the num- 
ber of particles having nearly a given orbitual quantum 
state does not increase, since only two particles of the 
same kind can occupy the same orbitual quantum 
states, according to Pauli's exclusion principle. Then 
the nuclear forces can also be said to be short-ranged in 
terms of the dimension of the nucleus. Thus, the 
number of effectively interacting pairs is limited in a 
similar manner as in the liquid drop, and the total 
binding energy is only proportion‘ to the total number 
of particles instead of proportional to the square of the 
number of particles, 

‘This liquid drop analogy is also useful in two other 
connections. First, since the volume of the liquid drop 
is proportional to the number of molecules, the volume 
of a nucleus must also be proportional to the number of 
nuclear particles, since they are similarly held together. 
This means that the radius of nucleus is proportional 
to АУ, This is found to be tme experimentally. 
Secondly, а liquid drop exhibits the well-knowa surface 
tension phenomenon, This is due to the existence of a 
free surface where the molecules are only attracted by 
the molecules within the drop. Therefore, for the 
molecules on the surface, only half of their binding 
force is satisfied, and their contribution to the total 
binding ehergy of the drop is not so large as the mole- 
cules within the drop. A similar situation exists for the 
nucleus, where the protons or neutrons on the surface of 
the nucleus contribute much less binding energy than 
the particles within the nucleus, For a heavy nucleus, 
the ratio of the particle at the surface to the total num- 
ber of particles is reduced and the binding energy per 
particle should be increased. In other words, the sur- 
face tension effect indicafes an increase in binding 
energy per particle with increasing mass number A. 

So far, the effect of Coulomb repulsion between pro- 
tons is neglected. A simple calculation shows that the 
average energy due to this effect is 1/, Mev. per pair of 
protons. The average binding energy due to nuclear 
forces is 81/, Mev. per particle. Thus the Coulomb 
repulsion is negligible if compared on the basis of a 
single pair of protons. However, the nuclear forces 
show saturation, and the binding energy due to nuclear 
forces is approximately proportional to 4, The num- 
ber of protons in the nutleüs and, thus, the total proton 
charge аге also approximately proportional to 4. The 
radius of the nucleus is proportional to А7, Hence, 
the total repulsion energy is proportional to А X Aja” 
or 47. This difference of the *Coulomb repulsion 
energy from the energy due to nuclear forces is, or 
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course, the result of nonsaturation character of the 
Coulomb forces. The ratio of these two energies is thus 
proportional to 4%, Therefore, for a large nucleus, 
‘the Coulomb repulsion energy is important in spite of 
its smaliness for one pair of protons. Then the total 
binding energy of the nucleus will be increased and the 
nucleus made more stable by substituting some of the 
protons by neutrons, This is actually found to be the 
case: The uranium nucleus has а neutron-proton ratio 
N/Z equal to 1.6, while for light nuclei this ratio is 1 as 
stated before. Furthermore, the effect of the Coulomb 
repulsion will also make the total binding energy in- 
crease less rapidly as the increase in number of particles 
A. This effect is thus opposite to the surface tension 
effect. However, for small nuclei, the Coulomb repul- 
sion is unimportant. Hence, the binding energy per 
particle will increase with A in this range. For large 
nuclei, or large A, the binding energy per particle will 

in decrease as the surface tension effect is overcome 
by the Coulomb repulsion. 

To actually calculate the nuclear binding energy 
from the experimental data, one сап proceed as follows: 
An atom of atomic number Z and mass numBer 4 con- 
taius Z protons and Z electrons together with N = 
А — Z neutrons, Because of the negligible binding 
energy between electrons aud the nucleus, the mass of Z 
protons and Z electrons is equal to Z times the mass of 
hydrogenatom. The atomic mass of hydrogen and the 
mass of neutrons are 1.00813 and 1.00893, respectively, 
in the physical scale. Therefore, the mass of compo- 
nents that go into the structure of the atom is 1.008132 
+ 1.008934. If the actually measured atomic weight 
of the element із M, then the mass defect is 1.008137 + 
1.008937 — М. This mass defect must represent. the 
binding energy of the atom according to Einstein's law 
of equivalence of energy and mass. Since the binding 
energy of the electrons to the nucleus is negligible, the 
mass defect is practically the binding energy of the 
nucleus. Generally, a different parameter is intro- 
duced. This parameter is called the packing fraction / 
defined as 


f= (M= AYA 
‘The binding energy per particle is then 
1.005134 + 1.00893N — M 
ы A 


Фф 


2 
у + 000187 + 
0.00803 77 = aft 0017062 — 000803 (7) 


Ву neglecting the small variation of the ratio 2/4, 
the binding energy per particle is given by the negative 
of the packing fraction f. Therefore, for increasing 
binding enérgy per particle, the packing fraction in- 
creases, According to the discussion given in the 
previous paragraph, the binding energy per particle 
must show a maximum for medium heavy nuclei. 
Thus, the packing fraction must show a minimum for 
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MASS NUMBER A 
Fic. 2. Packing fraction f as а function of mass number 4. 


the medium values of the mass number 4. This is seen 
in Fig. 25 

By examining the graph for the packing fractions 
(Fig. 2), it is seen that very large energy cun be re- 
leased by either of the two methods: manufacture of 
the medium heavy elements out of light elements, or 
breakdown of an extremely heavy element into the 
medium heavy elements. In other words, by going 
from the two ends of the periodic table toward the 
middle, closer packing of the nucleus can be achieved 
with the release of the enormous binding energy. 
Nature provides an example for each case. The manu- 
facture of helium from hydrogen is of the first type and 
is carried out in the center of the main sequence stars 
such as the stm. The fission of uranium is of the second 
type. This reaction is used in the atomic bomb. 
‘These two typical examples will be examined in more 
detail presently. 


ENERGY PRODUCTION IN THE STARS 


In the laboratory nuclear transmutations are pro- 
duced by accelerating а few particles to high kinetic 
energy. The resultant poor efficiency is explained 
under "Nuclear Reactions." In stars, different condi 
tions prevail: Because of the high temperature in the 
interior of stars, all protons in the stars have high 
kinetic energies, Moreover, they are not slowed down 
by collisions with other atoms because all atoms have 
equally high energies. Therefore, unlike the laboratory 
nuclear reaction, no energy need be spent in accelerating 
the bombarding particles such as protons, and any 
energy released by the nuclear reaction is a net gain. 
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On the other band, the kinetic energies of the nuclei in 
stars are small compared with those used in the labora- 
tory. It is true that the temperature is about 20,000,- 
000°C. at the center of sung and the atomic nuclei are 
therefore traveling with much greater speed than the 
molecules in the terrestrial atmosphere, However, 
their average kinetic energy is still only about 0.003 
Mev.—200 times smaller than the energies commonly 
used in the laboratory. Therefore, their probability of 
penetrating into the nucleus.of thé bombarded atom is 
much smaller. This is, however, remedied by the pres- 
ence of enormous numbers of bombarding protons, and 
the net reaction rate is not small. 

Through a careful examination of the probable reac- 
tion, Bethe’ picked out a series of the nuclear reactions 
as follows: 


С" 4 H! -> М8 + у (8) 
WPS Ch + e (9) 


Кио NM y (10) 
NM HI 08 + у an 

05 NE +, аз 
М GB! CU + Het (13) 


Here у represents the emission of y-rays and 189 repre- 
sents the positron that is emitted together with neu- 
trinos, as explained previously. This series of reactions 
is remarkable in that it reproduces the carbon atom 
after six reactions, ‘This is important, since the content. 
of carbon in the stars is not high while hydrogen is 
plentiful, The net result is the manufacture of an a- 
particle and two positive electrons from four protons, 
The two positive electrons will react with two ordinary 
electrons to disappear into y-ray, the so-called annihila- 
tion of electron pairs. Then the net energy released per 
cycle is that given by the difference in mass of four 
protons plus two electrons, aud an a-particle. Since 
the binding energy between the electron and nuclei 
particles is negligible, this difference is the same as the 
difference between four hydrogen atoms (four protons 
plus four electrons) and the helium atom (a-particle 
plus two electrons). This difference is equivalent to 27 
Mev. A small fraction 2 Mev. of this energy goes into 
neutrinos and is lost. The remainder goes into radia- 
tion, which is finally emitted from the sun. 

Thus about 25 Mev. are set free for each helium 
nucleus produced in the stars, or 6 Mev. for each proton 
destroyed. One gram of sun material has been calcu- 
lated to contain about 2 X 10% protons. Therefore, if 
all the protons can be converted into helium, the avail- 
able energy supply is 12 X 104 Mev. perg. At 
present, the sun radiates about 1.2 X 10* Mev. per g. 
persec. At this rate, the energy supply will last about 
30,000,000,000 years. The rate of energy release сап 
also be approximated by calculations based upon the 
reactions (8) to (13) and laboratory measured con- 


17 


stants. Thus Bethe’s “carbon cycle" is indeed the 
energy process in the зип. In fact, the "carbon cycle 
is found to be the energy process for all the “main- 
Sequence stars” from “red dwarfs” to "blue giants.” 

On the physical atomic weight scale, four protons and 
two electrons total 4.0215 units. This means that 
4.0215 g. of the reacting material in stars will carry 
out 6.064 X 10?! processes, cach of which generates 25 
Mev. energy. The energy generated by 1 tb. of the 
reacting substance is then 


[1/(0.0040215 X 2.205)] X 25 X 6.084 X 10" x 
445 Х10-% X 3413 = 2.59 X 10" Btu. (t4) 


By comparing this value with that given by Eq. (3), it 
is seen that the helium manufacturing process is able to 
transform 0.67 per cent of the original reacting mass 
into energy. While this percentage may seem to be 
small, because of an enormous conversion factor from 
mass to energy, the “heat value” per pound of reacting 
material is still tremendous. One of the most energetic 
molecular reactions is the combustion of hydrogen with 
oxygen. The heat value of the stoichiometric mixture 
is 6,850 В.си. per tb, The heat value of the nuclear 
reaction given in Eq. (14) is thus 3.78 X 107 times 
larger than that of the molecular reaction. This con- 
firms the previous surmise that the ratio of energy 7e- 
leases for the nuclear reaction and the molecular reac 
tion must be of the order of a million. 


NucrEan Fisston—-Cnain REACTION 


The second method of energy release by breaking 
down the extremely heavy elements depends upon the 
instability of the heavy nuclei under external excita 
tion. The liquid drop model of the nucleus is also ux 
ful in the stability considerations for this nuclear fissivit 


“reaction, In fact, by assuming that the drop is com- 


posed of an incompressible fluid of radius R and of 
volume (4x/3)R* = (47/3) rA, uniformly electrified 
to а charge Ze and possessing а surface tension О, the 
critical excitation energy, E,, for separating into two 
equal nuclei is shown by Bohr and Wheeler? to be ex- 
pressed by 


Ey = An ӘН AV P Axis] 15) 


fo is the radius of a single nuclear particle and 
(237 АУушаш = 47-8, limiting vaine for Z*/A giving in- 
stability for infinitesimal deformation of the “drop.” 
Е, is actually the height of the barrier which leads ta 
instability. In other words, if a certain excitation has 
an energy of less than Е, the nucleus is stable against 
splitting into two fragments, If a certain excitation 
has an energy in excess of E, then the nucleus can be 
deformed to such an extent that it can be further de- 
formed into two fragment nuclei without additional 
euergy expenditure, The situation is similar to that of 
rolling a ball against a hump of ground. In order te 
pass the hump, one must apply sufficient energy for the 
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ball to reach the hump, then further motion of the ball 
is automatic. 

Consider now what would happen if a neutron were 
added to such a near unstable nucleus. The value of E, 
is calculated by Bohr and Wheeler and the result in- 
cluded in Table 3. After the capture of a "zero" 
kinetic energy neutron (thermal neutron), the equi- 
Yibriura of the collection of neutrons and protons is dis- 
шей. In general, a readjustment is possible with the 
subsequent release of energy to excite the product 
nucleus. The energy of excitation E, of the compound 
nucleus is then the binding energy between the initial 
nucleus and the neutron. This is also calculated by 
Bohr and Wheeler: and the result listed in Table 3. 
Therefore, the threshold energy of neutrons required for 
producing the splitting of fission of a given compound 
nucleus is obtained by subtracting the excitation energy 
of zero kinetic energy neutron from the critical energy 
for fission. The result for this energy of the bombard- 
ing neutrons is listed in Table 3 as E, — E, for different 
bombarded nuclei. The negative values for U™, и, 
and Pu? mean that these nuclei will undergo fission 
afier capture of thermal neutrons, These theoretical 
results are in full agreement with experiments. 

However, there are other competitive reactions that 
could happen to am excited nucleus. These reactions 
are: (a) emission of y-ray, (b) emission of «-particle, 
and (c) re-emission of the neutron, To estimate the 
relative probability of occurrence, one must turn to the 
statistical mechanics of the excited nucleus. It is found 
that, for energies of excited nucleus below, or not far 
above, the critical value, radiation of y-ray will pre- 
dominate. With increasing energy the probability of 
fission will increase rapidly. The probability of fission 
will not increase indefinitely, however, because at still 
higher energies the re-emission of neutrons becomes the 
predominant process. 

Now there still remains the problem of making the 
capture possible, Of course, the nuclei will be bom- 
barded with. neutrons, but the probability of actual 
absorption depends upon the kinetic energy of the bom- 
"barding neutron and the character of the bombarded 
nucleus. This probability із generally expressed as a 
“ross section” о defined by 

N = no 


06) 
М is the number of occurrences of the kind in question 
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(fission) per sq.cm. of bombarded surface per sec.; mis 
the number of bombarding particles per sq.cm. per sec. 
(normal incidence around); and > is the number of 
atoms of the kind involved per sq.cm. of surface. The 
situation is as if each atom presented a target area с. 
If the target is struck, the effect in question occurs; if 
not, nothing happens. It is apparent that о gives a 
sort of averaged probability of occurrence of am 
effect for а random spatial distribution of impinging 
particles. 

It is thus evident for the successful fission process 
that two conditions must be satisfied: (a) a large cross 
section of capture of neutrons of proper energy; (b) the 
energy of the neutron must be such that the excitation 
energy of the compound nuclei, after capture of neu- 
trons, is above the critical barrier energy. It is found 


„that 09% and Pu?” can be split by either thermal 


neutrons or fast neutrons. Then, as explained before, 
а very large energy release is expected. In fact, the 
measured energy release per fission for zU**5 is approxi- 
mately 177 Mev Since 1 gram mole or 235 g. of 
и? contains 6.064 X 10" atoms, the energy generated 
by 1 Ib. of »U* with complete fission is 


[1/(0.235 X 2.205)) X 177 X 6.064 X 10" X 
445 X 10-9 X 3,413 = 3.14 X 109 Btu. (17) 


By comparing with the value given by Eq. (3), it is 
seen that the fission of U-235 is able to convert 0.081 per 
cent of the original mass into energy. Thus, the reac- 
tion is not so efficient as that of helium manufacture 
from hydrogen, treated in the previous section. ‘This 
is, of course, expected from the diagram for the packing 
fraction (Fig. 2), which shows a much greater change in 
binding energy per nuclear particle from hydrogen to 
helium than from uranium to medium heavy elements. 
Nevertheless, the “heat value” of the U-235 is still 
approximately 1.5 X 10° times the heat value of gaso- 
line, which is the most powerful fuel used today. 
However, to make the fission process a really going 
process, a continuous supply of neutrons of proper 
energy is necessary. This is actually accomplished by 
slowing down the fast neutrons released by the fission 
fragments themselves, For „U™, the compound 
nucleus U? first breaks down into «Ва and aKr of 
unequal mass, since this splitting involves smaller 
potential barriers, The product nuclei would be highly 
excited because of the energy released and would con- 
tain more neutrons than stable eqnilibrium requires, 
because the ratio of neutron to proton is much higher in 
uranium than for atoms of medium atomic weight. 
These extra neutrons will be “vaporated” or emitted 
with high energy and a small time delay of about 1 sec. 
For one fission, more than one neutron is thus gener- 
ated. 17 these neutrons can be slowed down to proper 
energy for fission of new sU? atoms without absorbing 
Зо many of them as to reduce the desired neutron to less 
than one per fission, the reaction becomes a chain reac- 
tion, The chain carrier is the neutron of proper energy. 


ATOMIC ENERGY 


‘Then the reaction will tend to build up to explosive 
violence, 

‘The agents for slowing down the fast neutrons are 
called moderators. "They must not absorb the neutrons 
above the desired energy; otherwise the useful yield 
will be extremely small. They must also be light ele- 
ments so that they can effectively share the kinetic 
energy of fast neutrons by collision and thus slow down 
the neutrons with but few collisions, The thickness and 
the bulk of the moderator сап thus be reduced. Hydro- 
genis good because it is the lightest element, but it is un- 
desirable for slow neutron fission because of its large 
capture cross section of slow neutrons. Deuterium is 
best from this aspect, and -heavy water is а good 
moderator. 

Besides the absorption of neutrons by the moderator, 
there is another loss due to escape of the neutrons out 
“of the reacting mass. This is proportional to the sur- 
face of the mass. Therefore, by increasing the size of 
the reacting mass, this loss can be cut down relative to 
the production, which is proportional to volume. 
Hence, if а smal! quantity of fission material and 
moderator cannot carry on the chain reaction, a large 
quantity of the same material might be able te do so. 
For any given geometrical arrangement and effective 
composition, there is thus a critical size. Generally, 
single fission can be produced automatically or by cos- 
mic ray; therefore, once the critical size is reached, the 
mass will react by itself or explode. Тһе atomic bomb 
is based essentially on the principle of bringing parts of 
subcritical size together quickly to build up the reac- 
tion, The rate of reaction and particularly the rate of 
building up the reaction are controlled by the diffusion 
of the neutrons through the moderator to the fission 
auclei, For fast build-up in explosion, fast neutrons 
are preferred. 


ENGINEERING APPROACH TO THE NUCLEAR REACTION 


‘The previous discussion clearly shows that the funda- 
mental concepts involved in a nuclear reaction—such as 
collision, capture, excitation, and energy barrier--are 
all familiar to students of molecular reactions. The 
study of the molecular reactions or chemical reaction 
from kinetic point of view is, however, only a recent 
development. Its consideration by engineers is even 
more so. For instance, the power-plant engineers 
learned to design large boiler installations burning tons 
of coal per hour without any concept of molecular 
physics. The design of internal combustion engines 
was no exception, until the difficulty caused by detona- 
tion became serious. Then the investigation of the 
slow oxidation of the hydrocarbons by chain reactions із 
helpful. However, the study of nuclear reactions took a 
different road. Here, the effort was concentrated 
immediately on the detailed dynamic processes and on 
the development of a fundamental theory for the nu- 
dear dynamics to explain these processes. This, of 
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course, is the natural result of the emphasis by physi- 
cists on the understanding of the fundamentals, 

For an engineer, his assignment is not so much to 
understand a particular phenomenon as to learn to 
utilize it. Electrical engineers knew how to design 
long-distance transmission lines before the development 
of satisfactory physical theory for the conduction of 
electricity, А similar situation will certainly appear in 
the engineering utilization of atomic energy. А satis- 
factory fundamental theory for nuclear structure will 
no doubt be a great help in “atomic engineering,” but 
to wait for such a theory is certainly unwise and un- 
necessary. Then shall the ad hoc experiments without 
coordination be encouraged? Such an approach would 
not only be uneconomical but extremely dangerous be- 
cause of possible uncontrollable explosion with greater 
violence. A better approach would be а semi-empirical 
one. In other words, first the performance of each 
dlementary process should be determined experimentally. 
Then the kinetic theory of reaction developed for the 
chemical kinetics can be used to predict the perform- 
ance of the overall reaction involving these elementary 
processes. 

For instance, the basic knowledge required for pre- 
dicting the fission reaction is the fission cross sec- 
tion; the elastic scattering cross section; the 
elastic scattering cross section of the atoms U-234, U- 
235, U-238, and Pu-239 as a function of the energy of 
the neutrons; the number and energy of neutrons 
emitted by fission and its dependence on the energy of 
incident neutron; ete. With these empirical data, the 
fission reaction in ай atomic bomb can be calculated. 
“То those familiar with the theory of chemical kinetics, 
the extreme complexity of the treatment due to the 
great variety of possible molecules is well known, The 
application of kinetic theory to nuclear reactions, huw- 
ever, may be much simpler, since the total number of 
postible nuclei is only several hundred, while the mm- 
ber of known molecular compounds may be hundreds 
of thousands. The reacting components that need to 
be considered in a: nuclear reaction will certainly be 
fewer than for the case of molecular reactions. 


According to H. D, Smyth's report! on the develop- 
ment of the atomic bomb, this semi-empirical approach 
is actually followed. Similar methods must be used for 
the development of the general utilization of atomic 
energy to determine the optimum process or processes 
and then finally test the vaiidity of calculation by ex- 
periments. This approach would certainly eliminate, 
as far as humanly possible, the danger and the waste 
that through improper handling might be associated 
with the release of energy a million times as great as the 
conventional combustion process of molecular reac- 
tion. It is seen then that the concept ої. nuclear 
power engineering is necessarily somewhat different 
from its counterpart in pure science, the muclear 
physics, 
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TWO-DIMENSIONAL IRROTATIONAL MIXED SUBSONIC AND SUPERSONIC FLOW 
OF A COMPRESSIBLE FLUID AND THE UPPER CRITICAL MACH NUMBER 


By Hsue-Shen Tsien and Yung-Huai Kuo 


SUMMARY 


The probler of flow ef a compressible fluid past a body 
with subsonic flow at infinity is formulated by the hodograph 
method. The solution in the hodoeraph plane is first con- 
structed about the origin by superposition of the particular 
integrals of the transformed equations of motion with a set 
of constants which would determine, in the limiting case, a 
Known incompressible flow. This solution is then extended 
outside the circle of convergence by analytic continuation. 


The previous difficulty of the Chaplygin method of slow 
convergence of the series has been overcome by using the as- 
ymptotic properties of the hypergeometric functions so that 
numerical solutions can be obtained witnout difficulty. It 
is emphasized that, for a solution covering the whole domain 
of the field of flow, both fundamental solutions of the hyper- 
geometrical differential equation are required, 


Explicit formulas for numerical calculations are given 
for the flow about а body, such as an elliptic cylinder, and 
for the periodic flow such as would exist over a wavy surface 


Numerical examples based on the incempressible flow so- 
lution of an elliptic cylinder of thickness ratio of 0.6 are 
computed for free-stream Mach numbers of 0.6 and 0.7. 


The results of this investigation indicate an appreciable 
distortion in the shape of the bodies in compressible flow 
from that of incompressible flow, which necessitates a series 
of computations with various values of the geometric parameter 
in order that the desired body shapes can be selected for a 
given Mach number. It also is shown that the breakdown of ir- 
rotational flow depends solely upon the occurrence of Limiting 
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lines, which, in turn, are dependent on the boundary condi- 
tions, 


The numerical calculations show that at a free-stream 
Mach number of 0.6, irrotational supereonic flow exists up to 
а local Mach number of 1.25; whereas breakdown occurs at 1.22 
for a Mach number of 0.7. 


INTRODUCTION 


When a flow of nonviscous incompressible fluid is irrota- 
tional, it is well known that the problem can be reduced to 
either the problem of Dirichlet or that of Neumann, and that 
there exists a unique solution for any given boundary condi- 
tions. When the fluid is nonviscous but compressible, the va- 
riation of density makes tne mathematical problem very diffi. 
cult and complex. In this case, a pure potential flow through- 
out the region is not always possible for a given Тойу; this 
depends very much upon the condition at infinity. If а certain 
speed of the flow at infinity із reached, regions within the 
field of flow will be created in which the irrotational flow 
does not exist owing to the appearance cf "limiting lines," 
Such regions were picturesquely designated as "forbidden re- 
gions" by Th. von Kármán (reference 1), and they appear when 
the local speed of the flow considerably exceeds the local 
speed of sound, It has been shown that the occurrence of lin- 
iting lines is directly connected with the breakdown of irro- 
taticnal flow and with the resultant increase in drag of ihe 
body due to shock waves. In other words, if there is a limit- 
ing line in the field of flow, the isentropic irrotational 
flow must break down, However, the irrotational flow may break 
down before the appearance of limiting line due to the insta- 
bility cf the velocity field, Оп the other Land, shock waves 
ean occur only in supersonic flow. Therefore, there is no 
danger of breakdown of isentropic flow if the whole field of 
flow is subsonic, Consequently, the Mach number correspond- 
ing to the firet appearance of local speed equal to that of 
sound can be designated as the "lower critical Mach number"; 
and the Mach number corresporéing to the first appearance of 
limiting lines can be designated as the "upper critical Mach 
number." The actual critical Mach number for a given body 
will be influenced by the bounóary layer and hence the Beynolds 
number, However, ít must lie between these two limiting orit- 
ical values. (See reference 2.) Thus, knowledge of these 
eritical speeds of the flow are essential for the design of 
efficient aerodynamic bodies. 
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To determine the critical Mach numbers, the general prob- 
lem of flow of a compressible fluid about a given body must 
be solved. The often-used methods treating such a problem 
are Janzen-Rayleigh's method of successive approximations and 
Glauert-Prandtl's method of small perturbation. The latter 
method has been extended recently by both Hantzsche and Wendt 
(reference 3) and б, Kaplan (reference 4). Indeed, both meth- 
ods yield valuable information regarding the effects of com- 
pressibility and are useful for many practical design problems, 
particularly the determination of the lower critical Mach num- 
ber of a given body. But, so far as the general problem of 
limiting line and upper critical number is concerned, none 
seoms to be adequate, owing to the doubtful convergence of 
such successive approximations at the required high Mach nun- 
bers. 


An entirely different approach first was made by Molenbrcek 
(reference 5) and Chaplygin (reference 6) by introducing the 
velocity components instead of the usual space coordinates as 
independent variables. The advantage of the method is that, 
instead of a nonlinear differential equation as is the case in 
the physical plane, it leads to a linear one in the velocity or 
hodograph plane. The particular solutions of this linear equa- 
tion are found to be products of trigonometric functions of the 
angle of inclination of velocity vector and hypergeometric 
functions of the magnitude of the velocity vector. It is then 
possible to construct a general solution from the particular 
solutions of the differential equation, The difficulty, how- 
ever, is that the character of the field in the physical plane 
to which the solution in the hodograph plane corresponds cannot 
be determined beforehand. This difficulty prevents the exact 
formulation of the boundary value problem in the nodograph 
plane. Chaplygin has overcome this handicap by first choosing 
a"guitable solution" in the hodograph plane and then proceeding 
to find the corresponding flow in the physical plane. The 

eultable solution is one which, in tbe limiting case of zero 
Mach number at infinity, becomes identical with the incompress- 
ible flow over a body similar to the body concerned. This will 
ensure the satisfaction of the proper boundary conditions in 
the physical plane. Furthermore, such a solution would be ex- 
act both for the subsonic and for the supersonic regions, as 
no approximation is introduced. Therefore, it is particularly 
suitable for the problem of determining the upper critical Mach 
number for a given body, ав limiting linee occur only in mixed 
subsonic and supersonic flows. This method is followed in the 
present report, except for the introduction of the transformed 
potential function X, for easy calculation of the space 
coordinates. 


330 


БАСА TN No. 995 9 


W(w;T) the complex potential function for compressible flow 
wla,v) = Im rn) stream function for compressible flow 


А(и;т) ПН complex potential function for compress- 
ible flow 


X(u,v) = ux + vy - Ф(х,у) = RI (ма nj transformed potential 
function for com- 
pressible flow 


s ах 

9 a EA 
s (uv) 58 
= 999 

По(а, у) = 53 


ұ(а,9) = у, (a, 0) + weg, 8); Wi (4,5) represents the con- 
tribution by the 
velocity distorsion; 
Ve (1 (4,8) stands 
for the transformed 
infinite series, 
where the super- 
soript 1 may eì- 
E 


inrer, or o the 

outer solution. In 
the case of coordi- 
nates, the notation 
is exactly the ваше, 


a (aor) . жусаны (а) пат) 

с i ears PCr) 

z( E " „АЁ (т) 

б (т) = Бе, "трт 

8, (ry = x Li Ey QC 0 + By SECT) _ 
vor a тт, (т) 
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D. Parameters and Variables 
v positive rational numbers 
m,n positive integers 


в &enotes 1 ос 2 when used as superscript with а bracket 


or 0 
В denotes the dependence on В when used ав subscript 
or В = 


Ae EC TEE 


а TII the ratio of the distorted speed 
a a)" Мат, TCT 


42 to that at infinity 


ЕП With superscript or subscript they denote some functions 
of Т or stand for the two families of the character- 
istic parameters Ф + w(t), ò- wT) of the partial 
differential equations for  U(q,9) or x(q, 5) 


t complex variable or ((Т) a function of T 
M, =- the Mach number at infinity 

€x 

а 

ned № 

2B Co 
€ geometrical parameter of the body 
А Laplacian or difference between exact and approximate 


` values of a function or a constant 
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PART Т 


DIFFERENTIAL EQUATIONS OF COMPRESSIBLE FLOW AND 
PROPZRTIZS OF THEIR PARTICULAR SOLUTIONS 


1. Equations of Motion 


It is proposed to study the irrotational steady motion of 
an 11715216 noncondnoting compressible fluid in an infinitely 
extended domain containing a cylindrical body with its axis 
perpendicular to the constant velocity at infinity. The flow 
1s then two-dimenstonal, Let х and y be tne Gartestan co- 
ordinates and u and v the velocity components parallel to 
the x- and the y-axis, The dynamical equations governing such 
& motion, in the absence of boty force, are 


pe - - 22 (1) 
oF ve. 9р 
pu $T + pv 5; 22 (2) 


Here р із the pressure and р the density of the fluid, 
both being continuous functions of x and у. In addition, 
the following equation of continuity must be satisfied: 


2 (ра) + $ (pv) = 0 (3) 


Furthermore, since the velocity is constant at infinity, the 
flow ts irrotational there. Then, according to Thomson's 
theorem, if the pressure is a function of the density alone, 
the flow will remain irrotational; that is, 


20 (4) 


In the case of flow of an inviscid nonconducting gas, the 
thermodynamic change of state of the gas is adiabatic. If 
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the flow is assumed to be continuous, excluding shock waves, 
then the relation between p and p must be that of an 
isentropic process: 


p = constant pY (5) 


where Y is the ratio of the specific heats. 


As in the case of incompressible flow, there are more 
equations than the number of the variables. However, by vir- 
tue of equations (4) and (5), the dynamical equations (1) and 
(2) reduce to a single differential equation and can be inte- 
grated easily to give a relation between the pressure and the 
magnitude q of the velocity: namely, 


Y 


А г "" 
P=, h жүзі Sop, with д2 = ъа ж v? (6) 
c 


Here Po and c are respectively the pressure and the 
speed of sound at the stagnation point q = 0 and ¢ = 


Tt is possible to obtain a similar relation between p and 
q by means of equation (5): 


hay- 


атан eo” 


where р. denotes the value of p at q = 0. 


After integrating the dynamical equations, the velocities 
u and v сап be determined from the kinematic conditions 
specified by equations (3) and (4). By eliminating p from 
equation (3), the result is 


/ 2 2 2 
1.92 solder u pps yere p (8) 
c? ^ ах c? ày с/з 
where c? = Үр/р and thus can be calculated in terms of the 


speed by equations (6) and (7). It is of interest to note 
that the equation of continuity (8) now, unlike the case of 
incompressible flow, becomes dependent on the dynamical equa- 
tions and, consequently, is nonlinear. This change in the 
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character of the fundamental equation makes the direct solu- 
tion of the problem in space coordinates very difficult, 


2. Transformation of the Differential Equations 


The assumption of irrotationality implies the existence 
of а velocity-potential for such a flow, If this function is 
introduced to eliminate u and v, equations (4) and (8) 
would give rise to a nonlinear partial differential equation 
of the second order. The problem is further complicated by 
the possible appearance of supersonic regions, or regions 
where the speed of flow is larger than the local sonic speed. 
This means that for some part of the domain, the equation is 
of the elliptic type; while in the other part, it is of the 
hyperbolic type, Thus the equation not only is nonline&r but also 
is of mixed type, and there is as yet no successful method to 
deal with it directly in the physical plane, Molenbroek (ref- 
erence 5) and Chaplygin (reference 6) made some progress in 
solving the problem by transforming the equations from the 
physical to the hodograph plane in which u and v are taken 
aa the independent variables. If this is done, the differen- 
tial equations become linear and thus can be solved by well- 
known methods. 


Let the transformation be defined by 


uos u(x,y) (9) 


v= v(x,y) (10) 


If u and v are continuous functions of x and y with 
continuous partial derivatives, and if the Jacobian 

(acm is finite and nonvanishing, & unique inverse trans- 
8(u,v)/ 

formation exists. Under these conditions,equations (8) and 
(4) are easily transformed into 


2 2 
(1-22) 21. 2% 9х, OE). о (11) 
c?” ду c? av c?” ац 
ax ду 
ж эе жо жж 1 
av ou (14) 
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Corresponding to (x,y) tn the physical plane,there is in- 
troduced here a function y(u,v) defined by 


E БЕСІ = ЭХ = & 13) 
X= xu + yy хе y = 58 ( 


While equation (12) is satisfied identically, equation (11) 
becomes 


(i = 22) 22x , ахы 
\ с2/ àv? c? зуда 


+h- 25 „о (14) 


c?^ Qu? 


As c is а function of q alone, the equation fer X(u,v) 
is then linear. From equation (13) it is recognized that if 
X(u,v) is known, a one-to-one correspondence between the 
space coordinates and the velocity components can be easily 
established, 


However, it is also clear that this funetion is incon- 
venient for obtaining the streamlines and the flow in the 
physical plane. To solve this part of the problem, a plan 
шау be adopted similar to Chaplygin's by introducing both the 
potential function Ф(х,у) and the stream function М(х,у) 
defined by: 


«ъз 90, yad (18) 
9х ду 
И 
puse pa 53, Br cp. E (16) 


From these definitions are obtained immediately the following 
equivalent relations: 


40 = мах + уду (17) 


Ро = -pvdx + pudy (18) 


For the subsequent calculations, 1% was found convenient to 
introduce the polar coordinates in the hodograph plane de- 
fined by: 
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u = а сов 8, v=q sin? (19) 


where 8 іе the inclination of the velocity vector to the x- 
axis. Functions ёх and dy сап be solved for from equa- 
tions (17) and (18). As dx and dy are exact differentials, 
the conditions of integrability then give: 


ок. aie (29) 


(21) 


By eliminating p between equations (20) and (21), an egua- 
tion for WV is obtained: 


и. Gn) G- gio (22) 
с 


4 eg? 


py 


Equation (14) can also be transformed in polar coordi- 
nates. The procedure is straightforward and yields 


a 2 2 8 
ее. (1-5) а + (1-9; 9х -о (әз) 
8q? SN c? а \ c?/ ag? 


There is an additional relation between X and Ф de- 
rived from equation (13): 


p= - (24) 
$ = ах X 


Since 9 is connected with V, this relation ensures that 

ү and X are properly connected and represent the same flow 
pattern in the physical plane. It ean be thus considered as 
the equation of compatibility. Equations (22), (28), and (24) 
are the three fundanental equatione in the present problem 
dealing with the two-dimensional flow of a compressible fluid. 
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5. The Particular Solutions of the Differential Equations 


As the differential equations for W(q,8) and х(4,0) 
are linear, a general solution can certainly be built by 
superimposing the particuler integrals of the equations. To 
obtain the particular integrals, let W(a,6) and Х(а,8) 
be of the following forms: 


009.9) = а? y, (a). ef 
%(q,6) = a? x, (4) ei v6 


where v is any real number, By substituting in equations 
(22) and (23), the equations satisfied by Y (q) and Xxj(o) 
are: 


a? : [17 а 

a Ses (aver +t) ges vlv + 1) L wy = 0 (25) 
dq сё/ dq с2 
8 2 2 

2 à Ху с 4 аху q 

9+ [2v 4 1-—--& — + ә(ә-1) -Xp = 0 (26) 
da? X run. ee 


Now each of these equations can be further reduced by changing 
the independent variable. The appropriate transformation is 
found to be 


T E uM with 
ot eke Е 
2B 2' $ В 


By expanding the gas to zéro pressure, or vacuum, the maximum 
velocity is obtained. Equation (6) shows that the maxinun 


3 x 
Чшах ЫС Екен с.. Therefore, the maximum value of 


T de unity. Similarly, it is found that for the speed of 


xd. 
28 +1 


speed is 


the flow equal to the local sonic speed, т = equa- 


tions (25) and (26) then become 


та = ур" (а) + Б - (ay + dy + Dro -oagby WV T) = 0 
(27) 
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TL cw") + [ p- (ay Be +В + vt о 


~ (ay + Bye, + ВОХ (T) = 0 (28) 


apt bye 9-8. арра - b Bu(v +1), and ey = v+ (29) 


These are the hypergeometric equations, of which equa- 
tion (27) was first obtained by Chaplygin in 1904. (See ref- 
erence 6.) Тһе differential equation of this type has three 
regular singularities at 0, 1, and же. If the differences of 
the two exponents at the respective singularities: namely, 
e-1, a= 0d, a+b- c, are not integers or zero, the two 
fundamental independent solutions are Fla,b; c; T) and 
11-6  (іза-с, 1 4 0 - c; 2- с; T). They are single-val- 
ued and regular in the whole plane with a cut from +1 to +œ. 
The function F(a,t; с; T) known as the hypergeometric func- 
tion of general parameters в, b, and c, із defined by the 
hypergeometric series which is absolutely and uniformly con- 
vergent when | T! <1, provided RU(c - a- b) > 0, For 
lT: > 1, analytic continuation has to be used. Furthermore, 
it is normalized so that at T s 0 


F(a,b; с; 0) = 1 (30) 
Hence, the particuler solutions of equation (27) are 


Flay bypeysT), 1579 Р(1 + ар- cy, 1 + by - су; 2 - ву; т) 
їз1) 


The particular solutions of eouations (28) аге 
Fla, + B; by +В; су; т), T TCV PG + ay +8 - с, 1 + dy 


+ B =- cy: ?- cy; T) ($2) 
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When v is а positive integer while а, and by re- 
main as they are, the second integral will reduce to a соп- 
stant multiple of the first one. This case was first studied 
by Gauss (reference 14), who found a second integral involv- 
ing a logarithmic term by considering the limiting value of 
the integrals given as 9 tende to an integral value. The 
method has been further developed by Tannery (reference 18) 
and Goursat (reference 16). However, the form regarded as 
conventional nowadays was that obtained by Frobenius! general 
method. According to this method, the pair- of fundamental 
solutions of a hypergeometric equation are 


Bla,d; n + 1; т), EN T {= Fla,b; n + l; T)log T 
ay (1) Я (2) 
+T Qoo lab; т) + Pia in} (33) 
when c, =n+i1, n being a positive integer; and 


n 


gO Marr) e Ша 1) S Fiere н} y Caros m) e 


I(e)t(b) Pim + ifftn ++ m) 


n=l 
P. eu су Маж) С) үші соя 2E 
Pate} 


я + љ) (а - m) E 


Tim +2) 


IH 


5 


ar 
Vbi m) = 24 c" алынды 
Ч 57-8 +1 ber n+ 


Here a,b may be either an, bg ог аһ + ё, bg + B de- 
fined in equation (29) according to whether the system (33) 
is referred to as solutions of equation (27) or (28). and 
Kn сап be determined so that the product of the second inte- 
gral and 42 satisfies the condition (30). 


In view of the fact that the second integral in (33) 
does not constitute a family of solutions with the second in- 
tegral given in (31) or (32), it is very desirable to ĉefine 
a new function as second integral which will be continuous in 
v as vell as in T. Let EQ) denote the first integral 
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Fla,b; ср; T). As a second integral, take the linear combi- 
nation of the solutions: 


FQ) = К, {ra - е)Г(а)Г(ъ)Е (7) + Га - ey) Га +a 


1-с 


-oeT + t- ey d 


z oo} (35) 
whera 


ї_(т) = В + ase, 1+ ey 2- oy т) 


This is evidently a solution and valid for all values of v. 
The constant К, 1s determined subject to the following con- 
ition: 


VP F(t) =1 for Тео (36) 


The value of X. then is found to be 


K^ = (аве)? Me, - IPO + a - oP + t e) 


Using the relation 


D(ey)P - ey) = m csc evt 


equation (35), when moltiplied by 92”, will define а new 


function G(T): a, p gon 


т“ f Г(а)Г(ъ) т? ECT) 


807) = ——— |- 
sia срт ley ley - 1)Г{1 + a - e (1 + b - су) 


- we а] (37) 


Mey - 1T(2 - су)! 


When v takes integral values, the expression in the 
bracket vanishes; however, the limit of the ratio existe: 


g, 0C) = Qm, $ (т) (зв) 
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The usual definition of the limit of a auotient gives 
6, (т) = ем, Р(а}Г(ъ) т? Ерт) i шт) ] 


3. 
НГ + ўа - IP - 9) ГОРИ = vy, 


By considering separatoly the first n terms in EO. as 
Г(1 - 0) has poles at 9 =n, a straightforward reduction 


yields: 
y(t) EV log T EQUO e RU (т) ағ, (2а) (39) 
where a 
Gi. 15 ҰБ pur g ук+ а) 
8. 0) ma + a Cn + v) 2, Use PR PIE 
убо + п) = Ма) | Fe t ae so) га 
if (e, + Pm + 1) 
ЕК СТЕГІ is (a? Plazatan) (ъ-п+ш)Г(а-и) 
Cu D(n)P(a-n)P(o-n) L Г(в 4 1) 


neo 


n+l 
с = £232, Гуго» 
Та ë P(n)Pin 1YM(a- n(o- n) 


and W(t) denotes the derivative of log f(t). It сап be 
seen that the difference between (33) and (39) lies only ina 
constant multiple of the first integral which has been absorber 
in QU (D. 


In the following discussions, the two fundamental solu- 
tions of the hyvergeometric differential equation wili be 
taken ав E (T) and 4-20 б (T). The normalization condi- 
tions given by (30) and (36) are chosen for the continuous 
passage of a compressible to an incompressible flow. Ultimate. 
ly, these functions are again defined in terms of power series 
which are absolutely and uniformly convergent within the do- 
main \т < 1. However, since the maximum value of T at- 
tainable by tbe fluid is unity, the continuation of the solu- 
tions beycnd the unit circle wili not be discussed here, 
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Thus %,(7) and q'?"G,(T) denote the two independent 


integrals of equation (27) where v is any positive number. 
The particular solutions of equation (22) are then: 


РЕ (т) puse сов vò + a, sin ve | á a PS (т) ее vè 


+ B® sin v] (40) 


where А.О), 4,(2), B (1), ana B (3) are constants. Sim- 
ilarly, those ef equation (23) are 


VEO [2° cos v9 + 8,02) sin v | e 476,” [eos 98 


~ (23 
+ 5,9 sin ve | (41) 


where FENCE and 4395 (T) are the two independent inte- 
grals of equation (28) and RO), AQ, EO, and Byle) 
are constants. 

In addition to these solutions, there are two other inte- 
grals each of which is a function of one variable only. 


Assuming V = V(og) or (2), then equations (22) and (23) 
yield respectively: 


n 
9 and a f (1 - ТР ат (42) 
T 
8,9 аа 2, fa - ny? at (43) 
жі T 


which correspond to the fundamental solution of the Laplace 
equation. 


As со approaches infinity, all these particular solu- 
tions reduce to the familiar harmonic functions: namely, 


ay eos об + ayl? ein ve | a? [00 và + By!) sin »] (44) 
J 
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and 


сід, са log q (45) 


This property which is the consequence of (30) and (36) is 
essential in the method presented in this report for connect~ 
ing a compressible flow with the incompressible flow of sini- 
lar configuration. 


In the subsequent calculations, another integral will be 
encountered for the function x9, 9) which corresponds to 
the imaginary part of w log w ei" ог q log а sin % 

-aln - 3) cos $ of the incompressible flow. Suppose the so- 
lution possesses the formi 


X(q,9) = Xala) sin ò- Х„(д)(т - 4) cos 9 (46) 


By substituting the expression in equation (28), X, and X, 
are found to satisfy simultaneously the following differen- 
tial equations: 


ағала А - 42 (ay - Хх) = а 1-42 (47) 
4 Xy $a 6 =) @ 1 1 X pel a 


42%." + G - ғ) (aX; - Ха) = 0 (48) 


с 


Equation (48) can be eacily integrated by putting Xa = akala). 
The condition that Ха->4 as eg ->% requires kglq) to 
be a constant. The. second integral of equation (48) is just 
the second of (43) which, in the limit, tends to log q. Thus 
Xa = q is the appropriate eolution. With this solution, it 
43 possible to proceed to sclve equation (47) by assuming 
X, = qk,(q). The equation for ki(q) is again integrable by 
quadrature, and the result is 

Е 


ah Еа [ +1) 10 t- 1+ в fa туё 811. xy (49) 
2(8 + 1) т т? ] 


where К, and Kg are the constants of integration, Hence, 
the desired particular integral is 
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Equation (71) together with the condition 602000) = -1 de- 
termines uniquely tne eolution ty 6 1)(r). The actual value 
of t, G0) can be expressed, of course, in terme of the 


known hypergeometric functione. Byt the problem on hand is 
to determine the properties of {1!(7) for large 9 which 


are given by the following theorem. 


Theorem (52).- If Ny Gi ia continuous and monotonic 
їп To < т < 1 and satisfies Х,(Пу(1)) 20, then for all 
Ж 


n, G0) > 600007) (тз) 


The proof is given in appendix А. 


o 


crollary (53).- In Tg « T € 1, the following inequal- 
ity holds for the modulus of ЕЖ(Т): 


v/a 
в, (т) то) < (0), vos (74) 


where 


(28 £1), - 12 0 


Por in 7, < TX 1, t, 50) and hence ty! (tr) = 0 


satisfies the condition O> tj Ui (0), which gives (74) by 
integration. 


Now, since (ty (T) £s bounded by zero for all v £4 0 
in To « T€ 1, it is implied also that 
R(T) < т, (7) (75) 
t 
where T,(T) = Fa Here the constant t 


о can be determined 


by joining T, at T= To with Ti or Та defined by 
equations (56) and (57). Then from equations (63) and (64) 
it follows that for v» N 


|50 АДУ (76) - 


lao] < TTPO), <т<і (77) 
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PART 11 


CONSTRUCTION OF THE SOLUTIONS FOR 
COMPRESSIBLE FLOW AROUND A BODY 


5. Chaplygin's Procedure 


In the previous sections, the particular solutions of 
the differential equations in the hodograph plane are ob- 
tained, Since the differential equations in the hodograph 
plane are linear, superposition of solutions is allowed, 

In other words, if these particular solutions are multiplied 
by different constants and then added together, the sum is 
again a solution of the differential equations. By this 
procedure, general solutions can be constructed from the 
particular solutions, 


However, there is a difficulty in such a method of 
constructing the general solution — the difficulty of making 
a proper choice of the multiplying constants for the partic- 
ular solutions so that the resultant solution will give a 
flow satisfying the boundary conditions specified in the 
Physical plane. This can be seen from the fact that the 
space coordinates х and y are obtained from xX which is 
not explicitly connected with W, the stream function. in 
fact, to obtain the coordinate x and y directly from Y 
would involve an integration in the ho&áograpa plane, Thus 
the linearization of differential equations in the nodograph 
Plane із obtained at the expense of the simplicity in boundary 
value problem, To guarantee that Ù and X do actually be- 
long to the same flow in the physical plane, an additional 
condition besides the differential equations for Ù and X 
has to be satisfied. This condition will be discussed in sec— 
tion 11. 


Chaplygin (reference 6) suggested an ingenious method 
of solving this difficulty by using the well-known solutions 
of the incompressible flow, The first step in this method is 
to find the incompressible flow around a body "similar" to 
the body concerned. (Тһе meaning of the word "similar" will 
be made clear in the following paragraph.) 


The stream function Vos for instance, is then expressed 
in terms of the speed q and the inclination Ө. The function 
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Vo (4,8) can be expanded into an infinite series each term 


of which is of the form q^ cos n$ or а? gin nf, For the 


flow around a body with constant velocity U at infinity, 
the function \,(9, #) has а singularity at the point q= U, 
6 - 0 in the hodograph plane, since there all the stream 
lines, or lines of constant Yo originate, Thus, there are 
two forms of the series expansion of Voi One is convergent 
within the circle q = U; while the other is convergent out— 
side of the circle q = U, Тһе first, or "inside," series 
must be regular at the origin of the hodograph plane, There— 
fore, only positive values of the integers n can occur, 

The second, or "outside," series can have both positive and 
negative 9, Chaplygin's method is to use the inside series 
for Фо as the starting point for obtaining the desired 
solution Ù for the compressible fluid, He suggested 
choosing the multiplying coefficient of the particular sol- 
utions for the compressible flow by the condition that for 
the limiting case of infinite sonic speed, or incompressible 
fluid, the series will degenerate to the inside series of 
the incompressible flow already obtained, The series for 

the compressible stream function W so constructed can be 
called as the inside series of У, The outside series for 

Y then can be obtained by the method of analytical continu- 
ation with the aid of the "outside series" of the incompress- 
ible flow, 


Phese solutions so constructed for the compressible flow 
contain the Mach number of the undisturbed flow as a parameter, 
They constitute a family of singly infinite solutions. In- 
cluded in this family of solutions is the limiting case of 
zero Mach number of the free stream, This limiting case will 
give the incompressible flow &round a body used as the starting 
point of this method, For other values of the free-stream Mach 
number, the body contour 15 generally different from that corre- 
sponding to zero Mach number, Thus, if the compressible flow 
around a given body is desired, the body shape for the initial 
incompressible flow must be slightly different from the given 
body shape, However, if a geometric parameter is included in 
the solution, such an adjustment is not difficult to make, 


It may be stated here that owing to the regularity of the 
solution at the origin of the hodograph plane, only the first 
solution of the hypergeometric differential equation appears 
in the inside series, Рог the outside series, both the first 
and the second solution of the hypergeometric differential 
equation are necessary, This is in direct analogy with the 
appearance of both posttive and negative exponents of q in 
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the incompressible outside series, This fact is particularly 
important, since previous investigators seem to be unaware of 
it, Chaplygin himself did not use the second solution of the 
hypergeometric differential equation, but that is simply be 

cause, for his problem, there is no singularity in the hodo— 

graph plane and hence only the inside series is needed, 


6, The Functions for Incompressible Flow 
Following the procedure outlined in the previous section, 
the analysis starts with the functions required in defining an 
irrotational incompressible flow, For this case, the sonic 


speed со tends to infinity, and the equations for the veloc— 
ity potential @ (х,у) and the stream function Vo(x,y) all 


became harmonic: 
Ap, = 0 (78) 
Ay, = 0 (79) 


where А stands for the Laplacian operator, If WwW (z) 18 
the complex potential, it can be shown that 


Woz) =e, ei (80) 


where 
z= x+ iy 


If w denotes the complex velocity u-i Y, it is connected 
with LA (z) эу 


ат еа 
м 4; = м(2) (81) 


If wi(z}éo, it always is possible to solve for z in terms 
of w; namely, 


z= в (>) (82) 
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In general, this solution is not single-valued and will be 
discussed later, By introducing this relation into equation 
(80), the complex potential function in the hodograph plane 
can be obtained 


Wow) = e (uv) + 1 (u,v) (83) 
o o o 
In case equation (82) is many-valued, this would correspond 
to one branch of the function, 
It is clear that in this case X,(u,v) із also а 


harmonic function, Let ouy) be the conjugate function 
defined by 


aXe. _ 99 (84) 
Әз ov 
3% „ се 
ov òu (952 
Hence 
A) хао (86) 
where 


Thus A) ig an analytic function of w, From equation 


(13) the derivative of A,(w) with respect to w must be 
z. That is, Y 


à 
ts alt) 


But 20(м) already has been found from equation (82), 
Theréfore, 


қ) = f 5o * constant (87) 
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The real part of А (У) gives xj(u,v) ав required, accord 
o o 
ing to (86). 


7. Conformal Mapping of Incompressible Flow 
on the Fodograph Plane 


Before the construction cf solutions for the compressi— 
ble flow, the general character of the solutions in the 
hodograph plane should be examined. This сап be done easily 
by investigating the behavior of the transition function 
z (м for an incompressible fluid, To start with the 
aimplest case first, consider a steady irrotational fiow in 
an infinite, simply connected domain D bounded by в curre 
С in the z-plane, with a parallel flow at infinity (fig. 1). 
At every point z of Г there is one, and only one, velocity 
vector 7. If the curve 0 is mapped into C and infinity 
corresponds to a point P on the axis of reals of w within 
C, then the domain D із mapped into D by a mapping func- 
tion 


we wlz) 


defined in (81), where w(z) Ав an analytic function of z. 
The inverse function 


z= а (ж) 


will set up a continuous one—to-one correspondence between 
w- and z-plane, provided the mapping is conformal, This 
requires that w(z) із analytic, simple within D, and 
w'(z) фо. 


However, for most problems these conditions cannot be 
satisfied throughout the field of flow. In the first place, 
the function м(8) із generally nonsimple, for example, in 
the case of а uniform flew, w(z) = constant, thus w'(z) = 0 
and the whole z—plane corresponds only to a point in the 
w-plane. Furthermore, the complex velocity for a two— 
dimensional boundary—value problem generally can be put in 
the following form: 


w 7 ow. + w*(z) 
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where wo ів a constant, Тһе boundary condition requires 
that w*(z) = О and, as a consequence, w'*(z) = 0 as z 
becomes infinite. Therefore, in all cases, the point P 
in the w-plane, ів a singular point. It is a branch point 
at w, if 09 is mnany-valued; ог a pole, if otherwise, 
In practice, there are two kinds of singularities that play 
a dominant role in the problem of two-dimensional flow. 
These singularities will be investigated presently. 


Branch point of order 1.'— It may be recalled that, 
when a closed body is present in a uniform flow, there 
always exist two stagnation points both of which correspond 
to the origin of the w—plane. If а streamline PS ів fol- 
lowed, for instance,(see fig. 2) from + tco 5, the por— 
tion SMS' and then to -%, a curve FS in w—plasne would 
be described twice. This indicates that the function 2,(w) 
possesses two branches of Riemann surfaces Joining together 
about the branch point P. In order to make the domain 0 
single-valued, a cut is put along the axis of reals from 
the branch point to +. Then one portion of the z—plane 
is mapped into a definite branch of the Riemann surfaces 
in the w-plane, and this will be defined as the domain D. 
If the body is symmetrical with respect to the coordinate 
axes with parallel flow at infinity, then the domain 
2:81; < O will be mapped conformally into D оп one branch 
of the Riemann surfaces and LD':a2iz > 0 on the other, where 
the region within 0 45 excluded, 


Logarithmic singularity.— The flow over a wavy surface, 
for instance, placed parallel to a uniform stream has а 
periodic nature. For such flows there are infinitely many 
points in the physical plane that have the same velocity. 
Hence, there are an infinite number of branches in the w— 
plane, each of which corresponds to a definite portion of 
the z-plane. Тһе function Ж) must have а term log 


( = 2) and the point P now is a logarithmic singularity. 
If, however, a cut is introduced from the branch point to 
+> and — m « arg ( - х) < пт, then the domain D із again 


made single-valued. 


1The function LAU м) із said to have a branch point of 
order К at м = мо if its inverse w(z) contains the 
part ч" which has а gero of order k+l at z 5 о, 
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8. Construction of a Solution about the Origin 


Stream function.— From the considerations of the last 
section, the domain within a circle with radius імі = PS = U, 
where U ів the absolute value of м at infinity in z-plane, 
is in all cases single-valued. If a function Wolw) ів ав- 
sociated with a definite flow in z-plane, from section 6 it 
is an analytic function of w and regular within the circle 
iw! = U. Consequently, the following Taylor expansion exists: 


Welw) = у Ap wa. |м1< т (88) 


nzo 
where Ads are, in general, complex, Since w = ae 19 


and by (80) the imaginary part of Wo(w) ів equal to in- 
compressible stream function Wo, 1% can be written ав 


3019,0) = Im D = 7 а" [e nd kan sin née(89) 
n-o 


According to Chaplygin's procedure, the ‘corresponding 
compressible solution can be obtained by simply replacing 


the function q? in equation (89) by the corresponding 


т 
EN (т) ав shown by (40), The second integral is cx 


cluded by the regularity requirement at q = 0, However, 
in order to preserve the proper singularity at the point 
(0,0) in the hodogreph plane, the compressible stream 
function y is written ав 


ш = 2) (а) 
Wlas) = X а^ Эст) (s cos nd+A sin га) (90) 


neo 


where 


(т) (т Fen. ъп свт) 
E: Co) = PEL е ream), a<u (91) 


Қа,.5,46,571) 
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\ 
2 
and Т, = EX Ss the value of Ті corresponding to the 
28 c. 
free-stream velocity U. It ів seen that if c, — ", then 


(=) ° 


ТЕТ, 0, and P (T) 91 аце to the normalizing con- 


dition (30). Thus the solution is reduced to the incompress— 
ible form. Furthermore, if q >U the character of the во1— 
ution is exactly like that of the incompressible solution. 
Hence, all the specified conditions are satisfied. Of course, 
for the mixed subsonic and supersonic flow, the free-strean 
Mach number is always less than unity. Thus Т, < 1/28+1. 

Yor later analysis as given in part ы, it is convenient 

r 

to write W ina different form. Since У. (7) is a purely 


real quantity, a complex function W(w1T) can be constructed 
as 


ә 


бөз. УА PG) м, ren (өз) 
п=о 
Then, similar to the relation between equations (88) anà 


(89), %(4,0) сап be taken as the imaginary part of the 
new function W(wiT). Thus, 


қам = an can) (93) 
X 
Transformed potential function.— Similarly, it is 


possible to construct another function (мүт) defined by 


мат У a RPC м, ace (64) 
n=o 


In this expression, the coefficients i. are obtained from 
the expansion of ко for the incompressible flow (87): 


"OE M Ewa [wp st (95) 


n-o 
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V 
and 
Ka) eaU (96) 
2.071) : 


Equation (96) is the result of equation (91) and the equation 
ої compatibility given by equation (24). Then the function 
X(q,8) for the compressible flow is given by 


xCae) = Ri (мет) (97) 


The functions W(w;T) and A(w;T) are actually regular 
at the origin and satisfy the imposed conditions. However, 
the following question may be raised: Do the series (92) 
and (94) converge and represent the functions V(q,8) and 
X(q,3) in the domain of validity? To settle this question, 
it is necessary to prove the following theorem: 


Theorem (88. 17 the constante Ag and i. are RT in 


Rick sr) 
equations (88) anà (95), while iu and EUG) are 


defined respectively by equations (91) and (96), the serios 


(92) and (94) are uniformly and absolutely convergent in the 
same domain as those of (88) and (95). The proof is given in 
appendix B, 


9, Analytic Continuation of the Solution 
Branch Point cf Order 1 


Stream function. Ав proved in the appendix B, the series 
(92) is absolutely and uniformly convergent and does represent 
в regular function Wlw3T) for every f in от < Ті and 


on the circle of convergence it agrees with wo(08 19), of 


which the Fourier expansion exists: 


© 


мо(ие- 18) = ) AQ U^ gine (98) 
пто 
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In the present section, it is proposed to continue 
the solution (92) analytically outside the domain ім 10 
with the initial value given by equation (98), The domain 
outside Iw] SU ів generally many-valued, To fix ideas, 
discuss first the case of a branch point of order 1. бөп- 
erally, the function ASH has other singularities besides 
the one at w= U, EoWwever, such singularities lie outside 
the region of interest and thus need not be investigated, 
Let the nearest singularity be given by |w|-.Y >U, Then, 
the domain to be considered outside |м| = О їз an annulus 
with a cut joining the two singularities, The proper repre— 
sentation of Wo(w) іп such a region which has a branch 
point of order l at w= U, is 


(аа Wow) (99) 


where Wo*(w) is single-valued and regular within the open 
annulus U «| wI <V. Hence, in any closed domain 


+83 и1< т -— 6, 6 


being a small number, there exists a uniformly and absolutely 
convergent series: 
- 


DICE 5. [a woe с. ы (100) 


п=о 


which, on substituting in (99), will give the continuation 
of the Taylor series (88). 


ЗРог instance, in the problem of the flow around an 
elliptic cylinder treated in part У, there are two singulari- 
ties of the W, function given by equation (280): namely, 

w = 1 and vw = l/c?. Тһе first singularity corresponds to 
the flow at infinity and is the singularjty under discussion. 
The second singularity corresponde to a point inside the circle 
of the {—р1апе; the plane of the circular section, Since only 
the flow outside the circle of the {—plane is of interest 
here, the singularity w=1/e® need not be investigated. In 
other words, it is necessary only to expand the W, function 


in the annular region 1 < | х < з. 
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The solution for a compressible fluid, which has the 


вате character of singularities as LAC and 1s valid 


in the annulus U < |w| <V, can be obtained from (100) 
by introducing the proper hypergeometric functions согге- 
sponding to each exponent of м. That is: 


œ 


vue + 2 БЕ Btw соя вт] (101) 


neo 


i 
( verde Here 9 ened, 
n being в positive integer; EQ ала 478” 601) are 


which is the continuation of W 


the first and second integrals of the hypergeometric equa— 
tion; and В,” and C,* ere constants. It should be 
noticed that ihe coefficients 3,* and 0,4 in the outside 
series for the compressible flow are not equal to 3B, and 
Cn іп equation (100) for the outside series of the income 
pressibie flow. The outside series of the incoppressible 
flow ін used only to give the proper form of Wi9/(wirT) 

for the desired branch point characteristics; while the 
exact determination of W'Ü'(wir) has to be made by the 
conditions of continuity, which will be discussed presently. 


Since the partial differential squatton considered here 
is of the second order, to ensure that W т) is the 


analytic continuation of 1 ут), two conditions have 
to be imposed at the boundary of the respective regions of 
convergence, that is, the circle а = U, These two condi— 
tions are the following: 


WE) ет s) e Wh) quani, +.) (102) 


[2 «5491 (103) 
да 


On account of equations (102) and (103), there are two 
relations which have the imaginary parts: 
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=> 
z v 
BE fy) U 
тшо 
© 
қ -v n 
*0 G(T) U cosvò -— A, U sin ad 
nco 
0x$-«2n 


y? (vB (т) + 2E! б,» 
3i 1 
+ OR (=a (tT, ) + ат, 8, (0,0) сов va 


з„'(т,) 


Е 
п 
=- жане sin n $ 
n 1 
ERE 


n-o 
т. 


Here the prime denotes differentiation with respect to 
n* 


Evidently, the coefficients on the left-hand side can be 
solved for in terms of the known constants А They aret 


> 

" v * -a L w т 1 1 

Bp EC) 0 жор a(t) Ue Ag U (ес) (104) 
КЕ 


ag v” (ORT) ж ату ECT )) ж og UT” (ов (т, + 27, 90) 


шар От) Gh 3S (105) 


De 


ead 
п 
9 


r1 


m 
BR and C$ сап 


From these two equations, the constants 
be uniquely determined, provided the determinant O(F FY) 


does not vanish. These results are: 
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v Lg» 0i) 
BAU =- вте F ur A “Gs pm set, (т,)-5{_„(т ә) (106) 


DU. Fo(7i) 


бу + Ете тесер у DR "Ga. (т,)—> (т ә) (10?) 


- в 
as the Wronskian 4(Р,,Р,} = — 2 q PP (1-1) = 0 and 
(007) із defined in (51). 


The solution is again formal. To prove that the 
function  W(wiT) is a regular function in the annulus 
region, the truth of the following theorem must be first 
demonstrated, (See appendix C.) 


Theoren(98), If the constants BY and 0% are determined 
according to (102) and (103) and if the series (100) con— 
verges uniformly and absolutely in a closed domain 

б + 6<SiwiSV— 8, then the series (101) will converge 
uniformly and absolutely in the domain О + 8 Siw/SV— 8, 
$70. 


Transformed potential function,— By a similar procedure, 
the continuation of (94) is 


AO (uin e aV Е Ет)” + аёо] (108) 
= 


o 


where FD and 5,(7) are the first and second integrals 
of equation (28) and the constants а and 0% can be 
similarly determined; namely, 


ЕМ ye 
2 КЕР) 
an н Ys Tole LR eg 


(108) 
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о 


Ш) ууа а М (rot cr 8G) 
9 wt ( m 1 v DA * 


20( 17, Y? ш+р mv 


(110) 


The solution determined so far ts understood to be the 
principal branch of the function W(wiT). It was assumed 
that the flow at infinity is paralleltc the x-axis. If, in 
addition, the body is symmetrical with respect to the со- 
ordinate axes, the expression.for the second branch of 


№07 (мут) will be identical. However, in a more general 
case where asymmetry exists, the two branches will require 
separate consideration, 


10. Continuation — Logarithmic Singularity 


Stream fu n.— Consider now the second important 
type of singularity: it is assumed here that the only 
singularity possessed by the function LATI in the finite 
part of the w-plane is a logarithmic branch point at w= U 
about which infinitely many Riemann surfaces are joined. 

By analogy with (99), “209 now can be conveniently written 
as 


ж) = МЕС) + Ном) (аз) 


where Wi(w) is a regular function in the entire domain with 
possibly an essential singularity at infinity, and hence 
generally is given by a Taylor series or a polynomial in w, 


and (=) = F lad) + 1% (а,8) is an analytic function 
which characterizes the singularity of Wo(w). Thus, aside 


from a constant factor, 


Же = i log e - Ғғ (112) 
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If a cut із laid from +U to +2 and the argument of 


f. 


ы - >) is restricted in — m < arg e - 3) «m, then 


the function 9 will be single-valued in the whole 
cut plane. 


The question of constructing & solution for the com- 
pressible fluid consists, therefore, of two parts: we) 


and (КӨЗЕ However, the construction for W*(w) is, in 
principle, exactly the same as that of (92) and hence only 
® (м) will be considered. First, let Yoon be developed 


into power series in the respective domains of validity. 
The imaginary parts are: 


~ (4) = n 
у: (9,8) = % HO) cos ni, q< U (113) 


Taa) =- 1087 


һо 

+ 
B. 
"ГУЛЯ 

Ir 
fu 


-n 
©) cos nd, 920 (114) 


The corresponding expression for \ (а, *), accordingly, will 
be: 


* с n 
а) = 5 A, Е1(7) © cos nð, g< U (115) 
n=1 d 
т 2 x 
Thansa af TECUM ) ът $) z cos nð, q> U 
Ti > ml (116) 


where (т) stands for F(a,,bgj egi) and gU? is 
defined by (39). 


The function [AC may be regarded as the complex 
potential of a complex.source situated at w s U, It is 
known that in this case the normal derivative of ГАСИ 
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on |м} =U 1s a constant, except at м = О, where it 
becomes infinite. This boundary value can be expanded 
uniquely: 


© 
- ) сов пф EET è +0 (117) 
нел; 


The corresponding problem in the case of compressible flow 
gan be put in an analogous manner? to find a function 


V(q,9) which is continuous together with continuous partial 
derivatives and the normal derivative of which on | мі = 0 
13 constant. Thus, the conditions (102) and (103) in con- 
juction with equation (117) demand: 


FB, (т) 4, - 8, (0) 5,40 (118) 
Б FQ (Ta) + 27, zt) | ^a 


6. 


E 


* E g C -27 8! (т,) „= arae (119) 


where the constant В can be determined when the normal 
derivative Va C 9,9) on Įw}=U ів assigned. By solving 
equations (118) апа (119) and using the relation of the 


Wronskian of the two independent integrals of equation 
(27), there is obtained 


An = E BGT) (120) 
сое 23 (т) (221) 


Thus the function №а,0) is completely determined. 


Transformed potential function.— The associated function 
X(q,9) can be similarly constructed, Ав дож) 1з derived 
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“trom (87) by integration of the inverse mapping function, 
it must involve a term ( - 01 log Q - Э! which represents 


the singularity of the function A (w). Ав in equation (111), 
А (м) is split again into two parte: 


A(w) = A) + Же) (122) 


where А*(и) їв вп entire function and е is 


5,04) -G-H 108 (a - 2) (128) 


Now the solution corresponding to log (а - Э сап be 


determined іп exectly the same manner except that the 
hypergeometric functions involved are ENSE and 6 (т) 
instead of F (T) end 0,(7). The part that will require 


special consideration is the term Fa log С = 5). Let it 


be denoted by A (w) = X, = 19,: 


RO) s- 2 9 108 G-3 (124) 


This function is also multiple-valued. Let the argument of 
(1 - х) again be restricted in - п < arg G * 5 <от; then 


in the cut plane the result will be 


= ad р 
i =} ) HO) ENTE (128) 
n=1 
(0) 1 v w іт C р -nti 
Ac ZEE: log е e+ y HO) mE (126) 
n=1 
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According to equation (86), the function olad) is 
defined as the real part of Alw). That part represented 
by equations (125) and (126) is then 


Xoo Pca) =- > a E sin вё (127) 


(9 a a a 
Хо (4,4) = 0 196 0 sin $— g (m-8) cos 4 


© 
ma 
A y te, (3) sinon? (128) 
ntl XU. 
n=l 
The particular solution corresponding to 
11043 sin 8-3 (п-0) cos $ 
у т U 


already has been given in equation (50), Hence the solution 
for the compressible flow is P 


= n 
$a) = ~ Ж к EC © sin n è (129) 


n=2 


X. 8 807) sin %-ф (7—8) cos 8 


+ 6 & (т) Gy" sin nè (130) 
/, "Bn 
Пші № 
where 
+ 
soe —4— [esn roe - (3-33 f an? Slam 
2(в+1) L d ы ы А 
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The conditions (102) and (103) together with an expansion 


a 


1 


1+1 т-1 
n=a 


require that: 


Fal т.) Аз * g Cru) 5 Ы 


F F’ 
Е BOT) жат, Во] Ay 


+ fa атат бте, 


and 


" 


бт) 85 


mm у PD GaN alate’ бета) 


E: 
8 


[ - бит.) + at, ас, | €, + at, к'(т,) = 2, n 


By solving (152) and (123) for А, 
obtained: 


с о Gen)? 


n 12} 


сане 


by using the Wronskian of the independent integrals of 


and 


€ » there is 
n 


(Qa) gc 


(1ай (D BC), афа 


tion (28). With С, given by (134), the constant 


be solved for from (135); it is 


cos $, 0< $< 2n 


(183) 


(124) 


(138) 


(136) 


(137) 


equa-— 
can 
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Е, == (1, Е + Вт, + (85127. 


The solutions W(q,6) and x(q,8) in the whole domain 
under consideration are uniquely determined. Since the 
dominant properties of the hypergeometric functions discussed 
in section 4 hold, in general, the equation of convergence 
can be similarly settled. 


11. Transition to Physical Plane 


In the previous sections, it has been proyed that, for 
a given incompressible flow for which two associated functions 
¥o(q.5) and X(q,9) are defined, there exist two associated 
functions W(q,3) and Х(4,4) for the corresponding con— 
pressible flow, depending upon two parameters Y and fT}. 
The question is whether the associated functions (q,#) and 
X(q,9) belong to the same flow pattern in the physical plane. 
To answer this question it is necessary to fall back once more 
on the equation of compatibility (24); since when W(q,é) ts 
given, %(а,%) is known by solving equations (20) and (21), 
Hence, if X(a,%), satisfying equation (2%) and epproaching 


Хо ав Со — is to be associated with W(a,4) for the 


sane flow, then it is necessary that the equation of conpati- 
bility be satisfied. Except in the case of logarithmic singu- 
larity in section 10 where the complete W(q,#) function was 
not discussed, this condition has been properly considered, 


Once the relationship between 9%(4,%9) and X(q,#) із 
established, the next object із to calculate the flow pattern 
М(х,у) = constant in the physical plane corresponding to 
Y(q,2) and X(q,?). In the first place, the fact that the 
transformation defined by equations (9) and (10) is generally 
one-to-one must be recalled, Suppose that in the hodograph 
plane there із a line defined by 


V(q,9) = constant = X (189) 


which will correspond to & definite streamline in the physical 
plane or a definite part of it, The streamline can be obtained 
by eliminating one of the two variables in х(а,8) and у(а,8). 
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То do this, first the equation (139) із solved for ё; 
namely, 


$ = KqX) (140) 
provided % 4,9) Ж 0. Introducing this relation into 


equation (13) which, when transformed into polar coordinates, 
are 


quiu a Des Slat 9Х (141) 
За q 38 

y = sing 3x, eos? Dx (142) 
да q 9% 


gives a parametric representation of this particular stream— 
line corresponding to W(q,@) = К in the hodograph plane. 
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PART III 


IMPROVEMENT OF THE CONVERGENCE OF SOLUTION 
BY THE ASYMPTOTIC PROPERTIES 
OF HYPERGEOMETRIC FUNCTIONS 


12. General Concepts 


The stgnificance of the general solutions constructed 
in part II of the present report when viewed from the prac- 
tical point, rests in the fact that they constitute an ex- 
istence theorem. It shows that an irrotational isentropic 
flow about a body can be obtained from the corresponding 
problem of an incompressible fluid, if the free-stream Mach 
number is not too high. However, the solution in the form 
of a slowly convergent infinite series cannot be conveniently 
used to obtain numerical values, as the labor of computation 
would be prohibitive. 


By examining the infinite series obtained in phrt II, 
the essentigl difference between the compressible flow solu- 
tion and the incompressible flow solution is seen to be as- 
sociated with the fact that, while in incompresstble flow 
solution the individual terms of the series are of the forms 


cos và cos DY 
-9 


sin vd 3 sin 95 


in compressible flow solution the individual terms of the 
series are of the forms 


v сов 99 y сов 99 
а FO a? ait) 7 
sin vj зіп 99 


If it were possible to write 


ry) [un]. eo sso = [ao] 


there would te no difference between the incompressible flow 
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solution and the compressible flow solution except the "dis- 
tortion of the speed" q by the new scale 9. Іп fact, 
this possibility is realized under the special condition of 
У = -l as shown by von Kármán (reference 1) and Tsien (ref- 
erence 9), 


For the case of isentropic flow with the general expo- 
nent Y there is no such scale factor Q. However, if v 
is assumed to be very large, then there is such a function 
Q, at least to a first approximation. In other words, the 
leading term in the asymptotic representations of F(T) 
and 8.7) does give the desired form. Оп the other hand, 
the use of asymptotic representation necessarily implies an 
approximation, But this defect is not difficult to remedy 
as the difference between an exact hypergeometric function 
and its asymptotic form can be added to the approximate so- 
lution es a correction term, Since there are an infinite 
number of terms in the series form of the solution and each 
gives a correction term, the correction terms also constitute 
an infinite series, Therefore, the original infinite series 
is now transformed into a closed function plus another in- 
finite series of correction terms. At first sight, such a 
transformation seems unable to give a result that will avoid 
the difficulty of prohibitive computational work, But actu- 
ally, owing to the good approximation given by the asymptotic 
representation even for moderate values of V, the correc- 
tion series converges very rapidly. A few terms seem to be 
all that are necessary. Thus, for all practical purposes, 
the original infinite series is now converted into a closed 
function with "speed distortion" plus a few correction terms, 
The fundamentally interesting point is that for the case of 
в general exponent Y, the simple method of speed distor- 
tion vill not give an accurate enough solution, (cf. ref- 
erence 8.) 


The change in type of the differential equation at the 
sonic speed also introduces a singularity in the speed dis- 
tortion function Q, However, by using the correction terms, 
the effect of the singularity can be limited to a very nar- 
row range in the neighborhood of sonic speed, and no practi- 
cal difficulty is experienced, This will be made clear by 
the numerical example given in part V of this report. 


18. Asymptotic Solutions of the Hypergeometric Equations 


Let Uy(T) and Vy(T) be two new dependent variables 
defined by 
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vt B 
Wate * а-т шут) (148) 
aptr - 
хт) et Ê (т) w) (144) 


The differentiel equations (27) and (28) reduce respective- 
ly to 


uj (т) - [? e) +в | у, (т) = 0 (145) 
уу" (т)- [> orto tr) | (т) = о (146) 
where 
plr) „1 DT 


4т2 (1 - т) 


(т) a 81087 Ee) - (1 = 0* 
28 4T o- 7)? ^ 


Both equations (145) and (146) involve a constant param- 
eter v which is real and positive but otherwise arbitrary 
for any fixed constant В. Іп the interval O «T «1 in 
which the flow takes place, the functions olt) ana арт) 


are finite end continuous except at the extremities T= 0 
and Т = 1, To avoid the repetition, let equations (145) 
and (146) de replaced by 


Uo (т) = [^ olt) + ЖӘЙТКЕ 20 (247) 
1 


where Ug, (т) = Uy(t) when а = В; and V.p,c() = Vy(7) 


when а = -В, In the interval 5 < TS ЕТТЕН - 5,8 >0, 


ф(т) is bounded from zero and is positive, F, Horn 
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(reference 18) showed that when v is a large positive num- 
ber, a pair of solutions of the following forme exist in the 
interval concerned: 


02005) ~ E [oè + та), 21207) ж. + fai (148) 


9 v v 
v) ~ Qno [5% ы), 22207) РЕ feat] (149) 
where 
Б 
к(т) -/ Өө ат, 0<т< т (150) 


A constant in equation (150) was left out, as it can be ab- 
sorbed in the constant factor in equations (148) and (149). 
This representation ean be shown to be unique as long as v 
remains etegter than a зате positive number М, By substi- 
2 
v 


{ 
tuting Ug y(t) and Ug (Т) іп equation (147) and choosing 
the coefficients f, a(t (r = 1 and 2; and вз1, 2, 3, ...) 


to make the individual terns vanish, equation (147) reduces 
to 


ret " - et 
2K fissi tk fis = Pa fios fis (151) 
4. " " 
ақ fo ЕК 1, esa = "Ра EL MEE Оа 4 (152) 
-% 
where ғ, о(т) = f2,9(7) = . The coefficients f, (T) 


then are given successively by a first order ordinary dif- 
ferential equation and their determination does not involve 
any difficulty, The problem is thus formally solved, 


Obviously, the solution is of the exponential type when 
Ф(т} is positive 13 the range concerned and of an oscilla- 
tory type when ә(т is negative, Now in the interval 


85761-%,8>0 where ф(т) 20 when TS сыгу, both 


types of solution exist, It is evident that in the neighbor- 


hood of Та TER a change of character of the solutions 
+ 
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must take place, but the manner in which the transition oc- 
curs cannot be deduced from equations (148) and (149) be- 
cause of the failure of the representation of the solutions 


in the neighborhood T = mii This is closely related to 


the Stokes phenomenon, 


The method was extended by Jeffreys (reference 19) to 
include the case where Ф\Т has a simple root in an inter- 
yal under consideration end can be applied suitably to the 
first order of approximation. The general problem has been 
treated by Langer (reference 20) in a series of papers, con- 
sidering both the case where v and T are real and that 
where v and Т are complex. Attention was given especially 
to the Stokes phenomenon, and a law of connection of the so- 
lution valid on each side of the critical point was explicitly 
utated, In the present case, however, only the first арргох- 
imation is used and Jeffreys’ method is adopted for conveni- 
ense. 


It is seen from ecuations (148) and, (149) that the 
fun approximation depends only on О(Т), and the effect of 
Pg T is felt only by the higher order terms. Hence, for 
the first approximation only, equation (147) can be written 
аз z 


vyG) - vê w(t) (т) = 0 (183) 


where Ug,» = U-g,v = Uy. Thus, when v >N, the dominant 
terms of the asymptotic solutions are 


hr) eg tut аво @) | (154) 
(з) = m: т<1 
а > 2 

v ()-ф* en +0 | PHL (iss) 


Here 0 à). in each case, denotes the fact that the tern 


ів uniformly of the order yt when v ie sufficiently 


large in an interval 5 © 7S at 5 > 0 and іва 
28+ 


function of 57. 
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On the other hand, in the interval mE +5 т5 1-6 


where olr) < 0 and E із a pure imaginary quantity iw 
where w is real, the dominant terms of the asymptotic so- 
lutions must be a linear combination of equations (148) and 
(149) and must be of the forme: 


wl? (7) “А cos (ww + e) (156) 


(a) в T 
з, (T) ~ За ein (owt e); рта (57) 
Фф 


where Ci, сз, and єр are constants to be determined. 


The question of determination of these constants is ac- 
tually the same as that of determining the more of continua- 
tion of the asymptotic representation of the solutions in the 


range zt à STS- 6. This can ve done, according 

to Jeffreys, by considering the solutions valid in the neigh- 
1 bet $ = TL. then € is suf- 

28*1 38-1 


ficiently small and 9 46 large, equation (153) can be writtei 
approximately as 


borhoad of T = 


uy" (De v? et(o) u(t) = о (158) 


pf) (5) 
provided SU SH) "1. This is known as Stokes equation, 
prio 


The independent integrals are 


(1) 2) 
where За (0 and к! (t) are the Hankel functions of 
order FI Consider as two independent solutions the follow- 


ing linear combinations: 


ЗЫЛ? = da) + Palin (160) 


з E] 
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la) È ( 


we) шн 3.0) 


Du) la aD ав) 
T 


ET 
3 


Ав ze) and (2) (6) are analytic functions in the 


whole? t — plane, this immediately provides a means of iden- 
tifying the asymptotic forms that represent the same func- 
tion, 


Suppose first that for a 
( 


f = 0, the solutions are 
given in equations (160) ana ) 


. The same solutions for 


which arg беп and arg t= H п are 


3 А 3 
Ф п n т 2 ті 
eu E ou a?) (t e y.é A A | (Lee (163) 
3 5 
Now 


ni 
2 


and when б is large and -n < arg te < n, the dominant 


Jot 


(1) z 
terms of the asymptotic expansions of H, (t e 
з 
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By substituting in equations (162) and (168) and neglecting 
the term of Lower order in [o there is obtained by expand- 
ing at the same time equations (160) and (161): 


267 cos (t - г) a e (164) 


ез ein (t - =) t*e (165) 


Here the arrow is used to indicate the transition of the as- 
ymptotic representation of the same function from the left- 
-$ 
2 


ci 
hand to the right-hand member, For small t, Ё * ~ Фф 
ава { ~ -vw; (156) and (157) finally become 


Эц) cos (vw - $) haso a) (166) 
і 4/ С v/j 
i 1 
<т<1 
(=) 1 E INE 
т) = -5- т 0 iy 
2, (т) к: соз (vw + ғ {a + 9] (167) 
with c, = 2, са = ~l, and ey = We Under the hypothesis 


ge made, the pair of expressions (154), (166) and (155), 
167) actually represent respectively the dominant terms 
of the two asymptotic expansions of the solutions vor) 


and uy? (т for а v which may be any positive but large 
number. 


14, The Asymptotic Representation of Fla,, by; су; 7) 
and Fla, + B, by + В; сырт) 


( ) The dominant terms of the asymptotic expansion of 
1 
uy (T) ana Uj? (T) are given respectively љу (154), 


(166) and (155), (167). By evaluating the simple integrals 
in (154) and (166), the explicit expressions for the first 


(1 


approximation of Ц, Yr) and vi) are 
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RS inf 
sou - аме faa ER Pra) (168) 
БЕРЕГЕН 
Ве А & s о<т< 1 
DTE ~ (ав) 2 (ышы т Ут) ЕКІ? 
-a 
ded ~2 (аа - 135, Ы | (270) 
B are cos (әш - 1) T 
T i Sel т<і 
әле GRIS (ш, Т) em 
where 
a 
[sa suy cde a1] ЖААР. 
т*(т) = T = [ ] (172) 
(1 - т) + (1 - a?r)? р 


2 2 
w(t) = a tan"? / E27 — 1. tanned ТТ 
a^(1-T) ES 1-т 


The values of the function ati) are given in figure 3 to- 
gether with the function p(T), defined by cos p = 1/M, 
In the respective ranges of validity, each pair of expres- 
sions differs from the exact solution only by a constant 
factor which can be determined to satisfy the normalization 
conditions (30) and (36). By substituting equation (168) 
into equation (143), these were found to be 


zv 


9-2 
А. xiv 2 
“у 27 (28) : fas) 


Thus, the expressions for the desired asymptotic forms, when 


9 >N, are, for the interval 05 т < FINE 
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FO) alr) т?(т) (173) 
g, (т) ~ (т) Y (т) (174) 
where в af 
eth Г E E] +] 
(т), Gat? т) 2 аел) ыла Td (175) 
(1 = аёт) ажа) (1-т)%% (1- аёт) 
For the interval IT < Т < 1, they are 
(т) = ет) 2" (7) сов (ъш - 7) (176) 
SO) ~ betr) v (т) cos (vw + i (177) 
where Bei g 
(п-т)? (2в)® 1 
f(t) = а 4 ‚ (т) = 2 (178) 
lar- 1). Qta) 281 


The values of T(T) are given (fig, 4) ва а function of T 
together with the local Mach number М, 


Similarly, as from (152) Uy(T) ~ v (T), corresponding 
expressions for Fla, + B, b, + 8: c.i T) аге: 


v v 

ET) ~ et) тт) (179) 

0<т< іт i 

8 07) = g(t) P(r) (180) 
where ~ Bed 
a % 

g(t) = Gat)" (181) 
(1- аёт) 
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- 
and 
Е.Д) ~ g(t) (т) cos (vw = 1) (182) 
-а-<т<і 
р E 28+ 1 
& Е i git) T(t) cos (w + z) (183) 
where 
"We. 
g(t) = 2 сез) (184) 


"S 


Here EG) denotes invariahly the first integral 
Flay, byi сыт) white @ ДТ), when multiplied by ig 
denotes the second integral F(t), defined by equation 


(37) when v ig not an integer or by equation (39) when v 
is an integer, since the asymptotic expansions are valid for 
both integral and nonintegral values of 7, provided v> N, 


In the domains of validity, the asymptotic expansions 
may be differentiated with respect to T with the same order 
of approximation, Hence, for v > N, it can be shown that 


for От 


Bet. 
Ef ~ alt) T(r) (a +0 (8) (185) 
& Q0 ~ nft) 1-9 (т) f + TOD (186) 

where a? 

Е -% d - 
ae: Get) (аёту Га-т*+ a вт] (187) 
and for i4 т<і 

ы mnir) a? (т) cos (vs aap Э) {+ o © } (188) 
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а (10-3 (т) mh) cos (ses nem) t o (5) (189) 


м a 
here a? 


B()ea(1-T) ^ lataa)? (agr)? 


‚ w(t) = eos", 


The values of the funetions elt) and в(т) are given in 
figure 5. 


It is interesting to note that when Y= -1 the eon- 


stant a vanishes and onl pe exponential type of solutions 
exist. In the case of Mut the solution is exact, namely, 


for Bs - 1 
2 


ERG). —À—] (192) 
2 


(193) 


of which the first is in agreement with the result obtained 
by Tsien (reference 9), while for x(t) the solutions which 


are not exact reduce to 
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This may be the cause that destroys the analogy between the 
coordinates of the corresponding compressible flows and the 
incompressible flows. 


For Y = 1,405 and Vent +, п being a positive 


integer, the three groups of functions 2,07), Е әз £0 
E ys and №, sa), zy US together with their asymp- 
> Р E 

totic expressions were caloulated for T verying from 9 

to 0,8 and n from О to 10, Тһе results are presented 
in tables 2 to 13. The tehavior of the approximation is il- 
lustrated in figures В to 11. It con be observed that the 
degree of approximation of the functions increases, on the 
one hand, with 9 for any fixed Т, On the other hand, for 
any fixed n, the approximation becomes worse аз T ар- 


proaches the critical point 7 = —€— corresponding to 
Р ZBI 


the local sonic speed. Оп the whole, if the critical point 


T seri is not reached, the agreement can generally be 


regarded as excellent, especially for larger values of n. 


15. Transformation of the Function W(w;T) 
Branch Point of Order 1 


The function W(w;7) for a flow that possesses a branch 
point of order 1 was given in sections 8 and 9, The foras of 
representation, as can be seen, аге not, in general, suitable 
for practical calculation. The difficulty is twofold: First, 
the series involves infinitely many hypergeometric functions 
which themselves аге, in turn, defined as infinite series. 
The convergence of hypergeometric series generally decreases 
with an increase of the parameter v, ‘This means that it is 
very difficult to compute the value of the later terms of the 
series for Ww; T). Secondly, the convergence of the power 
series defining the function W(w;7) itself is, as expected 
very slow in the neighborhood of the singularity. To in- 
crease the convergence, the following method is used: 


Observe that the gorresponding function for the incom- 
pressible flow that has the same character of singularity is 


390 


64 NACA ТИ No, 995 


а) = В 
Мо (м) = 90%, Iw! <U 
n=0 


which is absolutely and uniformly convergent in any closed 


Ar) 
domain in || <U. Now, if in (92) 5, (T) is replaced 


by 
ў А 
zd). 200. (Қт), окт 1 (195) 
n £(7,) 2841 
where t(1) = 2259, as by hypothesis, O< t, « « 1. 
т(т, 28+ 1 
then ір is clear that 
о) er а, 
Li iT) в ZW. у £y)? tw) <u (196) 
(w; T) ry 2. w), ftw] 


220 
which is also absolutely and uniformly convergent in the 


sane domain as  Wo(w) and, consequently, (196) will be de- 
f(t) 
f(T) 
striction that (195) holds only when n is greater than a 
large number М із violated. Тһе error can be removed by 
adding to and subtracting from (91) the quantity given in 
(196); then it follows immediately that 


noted by 


Wo(5w). In doing this, however, the re- 


WO uir) ear) + WL un) (197) 
where 
Сет) = i Wo(tw) (198) 
e 
DIET = y An б„(т) ий, Iw] <u (199) 
with ve 
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(r) 
a(t) = 5” (т) - HER $2 (т) 


Here п із a positive integer, The function W(w;7) then 
is represented by the sum of two functions Wy (wit), which 


i 
is of closed form, and st TES which is the difference 


of two convergent power series and hence is also convergent 
But, according to the theory of asymptotic expansion, &, (1) 


tends to zero as п approaches infinity. Іп fact, 5,4) 
is of order n^i; therefore, the convergence of W(wiT) is 
increased by the order of n^l. This actually is the gist 
of the whole problem, 


As the form of the representation of the hypergeometric 
function given in equation (195) is valid for all T in 


жт zT Wi(w:T) given by equation (198) holds auto- 


matically even outside the circle Iwi = U. For this reason, 
W,(wiT) should be identical in form with that derived from 


equation (101). That this is the case can be seen from the 
following consideration. For, in addition to equation (195), 
if it is assumed that 


$, (т) # (т) v 0) (200) 


b(t) =- 8,1.) EO | Жас Тү, (201) 


ae equations (106) and (107) yield, by equations (108) and 
109), 


it follows that 


= B -V - 0 v 
Be = on т70(т,) i жыла ER 202 
dico i алысса, T 


By using these sets 0f approximate coefficients and replacing 
E and 8, T by their respective esymptotic expression, 


s ла relation is obtained with the aid of equation 
100 
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(o) 
Wo (мут) = К (ыт) + Wa (wit) (208) 


where 


s uis) SG % {5920 eee: (т) " ) (204) 


In this case the coefficients В” and бл, as well as the 
functions ES) and g(t) used in deriving (өт), аге 
approximate, Hence, if both are corrected, 92 (т) and 
eC) (т) should te of the forms 


(a) "d By -v 
aS (т) = азр в (т) + TM 27"(,) az (т) ] 


“=p 
(205) 
s) = аб G(r) + z5 т?(т,) ав (9) 
where 
аз = за - gy 0. авт) = Bye) = etr) Pr) 
(206) 
ACA = Cp ~ ER, a(n), ag, (т) =g (т) = (т) т7?{+т) 


* ж 
Неге the differences 4B, and 40, depend upon the condi- 
dition at infinity for ппу sets of constants Зи апа CR, 
while those of AP (T) and Аб (Т) are functions of т 


only and, for this reason, can be tabulated once for all, 
It also can be shown that the order of 452 із at least of 


n-! and therefore the convergence of (204) is again increased 


by n”, 
| aJ 
Consequently, if W(q,0) = #,(q,6) + v; (q, 6) where 
the superscript (1) denotes either (1) or (o), and if 
the coefficients are real, the stream funetion for the sub- 
sonic flow is according to (93) given by 
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20). о?) 
Vi(a,8) = (тү) Vo(ta,0), EE ER (207) 

а) =. 
м, (4,9) =- А,б,(т) q* sin n0, а<7 (298 

150 

and in U<q< Y 
(o) Sr 5 
У (8927) [ott а? + sn a” es ve (209) 
жаз 


with 6 restricted by 0< 9 < 29. This result is striking 

in that for T= ту, Ұ(0,0) #¥,(U,8) as Gy(0,) = 0; 

that is, the function №, (а, 6) represents the correct sin- 

gularity of the exact function, Far away from the singular~ 
о 

ity the term Wa (0,0) (ізі or 9) gradually comes 

into prominence, especially near Т = Sanit but the con- 

vergence there is already so rapid that a small number of 

terms is enough to secure а high accuracy in (9,9). 


It is interesting to estimate the magnitude of the sec- 
ond part of the stream function. By noting the fact that 
Gy (т, = 0, G(T 5} = 0, the expansions of the G,(T T) aad 
в, (т) are 


ва(т) = 6107) (тету) +... 


G(T) = вр! (Ta) (т - О. “Тұ esr 


Then from corollary (52), it is shown that for ‘= 0 


In other words, the second part of the solution is of the 
order of magnitude of (T — Тү). However, the magnitude of 
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(T= т) depends essentially upon Ту for a given incom- 
pressible flow, If Т) is not small, then when Т = 0, 

IT - 17) will be large, Thus for large free-stream Mach 
numbers, the second part of the solution WV, cannot be neg- 
lected. This means that for high free-etream Mach numbers 
the correct solution for compressible flow ie considerably 
more complicated than the usually assumed simple speed dis- 
tortion rule would lead one to believe, Thus, any theory 
based upon such a simple rule cannot be accurate enough for 
transonic flows. 


On the other hand, 1f Т, is smell, or Т, < < ze т 
then the value of |Т-Т,! for 7 «0 is small, Further- 
more, if the maximum velocity of the flow is well below the 
sonic velocity, then the maximum value of T also ig small, 
thus !T - T,! for the whole flow is small, Then the ssc- 
ond part of the solution WV, ів negligible, However, even 
then the solution for the compressible flow cannot be ex- 
pressed as the solution of the incompressible solution by.a 
sikple distortion of the velocity scale, ав is generally as~ 
sumed in the so-called hodograph method, For this would be 
the case only if the multiplying factor f(T)/f(T,) 18 
identically equal to 1. Since the multiplying factor is a 
function of the magnitude of velocity, the streamlines of 
the compressible flow and the streamlines of the incompresa- 
ible flow cannot be made to correspond to each other, On 
the other hand, equation (207) shows that if Фо із zero, 
then Y, {в also zero, Thus there is this one streamline, 
the sero streamline, in both flows satisfying the require- 
ment of direct mapping. Since the zero streamline generally 
is chosen to represent the contour of the body, on the sur- 
face of the body in purely subsonic flows, the velócity of 
the compressible flow can be calculated from the incompresa~ 
ible flow by a simple “correction formula," This formula is 
given by equating the velocity 4 of the incompressible 
fluid to the velocity function tq of the compressible flow, 


Thus 
(9, - ү - 292, 


where the subscript о denotes the quantity for incompress- 
ible flow and Т(Т) is given by equation (175), This for- 
nula is the eame as thot suggested by G, Tenple and J. Yarwood 
(reference 11), This coincidence of Temple's theory with the 
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present investigation can be considered as a further substan- 
tigtion of the method, 


For the supersonic regions, Е, (т) and g, (n in (101) 
should be replaced by 


ur 


ECT) 2 (т) т?(т) cos (vw -2) (210) 


<т<1 
28+ 1 


) (211) 


m" 


g, (т) a f(t) v7" (7) сов (ош + 


where f(t), T(1) and w(t) are given in (178) and (172); 
then by writing 


w-4) - -1) 
і(ош- 1 eh i(w-% ) 


Е (т) = 2 2(т) f 


v 


and substituting as before in equation (101), it leads again 


(o 
to the sum of Wi(wiT) and М. (wiT), where 


= =v 
№; (м;т) = Hy Бы i y РА (вме 9)? + On (вме?) | 


n= 
і V -iw V -іш, -V 
*e* 1 fs, (twe  ) + Cy (twe ) қ 
DE j 
and 
© (2) (а) =p 
Na(wiT) = 4 f (т) 0 + es^ (т) ете 
alw 2. v w^ + Gy w ) TEEN 


n=O 


According to equation (100), Ж, (и; т) also can be summed! 


-mi пі ET 
Wa) = i tu. Е а (вме) + e à. (вме Sd (212) 
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Furthermore, from (178) it can be seen that |tw|= AU, А 
being a constant given by 


teint H 


> 1 (213) 
(1+ а) (261)? т(т,) 


which is a function of the Mach number and the characteristic 
constant В of the gas but independent of the shape of the 
boundary, The value of this function A 1з given in table 
14 and figure 12 for Y = 1,405. Ав a consequence, the func- 
tions constituting the stream function for the supersonic 
flow are 


Ф: (4,8) 
ЕЕЕ) 
=з ——— ШОҒЫ (9-ш)%%(9% w) ~ a(o-v)| (214) 
(т) 
%-ш>0 
а (9,9) 


= у КШ 4? + al?) (ry e] соз v), Uc q« Y (215) 
^20 


Here the functions %;) and Фу are defined, on account of 
(213), by 


(= ау, (И, dw), $5(9* ш) = gg (7, dtu) (216) 


where Po and 4, ere the velocity potential and the stream 
function, respectively, of the corresponding incompressible 


1) (а) 

flow, The functions al (т) and G, (т) ате the same ав 
defined in (205) except that ar {т) and sg (т) now are 
given by 
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ag, (r) - Е (т) © 20. T? cos (vu - 2 
(217) 
ag (т) E g (n) - 10) T7" cos (еш + z) 


J 


Unlike the previous calculations, of (т) in (211) is 


not of the order of v7! due to the presence of 1/2 in front 


of f(t) T" cos (vw ~ Zl This, however, does not offer а 
serious objection, ав Abe series in which it appears already 
converges with (tq), t being less than unity. 


It is worth noting, moreover, that in the hyperbolic 
domain the function (4,8) depends, aside from a factor 
f(t), only on the two independent families of characteristics 
defined by 


E2)«u, ned-w (218) 


This result is most striking, as it shows that the main part 
of the solution satisfies the simple wave equation and thus 
clearly demonstrates its hyperbolic character. With doth 
the incompressible stream function Vo and the incompress- 
ible potential function фо appearing in the solution, it 
ia impossible to establish a simple relation between the in- 
compressible streamlines and the compressible streamlines. 
Since such a simple relation is the foundation of the so- 
called speed correction formula for a quick estimation of 
velocity distribution in compressible flow from that of in- 
compressible flow over the same body, this idea cannot be 
extended to aupersonic regions, On the other hand, this 
also indicates that although the differential equation for 
wlq,#) is hyperbolic in the supersonic range, it cannot be 
reduced to the simple wave equation by a mere distortion of 
the speed scale as given/by the function w(t). For if this 
were the case, then Yi (а, 8) would constitute an exact so- 


о 
lution without the additional “ (аз). This fact is all 
the more important as the additional va? (4,4) is not 
small in comparison with W,(q,8) for the mixed subsonic 


and supersonic flows, especially for the transitional region 
near sonic velocity. , However, in the case of pure supersonic 


flow, (9) u.a) might be small; then V,(q,9) alone may 
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be used as а satisfactory approximation. Of course, when 

\ = -l, then, as in the corresponding case in subsonic flow, 
the exact differential equation for the stream function can 
be reduced to the simple wave equation, In this case, the 
appropriate form for the epeed function w is 


1 


wla) = = tan” (219) 


where the subscript 1 denotes the conditions at the point 
of tangency of the true isentropic curve and the approximat- 
ing tangent. This agrees with the result obtained by N. 
Coburn, (See reference 21.) 


16. Continuation: Logarithmic Singularity 


In the case of the logarithmic singularity the function 
W(w;T) was broken up into two parts of which only the one 
that characterizes the singularity was given in equations 
(115) and (116). Ая an exemple, it is proposed to show that 
this protlem can be treated by the same method, If the same 
approximation is introduced as in equations (195) and (201), 
then the coefficients defined in equations (121) ana (122) 
become approximately: 


if бз) giri) 
Dm (т) BUS n Ұбт.) (220) 


£ 2 
with B f (t,) = po so chosen that the form of equation 


(207) 1s again preserved. With these coefficients and if 
there is written for the function inside the circle q= О: 


aft) ali 
V aa) = Palad) + n 


Equation (115) reduces to the sum of 


f(T) 


£0) z 
fU Wy (tq, 92, OxT«-—l— (221) 


\: (9,8) = AFE 
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а g n 
gq, 8)5 2, іе (т) (=) соз пд, а< 7 (222) 


AE (т) 


тру FG) (223) 


& C) = EQUO) ag (yy) + 


with 
BE (т) = ELO) - #00) т” (т) 


(224) 


ав (nm) E 7 (0) 170) 


Similarly, in the case of equation (116) it reduces to 


ee T$ abre sd 


x . “retad 
Неге W,(a,8) із again the same as (221); while yə (q,8) 
is 


go f (т) +4 
8) =- 5 (т) ta 
(4,9) rum 7 " (1 d * т) log T 
wl -n 
+ 5 5% (2) cos në (225) 
В n=l 
where 


89 (т) = g 0) ав 071) + 473 (т,) CT) ав (т) (226) 


with 
Fn) 7^0) 
f?(7,)  f(04) 


ағ (ту) = 5б (Т) = & C) - PCT) т-®(т) (227) 
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Unlike the previous case, 069,9) = Vola, 9) when, and only 
when, со tends to infinity. Because of (221), however, 
the singularity of %(4,9) remains unchanged. 


Agein, if in (118) 


& (т) = i f(t) T^ (1) cos (aw + х) 


ів substituted for (т), it can similarly be shown that 


5 
~ -8 - ~ ~ ~ 1 
феей ifr (инф, 0-шд - бы» Go(d-u) | (228) 
%-ш>0 
7 
is ее 1 f ата a? £17) (y ушш) 
21 (74) ^ f(t, 


QE "ey coe në (229) 


nii 
where %,(9 tw) and %(% = ш) are defined analogously to 


(216), anà ag (т) in CETT is now given by 
ав (т) = GG) р ет) 07907) сов (аш + 5) (230) 


This seems to indicate that the results obtained so far 
for ,(q,%) are quite general: It may differ for different 
cases, at most, by a constant factor, The general property, 
however, is not shared by №. (0, 9), the character of which 
changes radically with the nature of the singularity and the 
shape of the boundary. Hence, its importance in the present 
problem is evident, 
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17. The Coordinate Functions х(а,4) and yla,d) 


Whenever the function X(q,0) for а boundary problem 
is determined, the coordinate functions x(q,9) and y(a,9) 
can be calculated according to equations (141) and (142). 
Suppose, for instance, а boundary is assigned with the prop- 
erty that the function A(w;t) is truly described by (94) 
and (110), of which the real part X(q,8), defined within 
the circle iwl =U, is 


co 
e “(т 
Xa) = 2 Ay fn Mey а cos nd, 4<0 (251) 
nzo 
where the constants 1, in (94) are again real and аге ге- 


Bir ы 
garded as known, and қ (т) = EE G1). 


As the series is absolutely and uniformly convergent in 
4 < 0, it can be differentiated partially term by term with 
respect to а and 9. When the differential coefficients 
Xalat) and Xg(q,0) are calculated and are substituted in 


equations (141) and (142), there results: 
S а» 
х(4,5) = y nA, E qh7 cos (n- 1) $ 


со 
-BT Y n is nol ү. (т) 927? cos пб cos à (232) 


Е 
+1 п 
13 
а <U 
Ў (т) 
ж: & $7 n-1 tal 
y(a,6) = n EN Ey а sin (п 1) 5 
nsi 
S G) 
= - һ-1 d nei 
BT ) а А 27 а (т) а сов nó віп д (233) 
кті 
where 
gt) ( PECX B+ 1, bp + B * 1; cn + 1; T) (234) 
n, Flan, Ups сп; 71) 
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Now, since 


8 


хоб9,.8) = n a, 9071 cos (n - 1) 8 
ПЕ 
and 
o 
уо(4,9) = - 2. n % 471 sin (n - 1)8 
= 
© 
So(q,9) = X қ а? sin пф 


by introducing the approximation given by equations (179) 


and (185), that is 


^n f) 
0<т< 
zo) z b(t) n 
Жасы (т) HON t (т) 
by defining 
х(9,4) = xi(q,8) + х0 (а, 6) 
у(4,9) = у: (4,6) + ys) ба, 9) 
i+ can be shown by the same manner that 
g(t) BT в(т) 
nlad) = (т 4 (т) Е 0,069, 9) cos 6 
бете. 
E 28*1 
уз (4,8) = SU. (т) уо(на, 9) - ВТ BC? п (19,8) sind 
f(T) а f() 


(235) 


(236) 


(237) 


(238) 
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and 


© 
P (4,4) = Ў n А, p(T) @°7?сов (n ~ 1) è 
ізі 


c 
- BT h i. & 07) 427? cos пд cos $ (239) 
nsi А 
а<0 
‚ е В 
xf) (4,4) = = у n № б,(т) а та (n - 1) 9 
| E . 
- BT Уу п & (1) 917° cos nt sin д (240) 
nei 
where 
(т) = Blan * #5 bat В: одї TO elt) үү у (241) 
Flag, Әрі ол; Ту) f(T) 
я anzi FlaptPtl, Ър+В+1; optlit) (т) п Y 
5, (0) эрт Tagg ter арр Тыў ТО)" (т) (242 
806 
Nalad) = I'd (248) 


On the other hand, the expression for X(q,$) valid 
outside the circle of convergence is 


жа УЫ BG) -& Gn aP] en ve (240) 


na2zo0 
provided the coefficients EN and “4 in (110) are real. 


The functions x(q,e) and у(4,9) corresponding to (244) 
can be found similarly, These are: 
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= А 
x(q,9) = 2. (ж (т) 47 sin(v-1) 3+56%6, (т) Psat} 
n-o 
< 
- "у {к клр КО n 
n-o 
+ 50% = lg G) ol sin v9 cos 9 (245) 
Ucq«Y 


ylas) = Ў 


—— 


VEN (т) 971 с08(2-1)8 - 004037) 7; 


, 
se prix а 
-"У Ны оа 


neo 
+ эй = + бб) ас? spe v) sin 9 (246) 


Here the constants 79% and Ô} satisfy the relations 
(109) and (110) and-can be reduced to 


T7 (41). бт т? (ту) (247) 


provided the same approximation is made as in (202). Further- 
more, 


xola, 9) DA { я, 9972 sin (v = 1)9 + оба 70-1 sin (v + ash 


nso 
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Уо(а,8) = > fs, 40-1 cos (v-1) $- v6, q” сов (v+ ix) 


and if #,(t) and Ж, (7) for the high-order terms are 
substituted by the asymptotic forms: namely, 


m 


Ы H = (ту 1 
є(т) т (т), zou a(t) PVC, от < 4 


Ё (7). 
v 


then in like manner (245) апа (246) can be transformed and 
can each be represented by the sum of two functions х: (9,8), 
у: (а, ð), and xalqa, ð), Уг(а,Ӛ), where x, and у, ате 
the same аз (257) and (228); while ха and уг аге: 


: 3 T {a ) (туа? sin (o1) 65?) (477 Fein (4108 
Gy v 
nzo 
ЕСІН 58) у 
= вт 44604 1099734 8021034797 sin vd cost (248) 
ER U 4 
т, <т< pow Hae 
28*1 
ау у vienen Бен - 8$ Cg eos (041) 9] 
nzo 
© 
- вт y» see. ЫЛЫ ve sind , (249) 
п=% , 
where g(a) and ae} are defined by: 
ша PT A 
s) = М ED HERO T Per) AE (т) 
ж 1 
E 2 6 (250) 
62) (т) = A0. 8207) + TU т, ) а, 
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Q) Pm ÉL. ou 3 
8510) = aba EDI ) Ж TU (n) АЁ (т) 
(251) 
„(а) 2*5 v-1 [A 
By it )s 4c, V ti + iU T (741) аб | 
with 
АЕ, ЕЕ, (т) - в) Per) 
, ; 
(252) 
5 pele -v 
88: (т) Tid Ва ~ a(t) 2 P(r) 


R A 
while AB, and AF (Т) are defined just the same as those given 
in equation (206). 

Similarly, if the hypergeometric functions involved in 
the high-order terme are substituted by 


е = v я - nv. 
1, (т) 2 g(t) т соз (w= 2), Ë, (т) (т) Т сов (ш-а-1) 
ЖЫ) EL g(7) t "cos (мәл), gM 51 ъ(т) T "eos (знат 


and by resolving the products of the trigonometric functions 
into sums: for instance, 


2 sin (v - 1) 9 cos (vw - ЭБ sin [ecce ш) + (5-2) | 
1 

+ sin [о-о - ш) - (» -2)| 

2 sin (v + 1) è cos (vu + 2). iin [ Dasa) - (0-2) 


+ sin [ws 1)(9-ш) +(w- 3] 


407 


NACA TN No. 995 81 


а brief reduction gives when 


" 


х, (9,8) = HD gn [so + ш) ж 000 - ь | ces G 2 s) 


EXC +w) - 1(9- «)] sin Н - 9) 


вт вт) т 
-R HO, | [ayes ++ O,(9 = в) | cos (ы +z) 


= [509 + в) - gu - 2 sin G + j be ә (253) 


600) gto | 
(aaa Fe МЕС +a) ктаб с) | eos ( l ) 


ЖЕЛЕ +w) = Х(3 - »)) sin G - s) } 


- [ын + а) + йд = а) | eos ( + D 


МЕСЕ жа) -0 (8 - ») | sin G " j| sin $ (25%) 


by the fact that qt = AU in the interval under consideration, 


Here 


X,(8 + ш) = X (AU, 9 + ш), — Yo(à + ш) = y, (AU, 9 + в) 


909 +w) S6,QU, 93% ш), N (S + ш) z G,(AU, 9 +w) 


M 
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where X 
9. (ч.2) = . Be 
and 
2 
ae) 
(a) 


e (з) 
р DEN (т) 477 аза (ve 2) ds б, (r)a tein (vt оз) 


в 
н 
o 


-вт p ZOOTE aiana] sin vò cos è t255) 


ета 
o) 2В+ 1 


(4,4) 


= DEC (v= 1) a EP? ou taos (v+ ix) 


nzo 
Е : 
2 КС 
-pT Уу TON CE Sei) sin vé ein ð (256) 
2-0 


zo) 


go 
vhere a) (T) ana NM (т) retain the definitions given 
in (250) and (251) except that АЁ (т), 45, (т), 46 VU 


and 25, (T) are replaced by 
D, 


ak (т) = £O) i g(t) т” cos (әш 3 1) 


ab (т) = BELG - МИ). 1 cos (m -p= T) 
з ver №, з 2 

AG (т) = 6 (т) sit) 17" cos (ww +2) 

5 2318 cay р" л. 

а v-l EM 2 E $t (+ +2) 
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respectively. It must be noted again that the orders of 
GS (т) ава ЗЫЛДЫ are the same as those of АЁ (T) 
and ағ, 00 respectively, because of the way they are de- 


, 

fined in (257). For the same reason as stated in section 15, 
this again cannot jeopardize the basic assumption of conver- 
gence of the series. 


410 


84 NACA TN No. 995 


PART IV 


CRITERIA FOR THE UPPER CRITICAL MACH NUMBER 
18, Limiting Line and the Breakdown 


of Isentropic Flow 


The solutions constructed in the previous sections are 
known to be regular in the hodograph plane except at a few 
singular points. It is also known that for the limiting 
case of infinite sonic speed, or Со — 9, the solution 
will give the desired flow pattern in the physical plane. 
When tho sonic speed is finite or when the Mach number of 
the frse stream is different from zero, there is no guar— 
&ntee as to the behavior of the solution in the physical 
plene except the probable continuity of the flow pattern 
with respect to the free-stream Mach number. It is found 
that such continuity in the flow pattern actually exists 
up to a certain Mach number. In other words, the pattern 
of the compressible flow is only slightly different from 
that of the incompressible flow up to a certain Mach number 
at which the somcalled limiting lines appear. At the limit— 
ing line, the acceleration of the flow is infinite and the 
flow is reversed. It was shown by Tollmein (reference 13) 
and Tsien (reference 2) that, without considering viscosity, 
the flow cannot be continued across the limiting lines, and 
a forbidden region is created in the space where no fluid 
сап enter. In other words, continuity of flow pattern exists 
up to a critical Mach number beyond which no isentropic flow 
ts possible with the imposed physical boundary conditions. 


The breakdown of isentropic flow, or the compressibility 
burble, can be effected іп two ways. First of all, the ac~ 
celeration in the neighborhood of the limiting line is very 
large. Thus each one of the following factors gives appreci- 
able alterations in the dynamic relationss 


(a) Viscous stress due to ordinary viscosity of the 
fluid (reference 22) 


(9) Stress due to expansion or compression of the fluid 
or viscous stress due to the second viscosity coefficient 
(reference 23, pp. 551 and 358) 
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(c) Small but appreciable relaxation time required for 
the vibrational modes of the molecules to reach equilibrium 
state (reference 24) 


(à) Heat conduction from fluid element to fluid element 


Secondly, the isentropic flow also can break down through 
the appearance of shock waves, The breakdown of isentropic 
flow is associated with the introduction of vorticity to 

the flow. Thus the flow becomes rotational with part of 

the mechanical energy of the fluid converted into heat 
energy, All these factors tend to increase the entropy of 
the fluid and finally te increase the drag of the body. 

Thus the eritical Mach number so defined is of great physical 
importance to the aerodynamic characteristics of the body 
concerned, 


Of course, the isentropic flow might break down due ів 
the instability of flow fluid with the final appearance of 
shock waves, Furthermore, the action of boundary layer and 
possible condensation of one component of the #11441 on the 
flow might lead also to the premature destruction of the 
isentropic flow. On the other hand, shock waves can appear 
only in supersonic flow; thus, 1f the speed of the fluid is 
everywhere subsonic, there is no danger of the compressibility 
burble. Hence, the free-stream Mach number for the first ap- 
pearance of sonic speed in the field is called the lower 
critical Mach number"; while the free-stream Mach number for 
the first appearance of limiting lines is called the "upper 
critical Mach number." (See reference 2.) The latter is 
always higher than the former, due to the fact that limiting 
lines appear only in supersonic flow. The actual critical 
Mach number for the compressibNity burble must lie between 
these two limits and depends, among other parameters, upon 
the Reynoids number of the flow. 


19. The Condition for the Limiting Line 


At the limiting neaograph, or the hodograph of the 
limiting line, it was shown (references 1, 2, 12, and 12) 


that ` 
3(x,y) _ _ /2Ne ра fl _ 1 г]. 
dlu) > бт [4 (= ә) i is 0 (258) 


—————M— M M—— M — 


‘the phenomenon of condensation shocks due to water 
vapor in the air flow around an airfoil was first brought to 
the attention of the authors by Kate Liepmann, who observed 
them in wind~tunnel experiments. 


412 


БАСА TN Ма, 995 85 


(c) Small but appreciable relaxation time required for 
the vibrational modes of the molecules to reach equilibrium 
state (reference 24) 


(à) Heat conduction from fluid element to fluid element 


Secondly, the isentropic flow also can break down through 
the appearance of shock waves, The breakdown of isentropic 
flow is associated with the introduction of vorticity to 

the flow. Thus the flow becomes rotational with part of 

the mechanical energy of the fluid converted into heat 
energy, All these factors tend to increase the entropy of 
the fluid and finally te increase the drag of the body. 

Thus the eritical Mach number so defined is of great physical 
importance to the aerodynamic characteristics of the body 
concerned, 


Of course, the isentropic flow might break down due ів 
the instability of flow fluid with the final appearance of 
shock waves, Furthermore, the action of boundary layer and 
possible condensation of one component of the #11441 on the 
flow might lead also to the premature destruction of the 
isentropic flow. On the other hand, shock waves can appear 
only in supersonic flow; thus, 1f the speed of the fluid is 
everywhere subsonic, there is no danger of the compressibility 
burble. Hence, the free-stream Mach number for the first ap- 
pearance of sonic speed in the field is called the lower 
critical Mach number"; while the free-stream Mach number for 
the first appearance of limiting lines is called the "upper 
critical Mach number." (See reference 2.) The latter is 
always higher than the former, due to the fact that limiting 
lines appear only in supersonic flow. The actual critical 
Mach number for the compressibNity burble must lie between 
these two limits and depends, among other parameters, upon 
the Reynoids number of the flow. 


19. The Condition for the Limiting Line 


At the limiting neaograph, or the hodograph of the 
limiting line, it was shown (references 1, 2, 12, and 12) 


that ` 
3(x,y) _ _ /2Ne ра fl _ 1 г]. 
dlu) > бт [4 (= ә) i is 0 (258) 


—————M— M M—— M — 


‘the phenomenon of condensation shocks due to water 
vapor in the air flow around an airfoil was first brought to 
the attention of the authors by Kate Liepmann, who observed 
them in wind~tunnel experiments. 


412 


86 NACA TY Xo, 995 


a 
Since the factor before the term M is positive for 


supersonic regions only, c <q, where р 0, the 
limiting line can appear only when the local speed exceeds 
that of sound. It should be noted that the vanishing of 
the Jacobian is the condition for the failure of the hedo— 
graph method, as the transformation (9) and (10) would no 
longer be one—to—one and continuous. Thus, the appearance 
of the limiting lines is then the physical counterpart of 
the singularity of the transformation, 


As W(1T,8) 1s known, equation (258) defines two lines 
in the hodograph plane: 


= 
= ESAE (269) 
ат 
ЕЕЕ 
2T [ d Wet Y= 0, т E—h. (260) 
аёт] 2841 


Geometrically, this expresses the fact that the streamline 
(9,6) = constant and a characteristic curve belonging to 
either family has common tangent (reference 1). Тһе 
problem can then be formulated based on this property: 

the necessary and sufficient condition for the “existence 
of a limiting line ic that there exists a solution between 
the two simultaneous equations 


= 0 (261) 
у= 0 (262) 
er 
ar ED t ye 0 (263) 
veo (264) 


where Ұ(7,0) 1s a definite branch associated with the 
largest possible 7 for a given boundary and a free-stream 
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Mach number. Тһе zero streamline is chosen, as it generally 
gives the highest velocity and is the place for the earliest 
appearance of the limiting line. 


Generally, these equations may not possess a solution 
for a known function (1,5) when the parameter M, is 
assigned, This means that there will be a system of bounda- 
ries corresponding to a sequence of values of M,, for 
which the limiting line does not occur. The first Mach 
number for which equations (261) and (262) have a solution 
will be defined as the upper critical Mach number and the 
corresponding boundary as the critical boundary. 


The actual solution of the equation is, in general, 
difficult owing to the fact that wW(1T,5) ів, in most cases, 
represented by an infinite series. However, if the stream— 
lines are determined in the hodograph plane for the calcu— 
lation of the shape of the body, a simple graphical test 
of whether there is a point of tangency between the zero 
streamline and the characteristic can be easily made, On 
the other hand, if the form (214) апа (215), for instance, 
is used, an approximate analytic solution can be obtained 
without involving much labor, 


20. The Approximate Determination of the 


Upper Critical Mach Number 


As can be seen from section 15, the importance of 


o 
w (1,4) relative to U,(7T,8) will decrease as T 
2 


recedes fron the critical circle T = —L— toward the 
28+1 
supersonic region, For the first appearance of the 
limiting line, T is almost always high, especially when 
the boundary is a slender closed body. Let this be the 
(o 

case; then Vg (7,8) can be neglected in comparison with 
Xu( 7,9) and a great simplification is possible. Тһе zero 
streamline then can be represented approximately by 


Жт,89 = ут, 8) = 0 
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furthermore, a simple reduction shows that the two pairs of 
equations, (261), (262) and (263), (264) reduce respec 
tively to 


e) + di) = 0 (265) 

ФСЕ) + VC = On) = Я) (268) 
or 

ex 0 + WIC E) = 0 (267) 

Pla) — VOD = OD + YO (268) 


where Ё and п are the characteristic parameters defined 
in equation (218). This reduction is made possible by the 


fact that f(T) never vanishes in the interval 


< т<). 
2p41 


Whenever the stream function W, and the potential 
function Фо of the incompressible flow are given, the 
functions Y, and $6 can be easily obtained by substi- 
tuting AU for q according to equation (216). Then, 
since decreases with an increase in the free-stresm 
Mach number М, as shown in table 14 and figure 12, the 
upper critical Mach number will be given by the largest 
value of A that gives a solution either of equations 
(265) and (266) or equations (267) and (268). An analytical 
Solution can be made, as the functions % ала % аге 
quite simple, 


There is, however, an interesting direct geometrical 
interpretation of these sets of equations in the physical 
Plane of the incompressible flow as shown by figure 13, 
According to equations (216), the functions Yo and 
are the strean function Vo &nd the potential function Po 
at the constant value of the speed AU. Since А > ], for 
the body shown in figure 13, the constant speed AU curve 
5 forms a loop symmetrical with respect to the y-axis. 
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The variables are really the angle cf inclination of the 
incompressible velocity vector. Along the constant speed 
curve бу from the point. Sa to P, the angle of inelina~ 
tion of the velocity vector is monotonically decreasing. 
Therefore, tho parameter of the angle of inclination can be 
replaced by the distances along the curve Cy. Let equation 


(267) be satisfied at the point S = Sg; then 
t 
$12) = - №, (52) (269) 


This means that, at the point 5 = Sz, the rate of change 
of the potential function Фо along в is equal to the 


negative of the rate of change of the stream function Yo 


Since potential lines and streamlines in incompressible 

flow form an infinitesimal square mesh, this condition 
requires that the angle between the tangont to the curve 

б at S = a be 459, as shown in figure 15. This is 
easily seen by remembering that fron Sa to P, the value 
of the stream function inereases while the value of the 
potential function decreases, because of the indicated flow 
direction. Thus the point 5; сап be easily determined by 
this graphical condition. Equation (268) cen then be written 
as 


Bole) = ф(5) = O (52) + $ (Sa) (270) 


If this condition is satisfied at a point S}, then the 

condition for a limiting line is completely satisfied, A 
similar graphical interpretation for the equations (265) 
and (268) can be worked out for the side of the constant 
speed curve lying to the right of the y-axis. From these 
considerations, it is clear that the upper critical Mach 
number is the lowest free-stream Mach number which gives 
a constant speed С) containing two points, 5) and Sar 


defined by equations (269) and (270). 
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PART V 


APPLICATION — ELLIPTIC CYLINDERS 


21. Preliminary Discussions 


This part of the report is devoted to the application 
of the general method, developed in part III, to the study 
of the flow of a compressible fluid around ,&n elliptic 
cylinder. According $0 sections 8 and 9, if a solution 
were constructed about the stagnation point, the continua 
tion of this solution would require that conditions (102) 
and (103) ane, hence, (106) and (107) ve satisfied, These 
equations involve two sets of hypergeometric functions with 
parameters ш ond m+ 1/2, аз well as their derivatives. 
To shorten the lengthy celculations, in view of the linite 
anount of time available, the following approximate procedure 
was adopted. 


Given the domain D, the solution valid in the annulus 
region, rather than that about the stagnation point, was 
first constructed, The constants which determine the Laurent 
expansion of the solution, B* and 0%, for example, are 
now assigned and, consequentiy, the set of hypergeometric 
functiens with integral parameters is not imucdiately re— 
quired, The difficulty, however, is the question of whether 
it is possible to continue the solution within the circle of 
convergence. This continuation may not be possible owing to 
the stringent continuity conditions given by equations (102) 
and (103), an& to the requirement that the function must be 
regular within the circle q = U. 


This, however, does not offer a serious objection from 
the practical point of view. In the first place, the summed 
function (¥,(q,8), for instance) actually holds even within 
the circle of convergence g <U, and the correction function 
Vea, €), is generally small compared with 9,(а,4) due to 
the close asymptotic approximation of the hypergeometric 
functions in the elliptic domain, In other words, although 
the solution within the circle of convergence strictly repre— 
sents а different flow, numerically it approximates very 
closely that defined in the annulus region. In the second 
Place, since this region q <U ds relatively unimportant 
in the case of mixed flow, where Ті 15 very much less than 


1 
зис that is, for free—stream Mach number considerably less 
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than unity - the inaccuracy of the solution is limited to a 
small region in the hedograph plane. Furthermore, the most 
interesting phenomena of such a flow, such as the appearance 
of Limiting lines, always take place in the annulus region. 
Therefore, this modified procedure, although unsatisfactory 
from the general view point, is an expedient capable of 
yielding an interesting result and furnishing a test of the 
practicability of the proposed solution. 


The situation also may be considered from another angle, 
The procedure used in this section can be derived by replace 
ing the functions t0) and (т) with the approximate 


values given in equation (201) in the expressions for the 
coefficients involved in the sclution within the annulus 
region, that is, (106) and (107). Thus the procedure may be 
regarded as an appropriate method of approximation. The 


error introduced is generally negligible if T, << SE 
This is indicated by the fact that the correction function 
Yala, т), for instance, is very small in comparison with 


\, (4,9) when а $V. 


Another simplification 15 made ty using the elementary 
integral 4727 bm (т) instead of q^?" g, 0) in the con- 
tinued solution, as, in this case, Е. (т) is а well- 


. 
defined function. Іп doing во, the asymptotic behavicr of 
the second solution remains unchanged because the first term 
in ey) is always small in comparison with the second. 


If, however, all the required hypergeometric functions 
are computed, there is no difficulty in carrying out the exact 
method developed in part III of the report for any accurate 
study of two-dimensional flow. For this reason, the expres- 
sions for the hydrodynamic functions derived for both the 
exact .and approximate procedures for the problem at hand are’ 
given, 


In the numerical example, detailed calculations are made 
for the flow of air about a cylindrical body derived from the 
incompressible flow about an elliptic section with a ratio of 
the minor and major axes equal to 0.6, The calculations vere 
carried out for two different free-stream Mach numbers, 0.6 
and 0.7. 


22. The Functions zo(w), Wo(w) and Л (у) 


The irrotational flow of an incompressible fluid about 
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an elliptic cylinder with the velocity at infinity parallel to 
the major axis is represented by the complex potential 
Wig): 

09% 


LAE = {+ t (271) 
with 


ЫЗ (272) 


Рог convenience in practical calculation, ail the physical 
quantities 20. 9. and p, will be normalized consistently 
throughout the present part, The major and minor axes of the 
sention are respectively 1 + e? and 1 — «8, where 

€< 1l; q71 at infinity and o = 1 when а = 0. This will 
automatically render the hydrodynamic functions dimensionless 
and the constants U and Ро will be eliminated from the 
formulas in the succeeding sections. 


Зу differentiating (271) with respect to z the di— 


D 
mensionless cozplex velocity of the flow is 5 
0-1 
as 
[rcg 
Thus 
" г 41/8 
— Е 
po [E + tis ew! £0 (273) 
1-% 


This function is two-valued with two branch points at w-1 
and w= 672, In order to make 220) а single—-valued 
function of w, the expression (273) is supposed to be the 
Principal value so that ізге(1-нді « m and 1 <jwi< е8, 
The condition le? w| <1 must be satisfied, for w= € 
corresponds to b= 0, which is another singularity. With 
the principal value so defined, 1f the negative sign in (272) 
is taken, then the domain D corresponds to the half plane 


REE SO ona | ti 21. On the other hand, since the trans— 
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formation (272) is one-to-one when И 21, then the 
domain D, which is ВІ = <0 with the region inside 
the section excluded, corresponds uniquely to D. 


Consequently, the inverse mapping function zo(w) is 


1/2 Й 
aee +e E p (274) 


which will be single-valued, provided я eut is introduced 
to join the branch points in such a way that the argunent 
of (1-0) із restricted to —m < are(1-w) < п and 

te?u| < 1. On separating into real and imaginary parts, 
it is found that as OS 4 < 2n 


ЖЕЛ == E [fn + aay 


iA 
+e fua. n * Ча, 1 (275) 
1/2 
РЕИС): 


г 
fe 
- ef 1.09.6) + аә} 1 (276) 
“ 


with wag ett, where the functions 10429),  Ie(q,8), 
and J(q,9) stand for: 


2 8 а 
1- (1+6 )q cos 9 + € 
Қа,9) gobs Gite Jew ee cd (277) 
1-26 cos $ + a? 


1,040) = 1 (ee?) g пов a te? q? (278) 


t= 2e?q cos д + eta? 
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71-0 c? oq eos 8 + eta]? 
204,9) | sesame (279) 
1-24 cos 5 + а? 


On the cther hand, substituting equation (273) in equation 
(271), the function %,(20) із carried over into 0; namely 


Wow) =- 1-62. TE 4 flew E (280) 
? 1-ч 1-c?w 


Now Welw) = фо(9,5) + 1009,9), and similarly 


$ (4,8) = 3. |41(а,3) + 209,9) auus (on ert fom 
b 28 € j 


E l 4 
ак eaten ee teg isa Ne 
әй І brs 


By integrating 2,(w), according to (87), the trans- 
formed potential function A ,(w), aside from a constant, 
takes the form: 


hol) = 2(1-м) (i-e?) (223) 


The principal value of this function is again defined 
by restricting the argument of (1-v) to -m < arg (lw) « v 
and iwi < €77, Within this domain D, the тезі and imaginary 
parts are: 


Хо(а, 9) 


и 


әт [K(q, 9 + L(q,9)]8 (28h) 
0% 9< п 
ос(а,ә) = - 2 [-Е(а,$) +1(4,8) (285) 


аз Луб) = Х.(4)9) - ісо(4,9), where the functions K(q,9) 
and L(q,9) are defined by: 
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K(q,9) = 1 = (1*c2)q cos 9 + c? a? cos 29 (286) 


whe 


i 
1(4,9) = [1-2 а cos 93 + q?]2 [1-26? q cos 9 *e*4?]2 (287) 


23. Expansions of vov) and A,(w) 


The function Wo(w) defined in (280) is single-valued 
and regular everywhere in jw! < 1 and, hence, possesses the 
following expansion: 


Wo(w) = - p An w, акр (268) 


пто 


where the coefficients Ау are real and given by 


(4) 


n-i 


An = 


sft) (1+ 62) 5 


в21 (289) 


Ао = es CO = 2 


with n 


sen). КЕНЕСІ 


ms ZL. Г(а-а 10 пә) 


п-о 


However, in the region outside імі < 1 the function 
У (м) is doubled-valued; and when a eut is put between the 
branch points м = l and w= 679, the principal value is 
discontinuous along the positive axis of reals within the 
annulus region, To cbtain the desired expansion, the function 
4s written in the following form 


2 - (1*c?)w 


Wolw) = EE 


(299) 
«B (1-01) (1-62 
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ays 22-3 
Now (lew) 2 (i-c?wY 8 із single-valued and continuous 
within the annulus region; its Laurent expansion is 


G-ehyÉ (асау 


E 809) + N 809) [ean м2 + улл], 1<імчі< c7? (291) 


sen = 2! Газе (ваф) сәв pua 


D(n*z*1)'(mn«1) 


о 
ску 8 from.(291) in (290), the 


-% 
Substituting (1-м) 2 (l= 
in the annulus region із 


expansion for Wo(w) 
© 

No) = 5 ЕР ағала go]. 1 <iwr < c? (293) 
n=o 


when the constants By, Ср and the exponent 0 are de- 
fined by: 
) 
Bn = 2 6 5(2) - ae) 509) 


Cy = 2 5°) - (1+8) 809) | (294) 


vents 


Similarly, the transformed potential function Ло (м) 
can be expanded and is: 
= 


(іш) = 2 2 Xp м2, амр (295) 


nzo 
when the constants Аһ are 


X,» st. (ee) 501) + сә seo 
1 s 2 (296) 
3-35 (2469), Ag = 1 


and 51) is given in (289). 
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On the other hand, in the annulus region the expansion is 


д9) = — 21 5. Б өз. ғ”), 1 <|му< е-2(297) 


with the constants 8, and €, defined as 


n 

$ = s? = (1+8) 502) +? е аха) 
8-2 5° aet) st? | (298) 
à deste edi 

(0), а 


where 8, (е) s defined in (292). 


24. The Stream Function (9,8) 


The relationship between the domain D and D 1s 
thus fully established and the functions corresponding to 
such domains are also given. From the general scheme de— 
veloped in sections 8 and 9 the selutions for the similar 
motion of a compressible fluid can be constructed. First 
ef all, the stream function vlad) governing the subsonic 
flow is the sum of 4(q,8) and 42(а,8). According to 


(207), (208), and (209), for 0 € T E 


à 


m (т) "i 
Wad e (pio + gs] 


ЕЕ 
- [ = 1006,9) + ча.) (299) 
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where the functions I(tq,0), Ielta,ð), and J(tq,9) 
are obtained from I, I,, and J in (272) to (279) by 


replacing а by tq, t being defined in (195). For 
4<1, the function wWalq,e) is 
© 
(4) à 
We (449) = A, 6,07) q^ sin n e (300) 
nzo 
where A, is defined in (289) and 0,(т) in (199). For 
с> 1 and in subsonic region the function wig (9,9): 


Ы 
Де 
Sube NGS ped 


nee 
(2). —v] 
+8, (r)a | cos 9%, OX 9 < ?n (301) 
(2) (а) 
where G, (т) and G, (т) ore defined by (205) with 
the constants B, end 6, defined in (294). 


When the motion becomes supersonic, the continuation 
of W,(q,8) defined in (299) gives 


21i (т) % 1 à 
Gone үсү ios [e Онто, 


* [1090.0 ШЕСЕ cop 


| zu 
} p 


- [нө [0 0670s 


% % 
t [iama] t [om tous] } (302) 


according to (214). Here Ё and m are the characteristic 
parameters defined in (218). The upper sign in the last two 
terms corresponds te п > О while the lower one, to m < 0. 
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о) 
The accompanying function P (4,9) is 


(о) е (2) 
ve (add у [асет а? 


nzó 
(а) A 1 
+G T sor < т 303 
p (T)a eos »à n 1 (303) 
(з) 2 
Here the functions G, (T) and 6, (т) are defined by 


(205) in conjunction with (217) in such a way that (303) 
will be the continuation of (801). 1t also should be 


noticed that the variable is restricted to ЕГЕТ xor 
instead of 1. «oy o 224: as т 7? is generally 
2841 1 1 


greater than unity, which is impossible fer the actual £88. 


(а 
It should be remembered that 7; (9,8) is always 
negligible compared with  Vi(o,9) within ала on the unit 


circle q = l' when T, 15 small in comparison with 


l . 
2841' 
V(q,3) can be approximately represented by W,(q,0) alone 
throughout the interior of the unit circle. As а consequence, 
the calculation can be simplified considerably by constructing 
first a solution for the annulus region by using Ж Ст) in- 
stead of G(T) and making en approximate connection across 
the unit circle. In that event, the stream function will be 
reéuced to 


Wasd) 3 у, (4,9) (304) 


when 05451; here %;(а,9) 1s again defined in (299). 


On the other hand, when т, <т< теті! 
(o) 
ұ(4,4) = Vila, d) + Vo (4,9) (305) 
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where the function X, e) which is small on q= 1 
is given by 


Vae y рес өп”, c Cyl D] coa v è (306) 
по 


Есте the functions G(T) and 6 (Т) can be shown to be 


c(t) = gU EOD. t, G (т Тай 79 (зо?) 
> f) < 7 


and the coefficients B, and OC, are defined in (294), 

The continuation of %1(4,%) із naturally the expres- 
sjon given in (302) while that of (306) differs only in the 
definition of G(T) ana G_p(T) which are 


25. The Coordinate Functions x(q,8) and (4,8) 


With the functions 2009) and ЖЕЗ defined in 
Sections 22 and 23, the corresponding functions A(wiT) 
acd consequently  z(w;T) for the metion of a compressible 
fluid can be constructed. The coordinate functions derived 
fron A(wiT) are given respectively by the sum of two 
functions ху(а, 9) and yi(ao,9) which, according to equa— 
tions (237) to (258), аге 
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„ща à 
xla 8) = "i ue) ЦЕ + (29.8) | 


+ 


T t sin 28 
QUT HOT) НЕ dm mb Dra а repas 2а 
2 4(7,) olta) 


+ 


аа.) + e* 270 (en) (309) 


1 Қт) ет) + 
у1(9,8) = ТЕГЕН {| tad) ECE 


e [- тва, 8) + 7 cep 


n(T) t 34129 а " 
= Вт —— ————— -1%46 tq сов 9-Е 
2071) с (ta?) 


+ J(tq,9) + e кча} (210) 


where о 049,9) is obtained from @,(а,8) іл (285) by 
( 


i 
replacing а by tq. The functions хә (4,4) and 
ye (9,8), according to equations (239) and (240), are 


= 


(+) at Ay = 
ха (4,0) = 2 % n Ap G,UD а cos (n1) 9 
пті 
= 
— 287 5 "1, ба, (т) q' eos n $ cos ё (311) 
nsi 
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УЕ (ав) = = 2 T n Хы Ön (Т) 91-1 sin (n-1) 9 


o 
- BT у в А; Ga (т) 917-2 сов n ò sin è (322) 
n=1 

Here the functions 8,(т) and 8,, 102 are defined by equa- 
tions, (241) and (242) and the constants A, by (296). 

The same functions valid in the annulus region are 
again а гөз by the sums ху (4,9) + za‘) (а, 8) and 
У: (9,8) + y$° (9,8), where z(a, ð) and у,(4,9) are 
defined by equations (309) ana (310), respectively. When 


ът ull xÍ9)(a,8), апа yS(q,9) are 


xh) (9,8) 2-2 13 »[8 gh 1) (т) EFN qU73 gin (0-1) 9 


n= 
ala) 2 ro = 
+ a (T)q "7! sin (ver) |+ арт y v [EE (ту‹® ла? 1 
4 d t 
* go em] sin v $ cos © (313) 


yf um 8) =- 2 у» [a Very aang сов (v-1)9 


(э) 252 
+ ae (T) 477-2608 (0+1) 41 
25 1 
Seres қабыры Syz 
+ авт) Бағы E 802) (та v pes vósin (314) 
n=o ч 


The functions 8e (т), 609) (т) аге defined in equations 


(250) ana (251) together with equations (252) with the con- 
stants 8, and б. defined in equations (298). 


On the other hand, when PE n < TX 1, the continued 
+ 
expressions of x,(a,#), yi(q,9) across the critical circle 


Ts ЕТ are, according to equations (253) and (254), 
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кт) a + 
ulad = = [+] 


+ 
^ 


zv 
+e? p QE) + TOE i]. [мил] 
Б 


о tam] } cos (tv) 


{- ном ЕГЕН 


f(T) 


ve 


+ 70,0] -[- Ц», п) + ioa] e e[- желу 


ғал s 3-85 Gd 


о 


+ 


х (- 18 4 е Л сов Ё c? + 0 0 e? 040) 


à si 
+A Sin (1 4ей a cos пе + (Ат) 
Жеты» 


+e? a7 (an) 2) УБ C А D- Е ten 


x Є — 4 «€? A сов E e? ОА, Е) + e? 70,0) 


A sinn а 2 
1-46 А cos +e € J(A,n) 
(л) à A 


dE (ind) | (a 2) (215) 
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% 
AE A € {[- IO. + ғам) - ЕЗГІ 
1 


+ ius E A,n) + sam] e E тихи) 


+ 
tan | pe 6-4 + D ат) о, 


2 (ті) 


+ 


+ өл] - eoo + SM 


$ $ 
+ По) + ал» c БОС ) 


а. BT h(T) sind 
TRIN G a) = аа (т) Ты: 


i 
t) 


Bont 


Jc Pu + (А, + es ом) 


pHi Luar ае? A совт - e? + ғол») 
a (Aan) 


2 1 / A si 
+e? гала)! сов (s * J- E 1—4«? А cos f 
E 


2 X 
чел, Е) + e? 70,0) - Е eee 
Xa Aan) 


+e + Iln) + e? и] sin (a + D} (316) 
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While х,(4,8) and у,(4,9) remain to be defined by equa- 


tions (313) and (314) except the functions 8(9) (4) ала 
On) are replaced by those given in equations (250), (251) 
together with equations (257). 


By the same argument as that used for the stream function, 
the practical calculation of х(а, 5) and у(4,9) can be sim- 


plified by neglecting x (а, 5) and У (а, $) when q < l; 
namely, 


Lr] 


x(q, 8) 
у(4,9) 


х,(4,9) (317) 


и 


у, (4,9), Of asl (318) 


where x,(q,9) and у,(4,9) are defined in equations (309) 
and (310); and in the annulus region 


x(q,9) = x,(q,9) + x§°) (4,9) (319) 


туз Же 


y(q,9) = у,(а,д) + $9 (а, 9) (320 


Here x,(a,9) and у,(4,9) are either given by equations 
(309), (310) or (315), (316). The terms х(°) (а, 5) and 
y$ (a, 9), on the other hand, become 
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У +1 Svar 2 f(T 
(326) 
_ э» +1 x(r) h(t) -v п 
€ 407) рст Ка“ › Bet) 0 сов (уо tut 1 


CONCLUSIONS 


As an example, the motion of air past a aylindriecal body 


was considered by taking є = =. The flow patterns in the 


мім 


T,é— plane for two free-stream Mach numbers М, = 0,6 and 0,7 
have been calculated and were given in figureo 14 and 15, It 
should be noticed that there ts considerable distortion in 
the shape of the bodies in the compressible flow from that in 
the incompressible flow. If the compressible flow around а 
@iven body із desired, a seriea of computations should be made 
with various geometric parameters €, во that the desired 
body shape at a definite Mach number Му could be picked out 


These computations definitely demonstrate the practica- 
bility cf the proposed method, They also show that, in the 
case of two-dimensional motion of a compressible fluid, the 
mixed subsonic and supersonic flows exist within the field of 
an irrotational isentropic flow about a suitable body, and the 
transition from one to the other is continuous and reversible, 
Furthermore, the breakdown of the drrotational isentropic flow 
Gepende solely upon the occurrence of limiting lines which, in 
turn, is determined by the condition at infinity or the shape 
of the boundary, while the magnitude of the local speed at- 
tained is immaterial. In the cese of М, = 0,6, the irrota- 
tional supersonic flow continues to exist up to the local Mach 
number И = 1.25; whereas for Мі = 0,7 it breaks down ав 
soon as M - 1,22 is reached. The singular behavior of the 
streamline is marked by the point of tangency of -W = O with 
а characteristic at M = 1,22, 


The calculation of the flow pattern in the physical plane 
is yet to be completed. When this is done, the pressure dis— 
tribution can be compared with that over the same body of the 
incompressible flow. 


Guggenheim Aeronauticol Laboratory, 
California Institute of Technology, 
Pasadena, Calif., April 17, 1945. 
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APPENDIX А 
PROOF 07 THEOREM(52) 


To facilitate the discussion, equation (71) is first 
written in the form: 


mt) ж uo + 2 t tuo 


where 
tO) = Eg Oo + Sm 5 tu 
tU = 600000) + BE LG) 
а v(i- т) 

and 


Ny) = E ват, Bn? pao ELA 
? “00:12 weet)? TU в (т) 


when v {в large, the character of the functions f, and {, 
can be easily studied in the т, t, U )- plane (fig. 18) by neg- 
lecting the third term under the radical sign. This can be 
justified in the following manner: Consider the case wnen р 
is positive and large but not an integer. In the interval 


Ost 1, R(T) << ғ, because P (T) ~ TPR (т) әу 
28 + 1 2 > ET 
eevations (35) and (55). Then s? Р (7) ~ T 7 0,77, There- 


fore, T% Ro(T) >> 1 when v is large. But both Рут) 
and F(t) are continuous with respect to vi so the fore- 
going result applies equally to the case of integral v. 
Hence, the third term in the raéical for vy can be neg- 
lected for large v. 


Owing to the manner in which Y» is defined, correspond- 


ing to each v there is a line T= To > such that 


1 
28 +1 
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ҰАТ) BO when т<т,. 
real or complex conjugate according as T $ Tto In 

OZ Tz To, бу O and б, = O will give two l-parameter 
families radiating from (0, -1) and (0,1), respectively, and 
joining together at a point where Y,? = 0. If 0< T< To 
the product буд шау be negative or positive according to 
whether the point lies to the left or the right of the curve 
{1 = 0 and fg = 0, On the other hand, 1f т> то, bita 


is always positive. 


As а consequence (, and ta are 


1 
Now ЖУ = B, while the initial slope of [ү = 0 


is в(1 = р), the integral curve must lie above {| = 0, 


and below (2 = 0. If it were not, the ня eurve would 
i 

cross the curve f, = 6, fa = 6, where үе) ш 0, and 

{\Д{%)(т) would be negative somewhere in 0 « T 1 


This is not possibla, for 
lar to that used for determining the magnitude of та R (T) 


go 


~ tos by an argument simi- 


and according to (55) »-Q- т) an 


о<чт< —1 . Hence 
Tu orig xor 


ье? continues to increase until it intersects with {1 = 0. 
0 
After it crosses the curve бу = 0, ts G) зо and never 


and 


changes sign as {yf > O0 in To « T< l. Consequently, 
ват) is monotonic and decreasing in the interval 
То < TX 1. When v is sufficiently large, T will ap- 


о 
proach very rapidly to ie and То = EUM = when v 
becomes infinite, 28 +1 28 +1 


xa. О», ua. ke E (P? 
(a) pe О), ат T 

+ Б + H ba ~ т oP е Wo iy oe sinh v faa 
то 
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Tt can be shown that the differential expression possesses an 
integration factor 


(my). pDr? (ү „о т)-88 да sa (A2) 


т 
vy = В, (то) ежр iit ty - var} 


o 

а 

= Spl то)өхр fs fa 2 оёт) 
To 


It will be noticed that the sign of (A2) is determined by the 
first factor а, - £02) only. On multiplying (Al) by 
(A2) and integrating the resulting total differential from To 


to T, with a suitably chosen initial value Вто) = t0 
it is found that 


where 


ш 
" 


с 
и 


за, = BODE O -y R? s3, + [2 RA, (т„)з® (то) 


т 
x ЕЕ Pf os - ig Lm 11> 0 
т; ^ 


which is positive if and only if mU) . pu 2 0 every- 


where in T, « T< l. Since both t, 0) and n, G) are con- 


tinuous ani monotonic, the condition is both necessary and 
sufficient. Furthermore, it should be noticed that the condi- 


tion ny (т) = ty) (ть) is purely a convenience, If 


лу (т) 4 5) (то), the validity of the theorem is not in 
the least impaired, 
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APPENDIX B 
PROOF OF THEOREM (#8) 


Consider the first series: Multiplying throughout the 
inequality (58), namely, 


tQ > y 
by >. and integrating both sides from т tc т, shows 


that 


а) cat) 


Tu 
1 

where t,(1) = pgr) 21. Then it follows that 
1 1 


as BE) (т) | e Janta 


oo 
Now > | Án СЫ converges when |tw] < U due to 


п-о 
equation (88). By Weirstrass's theorem, the series (92) is 
uniformly and absolutely convergent if jt,wi = 5,4 < U. 


Now t,(7,) = l; thus t,q is equal to U when g =U anè 

= |. The term t,q із zero if д = 0 and remains positive 
for O<q< U. By the definition of Т,(7) given by equation 
(56), it can te easily shown that 


a 

It > 0 

aq 0 

for 0 < т< тү. Thus %,4 increases monotonically from 


zero to С in the interval 05 Ts 1,. Therefere, the 


series (92) is uniformly and absolutely convergent in any 
closed domain in iwl < 77, 


Similarly, the convergence of the series (94) can te 
established, 
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APPENDIX б 


PROOF OF THEOREM (98) 


It is observed that the following identities exist 
among the constants involved in (98) ana (99): 


Now, by the inequalities (58) and (59), the functions 


Bou), 6007.) can de Hound ев toth above and below for 

all v=} 0, when O STS way And if a smaller value of 
ав 

А(Е,.Ғ)) is taken, it can be deduced that 


Әрі 
ET 
EE 

. 12,1 
DIELA ew 
бб Ta) 


where M, and Mg are constants independent of п, On the 
other hand, from the inequality (58) 


t CO « a-9»*, osts 
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it follows that 


EQ 
EXT) mud. 
2 2841 


м 


v 
< talt), T 


Consequently, the first part of (101) can be dominated: 


I вст) vp < [зш | 


т т 

where +267) = za The continuation of this inequality 
Tal) 

for 7 sk can be easily done by defining a new tz( 7). 

2841 с 
a v 

Ey hypothesis, у} EA (taw) converges if [зәм |а 7, 

n=0 


Since t2(7) < talT,) for Ti ST < 1, the inequelity 
[tew{< V із uniformly bounded. 


Sinilarly, it can be shown that 


lez E "| fe 0177] 


n 
| 7? | 
5. (tiw) converges if |tí,w|» 0, Since on 
аста) = 1 and Å log |tywl > O when o<7 «i. 
q 2041 
а Е 1 
or = |tw] = С when —2— <7 <1, the condition 
& 28+1 


{taw{ >U bolas for all T in Тү ST<1. Hence, by 


Weierstrass's theorem the series (101) converges uniformly 
and absolutely in U+ 8 чм <У-6. 


442 


116 NACA TN No. 995 


TABLES OF THE EYPERGEOMETRIC FUNCTIONS 


The values of the hypergeometric functions given 
in tablee 1 to D are calculated from power series for 


Y = 1.405, The function : 308 st T) in table 6 is con— 
р 
nected with Ё (т). E (т), and E (т) through the 
v —ь т, 


following equation: 


)E (+) 
v —,} 
= ee B(o-1) > = -ф 
erg pen та 5.09 Ee) - Ge) 


his is simply the Wronskian of the two independent inte— 
&rsls of the hypergeometric equation and it holds every- 
where except at the singularities T = О and T = 1, 


Tables 7 to 12 contain the corresponding approximate funce 
tions as indicated. 


The numbers in these tables are expressed in terms of 
appropriate powers of 10.  lowever, a notation was devised 
in which only the powers are given while the base "10" te. 
omitted. Thus, 3.14159 x 10" = 3,14159, m. Here m may 
be either 2 positive or negative integer, or zero, Unless 
indicated by the sign t on the heading, accidental errors 
were detected and elininated by the difference method. 
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TABLE 1,- CORRESPONDING PARTICULAR INTEGRALS FOR THE SOLUTIONS 
OF COMPRESSIBLE FLOW AND INCOMPRESSIBLE FLOW 


Compressible Incompressible 
v p (ту соз 98 v cos và 
i а? т„(т) sin 99 Я sin 92 
А сов 08 -v cos vê 
477 б\т) sin ve 97 sin ve 
(9,3) 
f Go- r)? ат log q 
F 
E г 
————- 
өл сов v9 о сов о? 
4” EQ) gin va a sin ve 
EU соз 06 со cos 99 
479 S500 sin ve 3 sin v8 
х(9,9) | 
VA 
(1-5) 4 log a 
е E 


The functions P(t), а7276.(т) and Folt), a^778,(7) 


are respectively the two indepondent integrals of equa- 
tions (27) ала (28). 


нра x т ху | 
9 со E C.1T 1.3258 
202 2.2554 19078 218 1.4202 
Кып 1.6316 .20516 219 1.3548 
.26 1.3751 . 31521 220 1.5244 
.08 1.2267 .hoghi 221 1.5950 
+10 1.1322 .SbETO .22 1.5557 
2112 1.0697 .6739 1? 1.7398 
21% 1.0283 .80391 .2 1.8110 
+15 1.0141 .25 1.8210 
.16 1,0001 .9ho62 .26 1.9698 
‚165 1.0011 227 2.0519 
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Figs. 5,6 
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Fige. 7.8 
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Figs. 9,10 
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Superaerodynamics, Mechanics of Rarefied 
Gases А 


HSUE-SHEN TSIEN* 
California Institute of Technology 


INTRODUCTION 


ise i 1934 published an article on the aerody- 
namics of highly rarefied gases, a branch of fluid 
-mechanics which he called superaerodynamics. At that 
time, however, with the means of propulsion then avail- 
able, flight at extreme altitudes did not seem to be 
realizable. Therefore, superaerodynamics has been 
considered as a subject of academic interest rather than 
опе of practical engineering importance. With the re- 
cent perfection of the rocket asa propulsive power plant, 
the situation is radically changed and there should be 
no limit to the altitude that can be reached by an air- 
craft, There are even indications that the optimum 
flight altitude of long-range rocket airplanes is approxi- 
mately 60 miles. At these and higher altitudes, the air 
density is so low that the fluid must be thought of as one 
having a coarse structure and not as a continuous 
medium of conventional fluid mechanics, Then con- 
cepts of superaerodynamics are needed to guide the 
design of such an aircraft. 

Besides its applications to high-altitude fights, 
superaerodynamics should have many applications to 
industrial processes in which low density gases are in- 
volved. The knowledge of superaerodynamics should 
be of invaluable help in improving the efficiency of 
these processes. For instance, the pumping of low 
density gases will be of more and more importance 
because of the increasingly frequent tse of high vacuum 
in distillation and other chemical engineering processes. 
The improvement in the design of such gas pumps defi- 
nitely needs the understanding of the principles of 
mechanics of low density gases. It is the purpose of 
the present paper to discuss the fundamental concepts 
of this new branch of fluid mechanics and to indicate 
some of the results already obtained. The field of 
superaerodynamics is still relatively uncultivated. 
Here and there the ground has been broken by a few 
physicists. However, further effort is required to de- 
velop this branch of fluid mechanics into an aid in 
engineering design and research. 


Mean FREE PATH AND REALMS OF FLUID MECHANICS 


As a first approximation, the gas may be considered 
as an aggregate of rapidly moving particles which are 
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constantly colliding with each other. The influence 
of the particles on each other can be conveniently neg- 
lected until they are so close together that a “collision” 
takes place. Then the coarseness of the structure of the 
gaseous medium can be expressed by the parameter | 
which is the distance the particles or molecules travel 
between collisions. Since the instantaneous velocity 
distribution and density distribution in the gas are far 
from uniform, one can only conveniently use the statis- 
tical average of a quantity instead of the instantaneous 
value of the quantity. The distance / is then the 
statistical average over the billions and billions of mole- 
cules concerned. ` This average Г is called the mean 
free path of the gas. If the mean free path is small in 
comparison with the dimension of the flow field or the 
dimension of the body in the flow field, then the gas 
can be considered as a continuum and the ordinary gas 
dynamics is sufficient for the analysis of these flows. 
If the mean free path is not negligible when compared 
with the dimension of the body, then the effects of the 
discrete character of the gas must be taken into ac- 
count in the calculation. ‘Then if Lis the linear dimen- 
sion of the body, superaerodynamics can be defined as 
the aerodynamics of flows where the ratio 1/2. is not 
negligible. 

‘The free mean path [сап be calculated from the mean 
velocity of the molecules, the density of the gas, and the 
“effective radius of the molecules.” However, there is 
no direct way of measuring the effective radius of the 
molecules; therefore, it is more fruitful to express the 
quantity } in terms of a measurable quantity such as 
the viscosity of the gas. This is easily done by the 
following consideration. If the gas flows in the x- 
direction with the macroscopic velocity u(y) (Fig. 1), 
the gradient of velocity is then ди/ду. Now the gas 
molecules in a lower layer move into an upper layer with 
the average velocity # of the molecules. The distance 
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Fio. 1. Shearing action in parallel flows. 


653 


465 


в. 


they will travel before they lose their identity by col- 
lision with other molecules is/, The difference in macro- 
scopic velocity of the layer where the molecules origi- 
nated and the layer where the molecules are mixed is 
then 1(Qu/dy). The mass of molecules crossing а 
unit area of the layer proportional to рб where p is the 
density of the Suid. Therefore, momentum exchange 
between layers is proportional to pil(Ou/dy). This is 
the viscous shearing stress. Since the coefficient of 
viscosity is defined as 


т = p(Qu/dy) 


и із proportional to pil. The proportionality constant 
can be calculated by the kinetic theory. The most 
accurate calculation is that due to Chapman? who gives 


в = 04991 [n] 


The average velocity 9 is closely connected with the 
"velocity of sound” а by the equation 


(2) 


where y is the ratio of specific heats, From Eqs. (1) 
and (2), the mean free path is given in terms of the 
kinematic viscosity v = p/p aud the velocity of sound а 


by 
De 1355 V/y(v/a) (3) 


For air, the quantity ((p/po) in inches is tabulated іш 
Table 1, where p and фу әге the pressure and standard 
pressure (one atmosphere), respectively. Thus, for 
ordinary pressures, the mean free path is truly negligible 
in comparison with the body dimensions, and therefore 
gas dynamics is sufficient for aerodynamic calculations. 
However, at extremely high altitudes where the pres- 
sure may be ошу one-millionth of the pressure at the 
surface of the earth, the mean free path will be com- 
parable to the body dimensions. A clear demonstration 
of this fact is perhaps that of Fig. 2 where the mean free 
path calculated by Marist is plotted against the altitude. 
Maris assumed that the air temperature above 80 km. 
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Fio, 2. Mean free path at different altitudes; SD = summer 
day, SN = summer night, WD = winter day, and WN = winter 
night (H. B. Maris). 


(50 miles) is constant and kas the value 97°C., —43°С., 
—23°С., and ~53°C. for summer day, summer night, 
winter day, and winter night, respectively, At 50 miles 
altitude, the mean free path is seen to be nearly 1 in. 
Тһе air there is certainly not a continuum, 

‘The flow conditions near the wall for the case іп which 
the mean free path 7 is small but not negligible compared. 
with the body dimension L or the thickness 8 of the 
boundary layer were first investigated theoretically by 
J. C. Maxwell іп 1879. It was found that the gas no 
longer sticks to the surface but slips over the surface 
with a definite velocity. This phenomenon was also 
suggested by the experiments of Kundt and Warburg 
in 1875, on the damping of a vibrating disc by gas at 
low pressure. Later experiments and theoretical study 
completely verified this conclusion. This type of flow 
can be called the slip flow. Because of Eq. (3), 

В ізі LM 

^is Usi 74 e o 
where M is the Mach Number of the freẹ stream and 
Reis the Reynolds Number of the flow referred to the 
length L of the body, For extremely small Reynolds 
Number, 2/8 ~ 1, then 


Law М/Ке, Re«l [o] 

For large Reynolds Number, it is well known that 
L/3 ~ VRe Then, 

зем M/VRe, Re (6) 


‘Therefore, if the interval 1/100 < 1/8 < 1 is considered 
аз the proper range for, the slip flow, then in the plane 
of М and Re, this realm of fluid mechanics occupies a 
region ав shown in Fig. З. The region below this slip- 
flow region belongs to the realm of the conventional 
gas dynamics with the usual Loundary conditions at the 
wall, 


И the mean free path is much larger compared with 
the Боду dimensions, one enters ап entirely new realm 


SUPERAERODYNAMICS 


of fluid mechanics. Here the chances for the collision of 
molecules among themselves are much smaller than the 
chances for the collision of molecules with the wall or 
the surface of thé body. Therefore, for the calculation 
of forces, one need only consider the impact of a stream 
of molecules with a velocity and energy distribution 
determined by the thermal equilibrium in the free 
stream, the Maxwellian distribution. The re-emission 
of the molecules from the surface will be governed by 
the accommodation coefficient. But the greatest sim- 
plification comes from the fact that one need not con- 
sider the distortion of the Maxwellian distribution due 
to the collision of the re-emitted molecules with the 
molecules іп the stream. The realm of fluid mechanics 
can thus be called the free molecule flow. 

If one takes the limiting ratio of 2/7, to be 10 for the 
free molecule flow, then this realm of fluid mechanics 
occupies a region of the M-Re plan given by 


UL ~ M/Re > 10 


This is shown in Fig. 3. The region between the free 
molecule fow end the slip flow is the realm of fluid 
mechanics where the collision between molecules and 
the collision of molecules with the wall are of equal 
importance. The problem is extremely. complicated 
and no satisfactory theoretical solution can yet be 
offered. However, it is certain that as far as the fluid 
itself is concerned, the characteristic parameters are 
still the Mach Number M and the Reynolds Number 
Re as used in gas dynamics. 


STRESSES AND BOUNDARY CONDITIONS IN SLIP FLOW 


‘The fundamental equations governing the fluid flows 
are the continuity equation, the dynamic equations, and 
the energy equation. If мы, ta, us are the components of 
velocity in the xn х, Ха directions, and р, p, Г the 
pressure, density, and temperature of the gas, respec- 
tively, these equations аге" 


(P/d) + (Әрш/дед = 0 (7) 
du, du Әр оғ 
ош Ова rcr go oO 8) 
dr Run e 
CT. ә. 
(е = 2 + ат) sí he 
ЫТ 6 


Іш these equatious, the 7’s are the components of the 
stress tensor, the q's are the components of the heat flux 
vector, and c, is the specific heat at constant pressure. 


* The summation convention is used here. For instance, 
әш 0n 
as, 
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Fic. 3, Realms of fluid mechanics. 


For gases under ordinary pressures, the stresses are 
the products of the coeficient of viscosity and linear 
combinations of the first order derivatives of the veloc- 
ity components. The components of heat flux are 
simply the products of coefficient of heat conduction 
and the components of the gradient of tempera- 
ture. 

These relations between the stresses and the heat flux 
with the flow quantities are confirmed by the kmetic 
theory of nonuniform gases developed by Maxwell, 
Boltzmann, Chapman, D. Enskog, and others. In this 
theory, the distribution function of the molecules in the 
velocity space on the probability of molecules having a 
particular range of velocities plays the predominating 
role. 

Tf, in the macroscopic sense, the gas is at rest 
with uniform temperature, the probability function is 
the well-known Maxwellian distribution. In a non- 
uniform gas, the first order correction to this Maxwel- 
lian distribution gives the ordinary viscous stresses 
and the heat flux by conduction, as observed by experi- 
ments. 

However, the theory also gives a second order 
correction to the Maxwellian distribution which intro- 
duces highly complicated additional terms to the 
stresses and the heat flux. These additional terms, 
while negligible for gases under ordinary pressure, are 
important for rarefied gases. In fact, they form the 
basis for interpretation of many experimentally ob- 
served phenomena, such as the operation of a radiom- 
eter. 

The investigation of Burnett! gives the following 
forms of the heat flux and the stresses: 


MEET AETHER 
Bx, t pT Dedm + oT LB ox, 
ди, эг] ( Pa гэ, и г 

0з — - d Т 
LEM ap Ox, tp ag Т ® Ра © 
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Фаш 3, OE) EDT. 
Day Oey 0m. Жазы 

м OF OT P 
9 Г dean, + Ке р tte an 
Та these equations, A is the coefficient of heat conduc- 
tion and р is the coefficient of viscosity. The first 
terms of the equations are thus the ordinary heat flux 
and viscous stresses. 1, б, , 0, 0 and Ky, К» Ks, 
Ka Ky Къ аге pure numbers, Furthermore, 
ди, 
— 5 
ox,” 


Ou, , Duy 

= Vf — = 

cae (Be + Be 

where ôy = 1 if = jand ôy = 0414 #j. Any tensor 
Ay with a bar over it has the following meaning: 


=s 02 


Aya (Ач + Ay Аны (03) 
The approximate values for 6's and К?з are 
15/7 T du 
n- BE Ie) 
45 HAE 
=H y= —3,% =з, = ERSEN- 
a K 5 а) 0? 
afa т) 
Жүн адақ), 
ч НЕ ват 
ку-2,К, 3 Ke = 0, K, = 27, Куе 8 (15) 


в ат’ 
More accurate values Гог K's are given by Burnett! for 
molecules of rigid elastic spheres. They differ little 
from those of Eq. (15). 

1t is immediately clear by examining Eqs. (10) and 
(11) that the additional terms in the heat flux and the 
stress tensor are only of importance in rarefied gases. 
Азап example, the magnitude of the ratio of the second 
terms to the first terms of these equations will be esti- 
mated presently. Let U be the free stream velocity 
and T, the free stream density and temperature, cp 
the specific heat at constant pressure. For gases, the 
Prandtl number ¢u/d is rarely unity. Then these 
ratios have the same order of magnitude given by 


where M is the free stream Mach Number and Re the 
Reynolds Number. Actording to Eq. (4), the order of 
magnitude of the additional heat flux or stresses to the 
ordinary heat flux and stresses is then M(I/L). That 
is, the additional terms are only of importance if the 
prostct of Mach Number and the ratio of mean free path 
to body dimension is large. Therefore, for the gas 
dynamical flows with small mean free path, the ordi- 
nary heat conduction terms and viscous stress terms 
suffice. This is also true for the slip flows if the Mach 


468 


1946 


Number is small, For slip flows at high Mach Number, 
the conventional Navier-Stokes equations are no longer 
а true description of the physical relations and the 
complicated forms of heat flux q; and the stresses ry 
given by Eqs. (10) and (11) must be used. 

Since the additional terms in q and 7y contain higher 
derivatives than the first order, they will raise the order 
of the syst m of partial differential equations given by 
Eqs. (7), (5). and (9). Hence, to solve these equations, 
one needs «nore boundary conditions than in the case 
ої gas dynamics. In fact, the question of proper bound- 
ary conditions for slip flows of large Mech Number 
where such additional terms are required, has not yet 
been answered. This is then one of the fundamental 
problems in superaerodynamics. The theoretical study 
of the boundary conditions must, of course, be based oa 
the kinetic point of view. Parallel to such theoretical 
investigation, it seems advisable to obtain also an ex- 
perimental check on the validity of Eqs. (10) and (11). 
One of the possible experiments would be to observe 
the flow of rarefied gas between two concentric cylinders, 
one rotating and the other held fixed. If the length of 
the cylinders is large in comparison with the gap be- 
tween the cylinders, the flow will be two-dimensional 
with the radial distance as the only parameter, The 
physical situation is thus the simplest, and amenable 
to detailed examination. Indeed, the same experiment 
has been performed by Millikan and his collaborators 
at iuw rotative speeds for the same type of investigatioa, 
The high rotative speeds necessary to obtain high fow 
velocities will certainly introduce difficulties in the 
technique but these do not seem to be insurmountable, 

The results of the'kinetic theory discussed in the 
previous paragraphs are based upon the assumption 
of simple molecules with the only intrinsic energy due 
to translation. Generally, however, the gas molecules 
have three kinds of intrinsic energies: the translational 
energy, the rotational energy, and the vibrational 
energy. When the gas is in equilibrium, the distributicn 
of the total energy among the three forms is uniquely 
determined by the properties of the gas molecules con- 
cerned. If this equilibrium is destroyed by a sudden 
change in the external conditions, such as an expansion, 
new equilibrium will be reached by numerous collisions 
of the molecules under these new conditions. However, 
it is known through ultrasonic dispersion, ete., that the 
process of reaching equilibrium in the vibrational 
energy isa slow one. In other words, a large number of 
collisions is necessary to excite the vibration degrees of 
freedom of the molecules properly. Since the average 
velocity of the molecules is 3, the average distance 
traveled by the molecules per unit time із Ӯ 1. The 
number of collisions made by the molecules per unit 
time is then 0/2. Therefore, the time t, generally called 
the relaxation time, necessary to excite the vibrational 
energy is proportional to the mean free path at a given 
temperature. In other words, the relaxation time is 
inversely proportional to the pressure of the gas. The 
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measured value of 1 for several typical gases is given in 
Table 2 (reference 6). Therefore, at extremely low 
pressures, the relaxation time may be of the order of 1 
sec. If this is coupled with high flow velocity, the gas 
must have passed the body before the vibrational de- 
grees of freedom are'excited. Therefore, in low density 
gas flows, the vibrational energy of the gas can be 
considered as fixed at the “free stream” value. This 
deorease in thé effective number of degrees of freedom 
of the gas molecules tends to raise the value of y, the 
ratio of specific heats, It is fortunate that for air at 
ordinary temperatures, the equilibrium vibrational 
energy is small, therefore this freezing of vibrational 
degrees will not greatly alter the value of y. However, 
at higher temperatures end for other polyatomic gases, 
the effect may be appreciable. 


BOUNDARY CONDITIONS FoR Sup Ftows or SMALL 
Масн NUMBER 


Аз concluded іп the preceding section, the slip flows 
of small Mach Number can be caleulated by using the 
Navier-Stokes equations. The proper boundary condi- 
tions for such flows were first investigated by Maxwell. 
Millikan! has reduced Maxwell's consideration to а 
simple form. A more detailed theoretical treatment of 
the problem by Boltzmann's H-theorem was given by 
Epstein! "Tbe result of these investigations shows that 
if the Mach Number of the flow is small, then the flow 
velocity along the wall, the normal gradient Ou/y of 
и, and the temperature gradient ӘТ/дх along the wall 
are connected by the relation’ 


ES tae 
"toy атая 
where 3 is the coefficient of sliding or external 
friction and и the coefficient of viscosity. The second 
termin Eq. (16) is the velocity due to temperature gradi- 
ent and is called the creep velocity. The ratio of p and 
Bis given by 

4/8 = 0.998 [(2/f) — 1). (17) 


fis the fraction of the, tangential momentum of the im- 
Pinging molecules transmitted to the wall. Maxwell 
timself interpreted the fractional value of f as meaning 
that a fraction f of the surface reflects diffusely and the 


(16) 


ШЕЛТІ 


Air ог COs on machined brass or old shellac 1 
‘Air on mercury 1 

Айг on ой а 
СОг on ой 9. 
Hydrogen on oil 9 
Air on glass » 
Helium on oil 

Air on fresh shellac 


remainder speculerly. The value off is listed in Tabie 3 
as given by Millikan.’ Tt is seen from Eq. (17) that if 
lis small compared with the scale of the velocity 
gradient ог the thickness 4 of the boundary layer, then 
Bis large'and u at the wall is этай. This is the reason 
why in gas dynamics one generally imposes the bound- 
ary condition ч = Oat the wall. 100/5 is not negligible, 
then there is a slip of the gas at the wall. 

Table 3 shows that the value of f is very nearly 
unity, Therefore, the molecules, aftér striking the 
surface, Lave а strong tendency to reflect diffusely. 
In the scale of molecular dimensions, the surface of a 
solid body must be extremely jagged even if it is highly 
polished in the macroscopic sense, Then one cannot 
expect the molecules to reflect in any uniform direction. 
The tendency toward diffusive reflection is thus, per- 
haps, anticipated. Furthermore, a closer study of the 
behavior of the molecules colliding with the solid sur- 
face seems to indicate the temporary adsorption of the 
molecules on the surface. This combined structure of 
gas molecule and the surface materials then breaks up 
with a certain average rate determined by the “Ше- 
time" of the combined structure. The molecules thus 
freed are re-emitted from the surface. With this pro- 
cedure, the molecules re-emerge from the surface with 
all their prior history obliterated. In particular, the 
direction of re-emission iscompletely dependent upon the 
direction of impinging. In other words, the molecules 
тестік diffusely, 

Similar to this velocity discontinuity, there is a tem- 
perature discontinuity at the wall first found by Smolu- 
chowski in 1898. Namely, 


«(T = Ty) = МӘТ/ду), 


у=0 (18) 


where T is temperature of the gas, Ty is the tempera- 
ture of the wall, and к is the coefficient of temperature. - 
discontinuity. This coefficient « can be expressed in 
terms of the mean free path by a consideration similar 
to Maxwell's? The result is 


Iz ЕСЕ = 23 
x а Јунис, 


1 {19) 


where a is the accommodation coefficient intraduced by 
Knudsen. о can be defined as the fractional extent 
to which those molecules that fall on the surface and 
are reflected or re-emitted from it, have their mean 
energy adjüsted or "accommodated" toward what it 
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would be if the returning molecules were issuing as а 
stream out of the mass.of gas at the temperature of the 
wall. This adaptation of the impinging molecules to 
the wall conditions is, of covrse, expected from the 
temporary adsorption of molecules ou the surface, as 
mentioned before. Thus, if Е; із the energy brought up 
to unit area of the wall per second by the incident mole- 
cules, and E, the energy carried away by the re- 
emitted molecules, and Ey the energy that would be 
carried away if the gas is at the wall temperature, then 


— E, = «Е, — Eu) (20) 


Of course, strictly speaking, а is different for the three 
different types of molecular energies: translational, 
rotational, and vibrational. However, experimental 
evidence seems to indicate that one coefficient is gen- 
erally -suficient. The older measured values of а 
are given in many books on kinetic theory of gases.!! 
Wiedmtunn" recently determined the value of а for air 
oninetals. The results are given in ‘Tabled. Wiedmann 
concluded that the value of the accommodation coeffi- 
cient is independent of the nature of the technical sur- 
face of the metal, This again supports the concept of 
the microscopic character of the surface collision. 
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Hence, Eq. (21) can be rewritten as 


506 V/y 102/7) — 11M, 


Re |1 + 8759473 (20) - 1(м/ке) 
(sphere) (23) 


Fig. 4 shows the drag coefficient as function of M and 
Re with y = 1405 and f = 1. It is seen that there is 
an appreciable reduction in the drag coefficient due to 
the siip phenomenon. 16 also introduces a large effect. 
of Mach Number, although this is not the compressi- 
bility effect in the ordinary sense. 


"ЕШШ 


Cp = 


TABLE 4 
Accommodation Coetficient æ for Air (Reference 12) 
Accommodation Coefficient — 


‘Surface Description Мішшше Maximum 
Flat black lacquer on bronze 0.881 0.894 
Brortze, polished 9 0.94 
Bronze, machined E 0.93 
Bronze, etched 0.95 
polished 0.92 
0.88 
Cast iron, etched 0.06 
Aluminum, polished 0.95 
‘Aluminum, machined 0.97 
‘Aluminsan, etched Gon 
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-If the Mach Number is extremely small, the effect 
of the compressibility of the gas can be neglected and 
the Suid can be treated as incompressible. In order 
that the mean free path will be comparable with body 
dimension, the Reynolds Number must also be small. 
‘The flow can then be calculated by the well-known 
method of Stokes! who neglected the inertia terms, 
which are small in comparison with the viscous and. 
pressure terms. ‘The resistance of a sphere of radius 
Ranoving with a velocity U through a flüid бі viscosity 
and coefficient 8 of sliding friction is given by Basset.“ 
H the drag coefficient Cn is defined as the drag divided 
by (0/2) и then 

| (21) 


wliere Re is the Reynolds Number UR/». 
Egs (3) and (17), 


бе 


According to 
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Fic. 4. Drag coefficient Ср as functions c! Mach Num 

and Reynolds Number for spheres of гаййш R, f = 1, y = 1 өті 


The similar cuse of the uniform two-dimensional mo- 
tion of a circular cylinder can be obtained by а slight 
modification of Lamb’s solution.* If the drag coeffi- 
cient is defined as the drag per unit length divided by 
(0/2) U*(2R) where R is the radius of the cylinder, 


Co = 
4 2. ME 
4a/ Rd log $ — 22.4 
=) “ log ре — 128107 + ДЕ 3d 
(cylinder) (24) 


where Re is again. the Reynolds Number UR/y. The 
results of calculation are again plotted in terms-of M 
and Re in Fig. 5. The reduction of drag due to slip is 
again evident, 

For the fully established laminar flow through a 
circular tube of radius R, the velocity и as a function of 
the radial distance from the axis of the tube is deter- 
mined by 

MTS 
rd dr 


xd 0% 
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Fio. 5. Drag coefficient Cp as functions of Mach Number Mand 
Reynolds Number for nylinders of radius R, f = 1, y = 1405. 


‘The pressure gradient along the tube is a constant. 
Therefore, Eq. (25) yields 

du/dr = (1/2u)(dp/dx)r (26) 
and 

u = (1/)/ар/ф + Hy 27) 
where iy is the velocity at the center of the tube, The 
boundary condition that 


Ви. „п = — p(du/dr) an 
then gives 
— dp/ds = (Au/R)/[1 + 2G/8R)y. (28) 


The relation between the average velocity U and the 
maximum velocity w can be easily obtained by integrat- 
ing Eg. (27). Thus 


we = VILL + 20028) + 2(/8R))] (29) 


Pic, 6, Pressure drop coetficient A as functions of Mach 
|a Mand Reynolds Number Re for Gow in a tube of radius 
ie lays 14 


859 


As the ratio of mean free path to the radius increases, 
the value of p/BR will increase accord'ug to Eq. (22). 
Then Eq. (29) shows that the average velocity U ap- 
proaches the maximum velocity ш. In other words, 
the velocity distribution across the tube becomes more 
uniform. This is, of course, expected from the “slip” 
at the wall. 
H the pressure drop coefficient A is defined as. 


A = (80/007) dp/dr) (80) 
then Eqs. (19) and (20) give immediately 
nu — —— 0) 
Re 1 + 10024 Vy (2/0 — 1]ОМ/Ве) 


where Re is the Reynolds Number based upon the diam- 
eter, U(2R)/». Here again the effect of slip is to reduce 
the resistance coefficient. For extremely small mean 
free path the value of the second fraction is unity and 
the equation reduces to the well-known formula for 
Poiseuille flow. Fig. Gisa graph for A as function of М 
and Re, assuming as before f = land y = 1.405, Er- 
periments on the slip flow in a tube were maue by 
Knudsen," Gaede," and Ebert. ? The correct- 
ess of Eq. (31) is fully verified. In fact, it can be used 
to determine the reflection factor f for the wall materials. 


Free MoLEcULE Frows Ат Бмл, Mach NUMBERS 


Free molecule flow at low velocities has been studied 
for two cases: the flow around a sphere, and the flow in 
а tube, The calculation made by Epstein’ has shown 
that the drag coefficient Cp can be expressed 


Co = 8/87 B/ay CO/A) 


where C is a constant. Epstein determined C with 
diffuse reflection of molecules to be 1.442 for spheres 
that do.not conduct heat and 1.393 for spheres that 
conduct beat perfectly. The experimental value of C. 
for charged oil drop through air found by Millikan"! 
is 1365. The lower experimental value can be ac- 
counted for by a small tendency toward specular re- 
fiection of the molecules at the surface, By using the 
value of C = 1.393 and y = 1.405, the drag coefficients 
are indicated in Fig. 4 for small Reynolds Number Re. 
In this flow régime, the C, is independent of Re. Fig. 4 
shows that in the transition region between slip flow 
and free molecule flow, the drag coetficient actuaily 
decreases with decrease in Reynolds Number. 

‘The free molecule flow through a circular tube was 
first investigated by Knudsen" and Smoluchowski.?” 
Here the macroscgpic velocity of the gas is constant 
across the sectior of the tube as could be expected from 
the large slip in the present case. The pressure drop 
can be expressed in terms of the pressure drop coefficient 
А defined by Eq. (30) as 


А = (8ут/у2у)(/2 — n0/M) 


(32) 


(33) 
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where f is fraction of diffuse reflection as defined pre- 
viously. By assuming f = 1, and y = 1.405, values of 
Aare calculated from Eq. (33). They are indicated in 
Fig. 6 at the left side of the diagram. It is seen that, 
similar to the drag coefficieat for the sphere, A actually 
decreases for a decrease of Reynokis Number in the 
transition region from slip flow to free motecule flow. 

The absence of Reynolds Number in Eqs. (32) aud 
(33) simply means that the mean free path does not 
enter into this type of flow because of the smallness of 
the body dimension when compared with it, Thus, for 
both yas dynamical flow and for free molecule flow, 
viscosity or Reynolds Number is a secondary effect. 
The primary effect is given by the Mach Number. In 
the slip flow region, both the Reynolds Number and the 
Math Number are of the sume importance. 


Frin Morecure Ром at Lance Mach NUMBERS 


Epstein and Smoluchowski assumed the velocity of 
snacroscopic motion to be small in comparison with the 
microscopic molecular velocity in their investigations 
af free molecule flows. This means, of course, that the 
Mach Number of the flow is much smaller than unity. 
For large Mach Numbers, this restriction must be re- 
sneved. The calculation should be simple because of 
the inherent simplicity of the physical situation. 
Sünger” ™ has solved this problem but his calcula- 
tica? is rather complicated. With the belief that a 
sunpler derivation of the fundamental formulas will be 
keipful for an understanding of his results, tbe author 
will try to reproduce his basic equations by following 
Sipstein’s general method for free molecule flows.” 

TE ^, т, £ are the components of velocity of a mole- 
cule im the directions x^, y’, s of a coordinate system in 
which the macroscopic velocity of the gas is zero, then 
since the velocity distribution is not modified by the 
impact with the body because of absence of collision 
between molecules in the free stream and re-emitted 
anoleeules from the surface of the body, the distribution 
is Maxwellian, or 

Near = Nr) P cH (a 
Мұ, y is the number of molecules рег unit volume in 
the range of velocities # to £' + dé’, п’ ton’ + dy’, 
and (^ to t' + d?' divided by ФФ". N is total of 
molecules per unit volume. й is related to the most 
probable velocity c, of thc molecules in the free stream 
Әу the expression 
№. = 


where cf = 2RT = 29/0. 


UU 


(35) 
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Now, if the observer moves with a velocity aU, 
&U, eU in the directions x’, y’, 3, then in the relative 
coordinate system v, y, s where the observer is con- 
sidered at rest, the velocities Ё, л, t of the molecule in 
the directions x, у, z are 


bet al 
пет ай (36) 
p-PU-e6U 


Therefore, ín the new coordinate system, the number 
of molecules having velocity component between $, 
паза + di n+ do EH dt is 


nos 

Майд = v(*) е NGPA ote + а 
" 

(37) 


Suppose there is a surface dS whose normal is the 
x-axis, During 1 scc., the molecules, having velocity 
components between £, v, t and £ + di т + dn, $ + df, 
and striking the surface 45, will be contained at a given 
moment in the cylinder with 45 as base and the length 
Ve + т + (in the direction & ч, 2. The volume of 
the cylinder is equal to the area of the base dS multiplied 
by'the heights—2 The number of this kind of molecules 
is then Мұ, dadt(— 945. The number of molecules 
between Ё, э, { and £ + di, 7 + dn, + dt that will 
strike a unit area with x-axis as normal is then —£Nqy- 
di dn dt. 

То find the total number п of molecules striking this 
unit area, one фаз to integrate ЕМ, ФЕ dy df from 
Ез- =т= -ш,іе- о юр 0 = ә, = o. 
‘The upper limit for £ is easily understood since no mole- 
cules with positive velocity in the x-direction can strike 
this area. Thus : 


т омана erba) Hei най gy 
(38) 
The integration can easily be carried out; the result is 


1 gien q AU 
"= visa Men iso p sett Vi) 
G9 
where ес) is the error function? defined as 


(40) 


И the velocity Ù vf the motion of tbe area concerned is inclined with the angle 0 with y-axis and in thex-y 


plane (Fig. 7), then 


е = sin f 
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е = созд, а = 0 


а 
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Hence, the number of inolecules per second striking a unit area of the plate inclined at an angle 0 to the stream 
with velocity U is 


n= "acte U sin 8 De (QU Vi эщ " | 


2 
By multiplying the above equation by the mass of the molecule, the mass m, of the stream per second striking a 
unit area of the plate is obtained, 


= ме Ут вые пн (Иво) | (42) 


а 


The component of velocity of the molecule in a direction, having directional cosines e^ e’, өу with the axes is 
“+ e'n + a't. Tf this molecule is absorbed by the surface after striking it, the corresponding momentum will 
be transferred to the surface, For the surface with x-axis as normal as considered previously, the total momentum 
М, y, о per second per unit area is 


Moe = — ty" f. .4 S x do f Т + їп + вер MALUM 


‘The result of integration is 


Манн 
-50 lo (e& + ee! + et) P + [Ж + аби + аа + aa | [+ ert (U У ant «n 


For calculating the pressure pı due to impact of mole- limiting cases of U = Oand U > с. When И = 0, 
cules on a plate inclined at an angle 0 to the stream of the impinging pressure is 
velocity U, 
Bim Ya ped 


(45) ‘This is one-half of the pressure acting оп the surface 


calculated by the kinetic theory as the other half is the 
result of the reflection of molecules. For И № c, and 


By substituting Eq. (45) into Eq. (43), the impact 9 = 90", the impinging pressure is 
pressure р із calculated by 


фи = (Ук + 09) 
А 
тёр = sind т gam nont д. This checks with the result of Zahm! except for a factor 
ТЕТЕ Г Ü. of 2 which is accounted for by the fact that here only 
G т + sin D lef (E sin | (46) pressure due to impinging molecules is calculated, not 
y^ the total pressure. Zahm obtained the result by simply 
assuming that И > c, and the molecules all having the 
same speed c, but with random distribution im their 
directions of motion. The later assumption is, of 
course, an oversimplification. However, if U 2» cu 
the spread of the specds of the molecule is relatively 
unimportant. Then the present more accurate 
calculation should sightly give the some result as 
Zahm. 


То calculate the shearing stress те due to impact of 
molecules on the plate, the direction cosines are 


Eq. (46) reduces to particularly simple fortas for the two 


sind а= 0 
cos? e 
0 в'=0 


“ 
е 
“ 


(a7) 


yog dg 


ї 
Fio. 7. Coordinate system for calculation free sce gr: By substituting Eq. (47) into Eq. (43), 
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т. 


[2] 
созе St eo doe 
ДШ ue + 


sin ocoso [1 + (ав) а» 


If the molecules reflect specularly from the surface, 
then motion of the impinging molecules normal to the 
surface is simply reversed in re-emission, while the 
tangential velocity is maintained. Then it is easy to 
see that the pressure due to re-cmission is р, = фу and 
the shearing stress due to re-emission is т, = ~re On 
the other band, if the molecules re-emit diffusely; т, = 
0, since no preferred direction exists, To calculate the 
pressure р, due to diffuse re:emission, one observes that 
according to the kinetic theory, 
$, = (mass emitted per second per unit area) (7/2), 

(49) 
where c, is the most probable velocity of the molecule 
in thermal equilibrium at a temperature 7, of the re- 
emitted қаз. Thus 


c = 2RT, (50) 
But the mass re-emitted must be equal to the mass m, 
striking the surface, as given by Eq. (40). Thus, 
yan (Oe) 44 
500 у; + 
IE et (5 | (51) 
14% 


(diffuse reflection). 

The total pressure due to both impinging and re- 
emission, with f fraction of the molecules reflected dif- 
fusely and (1 ~ f) fraction of the molecule reflected 
specularly is 


? 
Фил” Q- (52) 
‘The corresponding shearing stress is 
1/ fa pU? = Ат pU?) (53) 


These equations can be also written iu terms of Mach 


Numbers by the substitution 
UL 4 mu = «(5 
& з ‘е 2 Ха. 

where M is the free stream Mach Number. 

The temperature Т, has to be determined Бу a con- 
sideration of the accommodation coefficient a. The 
energy content of the molecules from the wall is pro- 
portional (1 — f)7;° + /Т, where T? is the stagnati 


(54) 


Flight Velocity U in nis 
(е м йз мш guo 


кг > 
M, | 

BLA Ier 
[кинини 
1 


1 


Fro. 8. Surface temperature Го tor various angles 9 to the 
wind in an atmosphere of 86 per cent Ny and 14 per cent Os at 
the density 1.0 X 10! slugs per cu.ft,- Air temperature = ЗК. 
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Fig. 9. Impact pressure ratio p/'/sp V! for various les 


to the wind іп an atmosphere of 88 per cent Ne and 14 per ceat. 
Oy at the density J.9 X 10-9 slugs per cu ft. 


temperature of the free stream. Therefore, according \ ino. лы Pow OVER WINGLINED PLATE 


to the definition given in Eq. (20), 
a TEAT +I) „ KT? —T) 
те T. тест, 09 


where T, is the temperature of the surface. If а and 
T, ate given, T, can be calculated from this equation. 
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To determine T, for the case of ап inclihed plate 
moving through air, Sénger™ utilizes the condition of 
balance between energy lost through radiotion and 
energy brought to the surface by impact ef molecules. 
If P. із the energy radiated from the surface cer send 


SUPERAERODYNAMICS 


per unit area, then it is related to the energy Z, brought 
to the plate and the energy Æ, carried away from the 
plate by 


Е, = E-E, (56) 


Let Guus быз fs, be the translational energy, the 
rotational energy, and the vibrational energy per until 
mass of the gas. Since experiments and theoretical 
considerations indicate that the re-emission is mostly 
diffuse, Singer takes f = 1. Then, if m, is the mass 
brought to and re-emitted from the surface per unit per 
unit time, 
Е, = m AU! esu F tte, бак (57) 
Е, = тени, + б. + tee, (58) 


The corresponding energies for a gas temperature Ty 
iS enum бен, айй tog, Sänger then asstimes that the 
accommodation coefficients for translational and rota- 
tional energies are unity, while the accommodation 
coefficient for vibrational energy is zero because of its 
slow rate of adjustment. Ё 

Then 


Жам Т r trama, = бшмш, 77 балым. 
ы, — бы T E, 7 
а ~ tron, = 0 


(59) 


mot. 


Hence, е, = бды, Erot. = бы бз, = ба, 8nd 


о = УЗЁТ, (60) 
Therefore, Eq. (58) can be written as 
E, = та, + вии, + ein) (61) 


By substituting Eqs. (57) and (61) into Eq. (58), one 
bas immediately 


E, = mE AU + (ыы. eaa) F (Cin. tma] (62) 


For nitrogen and oxygen the equipartition value of the 
rotational energy is reached at even exceedingly low 
temperatures. Therefore, 


амы S/2RT 
ы. = ВТ 
Hence Eq. (61) gives 
E, = m [Уз U + ART: — 


where m, is given by Eq, (42). 
temperature Ty. 

Аз ап example, Sanger assumes that the air tempera- 
ture is equal to Т, = То =320°К. (47°C.). The air den- 
sity is 1.004 X 10— slugs per cu.ft. The density ratio 
referred standard conditions is thus 0.802 X 107%, 
corresponding to an altitude of approximately 55 miles. 
‘The mean free path according to Table 1 is thus approxi- 
mately 3.5 іп. Sanger actually assumed the air to be 
composed of 14 per cent oxygen and 86 per cent nitrogen 
without considering ionization and dissociation. Neg- 
lecting the radiation from the air to the surface, he as- 
sumed the evhissivity of the surface to be 0.80. Thus 


v) (63) 
Ty is the free stream 


p = = | 
wee T жони oM S 0 E] 
Mach Number М 
Fre. 10. Re-emission pressure ratio f»/!/pV* for various 


angle ? to the wind in an atmosphere of 86 per сері Nz and 14 
per cent Os at the density 1.9 X 1079 slugs per cu.ft. 


Е, = 0.8067, 


where о is the Stefan-Boltzmann constant for radiation. 
The results of calculation of the wall temperature T, 
are shown in Fig. 8. It is interesting to note that be- 
cause of radiation, the wall temperature is considerably 
lower than the air temperature for low air velocitics 
and suction side. The value of г, can be calculated by 
Eq. (60). The stresses acting on the surface can then be 
computed with Eqs. (52) and (53). The pressure ratios 
р/\/згЇ? and р,/1/р1/# tor impinging and diffuse re- 
emission (f = 1) are given in Figs. 9 and £0, also taken 
from Sünger's paper. The shearing stress is given in 
Fig. ll. The extremely high shearing force is evident. 
If the dimension of a flat plate airfoil is much less 
than the mean free path, Eqs. (52) and (53) can be 
used to calenlate the lift and drag. Thus, for diffuse 
reflection (f = 1), and for an angle of attack a, the lift 
coefficient C, and the drag coefficient Ср are 


ЕЗГЕ) in a cos a + 
C= ГЕ Tape eee 


Locos act (У tsina) 09 


м 
1 осом е ір PE: (2) uia 
ҮМ ЖАР 
1 i YN si ) 63 
425 + 3 sin a erf % біп а) (65) 
Sanger's result for the flat plate airfoil is given in F; 
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Fic. 11. Shear stress ratio 7/1/19" for various angle зао the 


wind in av atmosphere of 86 por cent № and 14 per cont O; at 
the density 1.9 У 10-* slugs per eu ft. 


12. The lift-irag ratio is less than uuity, showing the 
poor efficiency of the surface under free molecule flow 
conditions. ОЁ course, the calculated values hold true 
only.for wing dimensions much less than the mean free 
path, i.e., less than 2.5 in. for the case under considera- 
tion. 
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H the deusity of ga» is very small, the conventional Navier-Stokes equations are not acuurate 
enough, The present investigation includes the effect of the so-called third approximation.ta.the 
solution of Boltamann-Maxwell equation as obtained by D. Burnett. The results of this more 
accurate calculation show that, even under extreme conditions, the velocity of propagation 


deviates from its usual value by only 2 percent. 


1. INTRODUCTION 


‘HE problem of the propagation of plane 

sound waves in a viscous fluid was treated 
as early as 1845 by G. G. Stokes, who investi- 
gated the cffect of viscous action but neglected 
heat conduction. The effect of viscosity was 
found to consist cf a frequency dependent 
damping of the araplitudes of the sound waves 
whose velocity of propagation, to a first approxi- 
mation, was equal to the adibatic propagation 
speed in a frictionless, compressible fluid. As 
was first pointed out by G. Kirchhoff in 1868, 
the influence of heat conduction is of the same 
order of magnitude as that of the viscosity, so 
that for a consistent solution both factors must 
be accounted for. This was done in the solution 
of Н. Lamb, and resulted in a more highly 
damped motion than that predicted by Stokes, 
whereas the speed of propagation remained 
approximately equa! to that for the frictionless 
fluid. 


The validity of the results is dependent, of 
course, on the validity of the fundamental 
Navier-Stokes equations which are the basis of 


^H. Lamb, Hodrod. ics {Cambri Universi: 
Prem, Lido Ragland 1590), ай dion, pp. ӨЙ. 


these calculations. No question needs to be raised 
against the general laws of dynamics and kine- 
matice and the only point of doubt is the 
correctness of the viscous stresses and of the 
heat flux used in the Navier-Stokes equations. 
In the Navier-Stokes equations, the viscous 
stresses are taken as the product of the viscosity 
coefficient and the linear combination of the 
first-order space derivatives of the velocity 
components, and the heat flux is taken as the 
product of the coefficient of heat conductivity 
and the gradient of the temperature of the fluid. 
Results of calculations using these equations 
agree very well with experimental obaervations. 
This fact may be used as the empirical justifica- 
tion of the Navier-Stokes equations. 

The kinetic theory of gases, as cultivated. by 
S. Chapman and D. Enskog, shows, however, 
that the viscous stresses and the heat flux as used 
in the Navier-Stokes equation are only first-order 
approximations. № the number of gas molecules 
contained in a cube of dimension intrinsic to the 
problem, such as the wave-length of sound 
propagation, is small, then the first-order ap- 
proximation is no longer sufficient. This means 
that if the wave-length is very small as in the 
case of ultrasonic waves or if the density of gas 
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is very low, the Navier-Stokes equation is no 
longer valid. Since there are many assumptions 
introduced in the kinetic theory to make the 
calculation treatable, one may question the 
reliability of the theoretical resuits. However, 
the success of the kinetic theory in explainiag 
many phenomena and the prediction of the first- 
order viscous stresses and heat flux which agrees 
with the observational data seem tc indicate the 
reliability of such a theory. 

In this paper the second approximation to the 
viscous stresses and the heat flux as given by 
Chapman and Cowling? is used to calculate the 
propagation of plane sound waves in rarefied 
gases or of plane sound waves of very small 
wave-iengths in gases of normal density. This 
investigation is prompted by the fact that the 
present knowledge of the state of the atmosphere 
at high altitudes is almost exclusively obtained 
through the measurement of the anomalous 
sound propagation. A knowledge of the effect of 
low density of tie medium on the propagation 
velocity and the damping of waves will be, 
perhaps, useful in a critical examination of this 
method of obtaining data for high altitudes. The 


result of this investigation is most reassuring as ` 


it shows that, even under extreme conditions, 
the increase in the propagation velocity from the 
normal value at high density is less than 2 
percent. In fact, the effect of the additional 
terms to the viscous stresses and the heat flux 
tends to maintain the constancy of the sound 
velocity with respect to the density of the 
medium. 


2. SYMBOLS 


The following symbols are used in the succeed- 
ing sections: 
b damping coefficient 
с propagation speed of sound wave 
сь adiabatic speed of sound in perfect fuid 
specific beat at constant pressure 
numerica! constants 
‚ wave-length 
p hydrostatic pressure 
component of stress tensor 
4: x-component of heat flux vector 
К Reynolds numbér, R= pyrex X L/2 


35. Chay and T. С. Cowling, Ths Mathematical 
Theory of Nou-Uniform Gases (Cami University Press, 
London, England, 1939), pp. 265-269. 
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amplitude ratio 
tine 

abeclute temperature 

velocity of fluid particles 

distance in direction of propagation 
dimensionless speed of sound a «c/c. 
reciprocal of Prandtl number A= А/шс, 
ratio of specific heats 

numerical constants 

cocficient of thermal conductivity 
density 

coefficient of absolute viscosity 
frequency of the suund in eveles per scc 
“undisturbed” value of variables 
“perturbation” valve af variable 
dimensionless (crm of variable. 


% 


ъъ у оаа аач 


3. BASIC EQUATIONS 


The fundamental differential equations re- 
quired to describe the propagation of plane sound 
waves express the conservation of mass, rio- 
mentum, and energy of an element of a com- 
pressible fluid. If ¿is the time, x is the coordinate 
in the direction f propagation, p the density, 
and # the fuid velocity, then the equation of 
continuity is 

Эр/а! + д(ри)/дх =O. (1) 


If pa» із the stress in the x direction acting оп а 
plane normal to the x axis, the momentum 
equation can be written as 


ди ди д 


p— + pm (ра). 0] 
àt ^ ах 


9х 
Furthermore, if p is the hydrostatic pressure, Г 
the absolute temperature of the gas, 4» the heat 
flux in the direction, and c, the specific heat 
at cónstant pressure, the equation for the con- 
servation of energy is 


94, aT p 
ны (9 
ox г д 


For purposes of subsequent calculations, it is 
convenient to separate the dependent variables 
into their “undisturbed” and “perturbation” 
components according to Egs. (4) where the 
perturbations are denoted by a prime: 

P= Poth: 
тетт, 


Since a sound wave із by definition а disturbance 


p= pote’, à 


uag. 
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of infinitesimal amplitude, any quantities in- 
volving squares or products of the perturbation 
variables or their derivatives can be neglected 
in comparison to. these variables themselves. 
For instance, from the equation of atate of a 
perfect gas 


D/oT +з const. (5) 
one has 
dp p і әр 1 er’ 
mu UE. nig 
а а po at~ To ðt 


The general form of the heat flux vector and 
the stress tensor are given by S. Chapman and 
T. Cowling’ correct to terms of order 2. The 
following equations give the expressions for g. 
and p, appropriate to the problem at hand by 
neglecting second-order quantities in the per- 
turbation variables: 


(7) 


2 Ks ëp К, aT” 
| ® 
3 Lows ax? р 


where x is the viscosity coefficient, X is the heat 
conduction coefficient. б, 64, К» Ks are con 
stants whose exact numerical values depend on 
the intramolecular structure of the molecules 
composing the gas. 

Substitution of Eqs. (4) and (6)-(8) into the 
exact differential Eqs. (1)-(3), and subsequent 
omission of all second-order terms in the de- 
pendent variables, result in the Hnearized partial 
differential Eqs. (9)- (11). 


19р таг’ aw 
LT LI a0, [C] 
b TH x 

жау азы 

"a За 


кар Ka ат ig 
3 lop, à oTi д? Г i 
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2E Matt Е bith E ыы: 11) 
= о 
аты Уа а 


1t is convenient to reduce the above equations 
to dimensionless form by means of the non- 
dimensional parameters defined below : 


ре р/р, тетт жети /сь (12) 
(13) 


where L is the wave-length and со the adiabatic 
speed of sound propagation defined by 


со= Гуфи). 


т here is the ratio of specific heats. 

The physical constants of the gas may be 
expressed in terms of the two dimensionless 
parameters, 8 and К 


x*t-x/L, "= (Т/с), 


a4 


as) 


1/8-—gc,/ is the Prandtl number and is a 
measure of the relative importance of the vis- 
cosity and the heat conductivity of the gas. 
From the point of view of the kinetic theory, 
viscosity is the result of the transfer of the 
momentum of the molecules, and heat conduc- 
tion is the result of the transfer of the energy of 
the molecules. Both thus must be of the same 
order of magnitude. This is in agreement with 
experiment, because the Prandt! number is found 
to be of the order of unity. The Reynolds 
number is a measure of the relative importance 
of the inertia forces and the dissipative forces, 
И the dissipative forces are very small in com- 
parison with the inertia forces, the Reynolds 
number will be very large. With increasing im- 
portance of the dissipative forces, the Reynolds 
number decreases. In the propagation of sound 
waves, the dissipative forces are measured by 
gradients of velocity and temperature and are 
inversely proportional to the wave-length L for 
any given amplitude. Therefore in chis case, the 
Reynold's number А is directly proportional to 
the wave-length as shown by Eq (15). 
Substitution of Eqs. (12) to (15) into Eqs. (9) 
to (11) results in the set of three simultaneous 
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partial differential Eqs. (16) 
apt aT* ou 


y eT 
| ——— 


2=К)* xd 3 Gre ax" 


out 4 т Put 
[= EE |- 9, (16) 
[7d 3 QR) av. 
әр" de B EM 
ою уәж (29) ax”? 
КАС С a, 
n ж К дле 
* (ак Ку ox” 


И the properties of the gas are known, the values 
of y, B, Къ, Xs, 8, and @ are fixed.. Then the 
only remaining parameter of the problem is R 
which is really a measure of the wave-length. 
‘Therefore, the solutions ef the problem should 
be expressed as a function of R. 


4. SOLUTION OF TRE DIFFERENTIAL ZQUATIONS 


‘The general solution of this set of linear partial 
differential equations (16) is évidently of the 
form 


pts 4, exp o D dt], 
Ph exp H2n[ G — 5) 


П pe 


E [+2 
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where the A's represent arbitrary constants. The 
coefficients b and а are both real quantities; to 
be determined as functions of the Reynoids 
number R. it follows from the definitions (13) 
and (14) that the damping coefficient per wave- 
length is 2x6, and the physical velocity of propa- 
gation of the disturbance is given by cac. Ву 
substituting Eqs. (17) into Eqs. (16), the fol- 
lowing linear homogeneous equations for A, Аз, 


Land A; are obtained : 


Г-іеД414- Dear ПВА, 


2.7 2 у 1 
a=b) = -Ka (ib) A+] -Krab 
[e aS > [; ее 


ТЕРЕКТІ m 
+ [^ xU у le 
LEN 
geo) 

2 d ORAL 
[eet jet 


In order that the values of Aj, Аз, and Аз skould 
not be simultaneously equal to zero and thus 
give a trivial solution, the determinant formed 
by the coefficients of A must be equal to zero. 
Thas 


a0, 


НРА: + 


у 


8-2] 
4 


NET! 


ак 
"Jao 


By separating the real and imaginary parts of this determinant, one has the following two 
simultaneous Eqs. (18) and (19) from which b and а can be determined. 


Ао ва ии] +8 та = 10014309] 


[а-в m at4-0—-1)-0, (18 
ee m 
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doces ЕС Ча = 0)(1— iare] 


а |а в] 25-0, (19) 


where 
А = (4/9)y(y — 1) (+63) (Ka — К), 


B= Py в — 4/3) 9B — Fy (Ke Ka) ~ 1K, 
C= 76K: D=8, Е= (4/3) +78. 


(20) 


For the complete solution of the problem it 
would be necessary to find the nine roots of 
Eqs. (18) and (19). However, from the nature 
of the classical solution of the problem it is 
known that the pair of roots of b and a which is 
of the greatest significance is the one with the 
least damping. In other words, for vanishing 
viscosity, ог К-+®, o-+1, and 8—0 so that the 
wave should be undamped and propagate with 
the normal speed су. Therefore, the appropriate 
forms for 6 and а are the following : 


ашы QD 
кюю C : 
ЕГІС 
«Ананы (22) 
"ow 


Equations (21) and (22) may be substituted into 
(18) and (19), and the resulting equations may 
be arranged in order of ascending powers of 1/R. 
In order that the resulting equations are satisfied 
for arbitrary values of R, each of the coefficients 


0.83720 


—0,81844 
— 1.9804 


А 

B 1.4369 ^ —0.67867 
[4 2.5237 3.0322 3.3800 
Е 3.2000 3.5761 3.8333 
by 9.9333 0.9830 1.1667 
h ~0,0839 0.2477 24253 
b 3.0195 2.5156 22.434 
а 0.7807 0.8570 0.6310 
E -4294 -5Л05 ~ 4.9838 
E 2834 —6.9062 72.5438 


of 1/R" must be equal to zero. This results in a 
set of algebraic equations from which the coeffi- 
cients bi, by, «++, and аз, аң, >>> are determined 
successively in the following order: $1, as, бі, au, 


Equations (23) and (24) give the final result 
of this solution. It should be noted that each 
coefficient is a function only of the previously 
determined coefficients and of the physical con- 
stants A, B, «+, E, of Eq. (20). 


b=- DP) 
by [4C +289 + (3D - 4E) 
+Еоз– аз], (23) 
bs = [34by - (15/2) Cb — 2Bb — Db 
+28Ь+ (6D — E)bibs Еа? 
+ Eas — EbPast+2Bbr02~byas— dyer], 
2,7 —[38+(22-Е 391], 
[44 -3Cb — 3Bb? — 2Dby 
T QD-— E)b bibit $Bos 
+ Bag —2Eb 02+ аф), 
eam 0 (15/2) 462 10Cby3-- Bos (24) 


+3Cbs+-4b#-+(2D—E)bo— 6Bbibs 
—6Dbibs+bybs+ А На 

+} Вад 32425 — Ера? — 3Bbifes 
—2Eb eu Mo. Ebar + bisa). 


It is interesting to note that the first-order 
solution 
$-Ы/ЕВ= (1/28)[4/3+(9-1)8], «=1 (25) 
is identical with the solution given by H. Lamb. 
5. NUMERICAL CALCULATION 


The constants А, B, >>>, Е depend on the 
physical constants of the gas, 8, and y, and on 
6s, 6, Ks, Ks. The latter depend on the nature 
of the force field which surrounds the molecule. 
In the kinetic theory, the molecule is generally 
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пыша b= (БК) QR) 


Fic d. Convergence of the 
the Revnold's number R 


РА nay - as а function 
or medium 1. 


represented by a mass point situated at the 
origin of a spherically symmetric, repulsive force 
Reld whose strength is assumed proportional to 
1/r' where r is the distance from the center of the 
molecule. Because of their relative mathematical 
simplicity, the two types of molecules most 
frequently considered are 

1.. The “Maaweli molecule," having 2-5; 

2. The rigid elastic spherical molecule corresponding to 
sme, 
Calculations! based on the observed temperature 
dependence of the viscosity of real gases show 
that actually 5<s<15. In particular, for air 
the exponent 528.5, and for the monatomic 
gases of helium and neon $214. Since the 
spherical molecule appears to be a closer approxi- 
mation to reality than the Maxwellian molecule, 
the values of K, and К, given by D. Burnett? for 
spherical molecules are used throughout the 
present calculations. However, the only values 
available for б; and &, are those calculated by 
Chapman! for Maxwellian molecules. Neverthe- 
less, the variation in the constants K is only of, 


Ээ Chapman and Cowling, reference 2, pp. 221-223. 
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of the expansion a= 1+(e1/R) 


жайды * аз а function of the Reynolds number К 


ium 1 


the order of 10 percent for the two extreme cases 
considered. The variation in 0 must be also of 
the same order of magnitude. 

In accordance with the above discussion, the 
numerical values for the molecular constants 
are then given by Eqs. (26). 


6245/8, 03, 
Ki-200, Kie241&, 09 


Equations (23), (24), and (20) will now be 

applied to calculate the damping coefficient, b, 

and the dimensionless velocity of propagation, 

о, in the following three gaseous media, as 

characterized by the values of the physical con- 

stants y and 0: 

1, Air at normal atmospheric temperature, This also сог. 
responds closely to the theoretical diatomic gas. 

2. Air at 400°C. 

3, Theoretical monatomic gas. This corresponds very 
closely to real monatomic gases, such as helium, 
argon, and neon, at normal temperatures. 


Table 1 gives the values of y and В for each 
of the three media, as well as the values of the 
derived constants A, B, ‚ E as calculated 
from (20) and (26), and the values of the coeffi- 


Fia. 3, Dimensionless speed of sound propagation, a, 
versus Reynolds number R for three media. 


30 ео 89 200 400 000 


aie) 
Fic. 4, Damping coefficient, b, versus Reynolds number R 
VO dor three media, 


cients bi, bs, bs, and os, e, ав as calculated from 
Eqs. (23) and (24), respectively. The results of 
Table 1 are then used to calculate the damping 
coefficient 6, and the propagation coefficient a 
à» a function of the Reynolds number R, by 
means of Eqs. (21) and (22), respectively. 

The nature of the convergence of the expan- 
sions (21? and (22) is shown for the typical case 
of medium 1 in Figs. 1 and 2. It should be noted 
that the solutions ò= (bi/R)--(/R?), а=1 
4 (as/ К) + (04/09) are not necessarily accurate 
to terms of order 1/R# and 1/R*, respectively, 
since the original differential Eqs. (16) are cor- 
rect only to order 1/1. 


6. RESULTS 


The values of a and 5 as functions of the 
Reynolds number for each of the three gaseous 
media considered are shown in Figs. 3 and 4. 
The effect of decreasing Reynolds number is to 
increase the damping coefficient in nearly inverse 
ratio, whereas the speed of propagation, aco, 
increases only slightly. Figures 3 and 4 also 
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show that the molecular structure of the gas 
influences the magnitude of the propagation 
parameters to a much larger extent than does 
the mean temperature of the gas. This is appar- 
ently because of the fact that Eqs. (20) depend 
more critically on the value of y, which occurs 
also as (y - 1), than оп 6. Both y and f depend 
on the number of atoms which compose the 
molecule, whereas only 8 is significantly temper- 
ature dependent. 

‘The magnitude of the damping effect is. more 
readily ascertained in terms of the amplitude 
ratio, ta, which is defined as the ratio of two 
successive maximum amplitudes of the sound 
wave. Hence г. =е"%<1. Figure 5 shows the 
amplitude ratio as a function of the Reynolds 
number for the moaatomic and the diatomic gas. 

For practical applications of the results, one 
must first calculate the Reynolds number К 
corresponding to the wave-length L. Since for 
sound propagation problems the given physical 
parameter is the frequency » instead of the 
wave-length L, R should be calculated in terms 


4 6 о ю 


жо ко 200 400 1000 
77774 


Fic. 5. Amplitude ratio, re: versus Keynolde number R 
оғ diatomic and monatomic gases. 


Taste П. 
т г: 
emper mes 

о 1321 

20 1248 

40 1.186 
60 1.130 
80 1.081 
100 1.037 
150 0.947 
200 9.874 
250 0.815 
300 0.766 
350 0.725 
400 0.689 
450 0.658 
500 0.630 
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of » in the following way: 


Rec[/cXypo/ n X1/2xv. (27) 
However, є/са= а is very close to unity, во that 
R&ypo/pX1/2ar. (28) 


‘To facilitate numerical calculations, ‘Table II is 
constructed for Ro which gives the value of К, 
at yarious temperatures, for air at the standard 
pressure of one atmosphere, for y=1.4, and 
for the frequency »=1000 cycles per second. 
For any other values of the pressure фе in atmos- 
pheres, and of the frequency », the Reynolds 
number R is then given by 


1000: 1000: 
в-к) (= sa (7) (= . (29) 
1 ” 1 М 
in general, the results of this investigation 
show that although the damping of the waves is 
greatly increased by the decrease in the Reynolds 
number R, the speed of propagation is practicaliy 
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unaltered. This justifies the procedure adopted 
in the analysis of anomalous sound propagation 
where the normal adiabatic propagation speed 
is used throughout. However, one must be aware 
of the fact that kinetic theory uses the smooth 
spherical model for the molecules and thus does 
not allow the interchange betwecn translational 
kinetic energy with the vibrational and the 
rotational energies of the molecules, Because of 
the greatly decreased number of molecular colli- 
sions iu rarefied conditions corresponding to 
small values of R, it will be difficult to excite the 
vibrational and the rotational degrees of freedom 
and the gas tends to behave more closely like a 
monatomic gas with a corresponding increase in 
the value of y. This change in the properties of 
the gas is not directly taken into account in the 
calculations presented, as it is heyond the frame- 
work of the usual kinetic theory. On the other 
hand, this effect can be easily accounted for by 
an appropriate change in the value of ү as the 
Reynolds number decreases. 


SIMILARITY LAWS OF HYPERSONIC FLOWS 


By Насв-внан Taren 


Introduction. Hypersonic flows are flow fields where the fluid velocity is 
much larger than the velocity of propagation of small disturbances, the velocity 
of sound. Th. von Kármán [1] has pointed out that in many ways the dynamics 
of hypersonic flows is similar to Newton’s corpuscular theory of aerodynamics. 
The pressure acting on an inclined surface is thus greater than the free stream 
pressure by a quantity which is approximately proportional to the square of the 
angle of inclination instead of the usual linear law for conventional supersonic 
flows. Е. Sanger [2] has, in fact, used this concept to design the optimum wing 
and body shapes for hypersonic flight at extreme speeds. 

Recently, von Kármán [3] has obtained the similarity laws for transonic flows 
where the fluid velocity is very near to the velocity of sound. He deduced these 
laws by using an affine transformation of the fluid field so that the differential 
equations of the flows are reduced to а single non-dimensional equation, In this 
paper, the same method is used to derive the similarity lawa for hypersonic flows. 
These laws will be, perhaps, useful in correlating the experimental date to be 
obtained in the near future by hypersonic wind tunnels now under construction. 


Differential Equation for Hypersonic Flows. Ни, v are the components of 
velocity in the z, y directions and a is the local velocity of sound, the differential 
equations for irrotational two-dimensional motion are 


и ди _ ио [ди , Әр v\ dv _ 
G-5z-sG23«6-24-* o 
ðv Ow _ 
xoa = (2) 


Now if a slender body is present in an otherwise uniform stream of velocity V 
in the z-direction, equation (2) is satisfied by introducing the disturbance velocity 
potential e defined as 

un vse, E (8) 
If a is the velocity of sound for ће gas at rest and a" is the velocity of sound 
corresponding to the free stream velocity V, then there are the following re- 
lations: 


2-а4- іш 4624 


reni + Л) e 
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where y is the ratio of the specific heats. 
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де де р 

or dy are small in 
naparison with V. By substituting equations (3) and (4) into equation (1) 

and retaining terms up to second order, one has 

1р т-11 (әу aloe 219% 8% 

dr: 2 2% =M -2М ay be Oy 


For hypersonic flows over а slender body, both a° and 


D ~ + DM 


(5) 
Dm py oe LETS [99] бе _ 
о а (в) T 
Here М is the Mach number of the free stream or . 
М 
м = 2. (6) 


Similarity Laws in Two-Dimensional Flow. If 20 is the length or chord of 
the body and 8 the thickness of the body, the non-dimensional coordinates $ 
and 7 can be defined aa 


z-b у= (i) (27) 


where n is the exponent yet to be determined. von Kármán [1] has shown that 
for hypersonic flow over a slender body the variation of fluid velocity due to 
the presence of the body is limited within a narrow region close to the body, 
the hypersonic boundary layer. Therefore, in order to investigate this velocity 
variation, one must expand the coordinate normal to the surface of the body. 
This is similar to the case of ordinary viscous boundary layer, where Prandtl's 
simplified boundary layer equation is obtained from the exact Navier-Stokes 
equations by a coordinate expansion normal to the surface of the body. From 
this reasoning then, n must be positive so that y is much greater than а)/0). 
This surmise is substantiated by the later calculations to be shown presently. 
The appropriate non-dimensional form for the velocity potential ¢ is 


p= do Б). ® 


By substituting equations (7) and (8) into equation (5), one has 


зүн мт үйү] 
GY [-е+ой-°% sea (и) 15 
ae (PEL HL 
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aorti i (ye. 
+b -—@-0%- 2 мелу" o |8 Е 
The boundary conditions at infinity require that the flow velocity be У. 
Thus x 


af 9f. 
йы"? te (10) 
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If the slender body is a symmetrical one, then the condition at the surface of 
the body can be written as 
=) ё вм ($) МӘ for —1«t«1 (и) 
OY Jomo b 
where КӘ) for —1 < E < 1 is a given function describing the thickness dis- 
tribution along the length of the body. Equation (11) сап be converted into 
the following form by means of equations (7) and (8): 
af o (ayn " 
aen) e w 
Since the body is thin, 5/8 is very small. Therefore the first тош: of terms 
in equation (9) is negligible in comparison with the rest. Then both the dif- 
ferential equation and the boundary conditions can be made to contain only 
a single parameter if one sets 
n=l (13) 


That is, if 


бы 
м“ =K 
Then equation (9) becomes 


2 of _xyti (үә ee, дугу А 
[ 07D Pon) nas 4% 


and the boundary conditions become 


Д9 
E: БАШ at ж (15) 


and 
Y4Y к are 
(2) = кмә f ЖЕ 


"The meaning of this similarity law is the following: If a series of bodies having 
the same thickness distribution but different thickness ratios (8/5) are put into 
flows of different Mach numbers M° such that the products of M" and (5/Ъ) 
remain constant and equal to K, then the flow patterns are similar in the sense 
that they are governed by the same function j(é, п), determined by equations 
(14) and (15). 

If p, is the stagnation pressure, p the free stream pressure, and р the local 
pressure, then 

ri-o 
»'] 


puru 20 
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In notations introdueed previously and by retaining terms of proper magnitudes, 
опе can write the expression for the local pressure as 


g r-i (ayy 
”-#|!-е-0йЙ — 1\95, (18) 


The drag D of the body can then be calculated. It is given by the following 
expression: 


D =a [| ear (ie: 


me [o i-r ЫШ ша 


If one wishes to compute the drag coefficient C» , then one uses 


D 
% = у) 


ee 2 1 _ af 4-11 any ү" Ж 
- к [1 е0 t LT, soa}. an 


For a given thickness distribution, the quantity within the brackets is only 
a function of K, the similarity parameter. Therefore, one can write 


1 1 4 
Co = ма A(K) = go 2 (му). (18) 
Similarly, one obtains for the lift coefficient. C, of the lift L the following law: 
L 1 1 8 
Ce туар = н” МЮ = ул (ni). 09) 


These similarity laws show that for bodies of the same thickness distribution 
at angles of attack proportional to the thickness ratio (5/5), the quantities 
(CoM**) and (СьМ") are functions of the single parameter К = M'(5/t). 
Equations (18) and (19) agree with the resulte of the mare limited linearized 
theory of Ackeret [4]. According to this theory, for similar bodies in the sense 
stated above the drag coefficient and the lift coefficient are given by 
aM 
EON 
ЪТ УМ -1 
8 


у E 
Мр 
For hypersonic flows of very large values of М”, these expressions reduce to 


Cow [Ө] Гм (20) 
C~ (3) pw. (21) 
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Equations (20) and (21) agree with equations (18) and (19). Equations (18) 
and (19) are, however, more general and complete. 


Axially Symmetrical Flows, For axially symmetrical flows, the ordinate y 
is the radial distance from the axis to the point concerned. Then a similar 
analysis leads to the following differential equation and boundary eenditions: 


1-6-0 - 9911 (yl 


(2 
f ү-і11 Га/\ 11а ef әу әј 
-һ-в-ә ы шәйі кей 
of _ of 
3:779 at œ (28) 
СА ШЕ Ы! 
(+ 2) K'h( for -1«t£«1 (24) 


where ЖӘ) is the distribution function for cross-sectional areas along the length 
of the body and К = M'(8/b) as for two-dimensional flow. 

The drag coefficient C» referred to the maximum cross section of the body is 
then governed by the following similarity law: 


l a 
Co = ad (м $). (25) 
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ONE-DIMENSIONAL FLOWS OF A GAS CHARACTERIZED BY VAN 
DER WAAL'S EQUATION OF STATE 
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Introduction. It is generally assumed in the mathematica! analysis of 
flows of a compressible fluid that the equation of state for the fluid is the equa- 
tion for a perfect gas. This assumption, while sufficient for most cases of air 
flow under low pressures, does not allow an accurate enough representation of 
the properties of & gas near its point of condensation. For these flows of vapors, 
numerical and graphical methods are generally adopted. For instance, the 
isentropic expansion of steam can be traced on the Mollier diagram. А. Ризе- 
mann (Ref. 1) has developed a graphical method for determining the expansion 
around a corner of the supersonic flows of any real Buid. 

However, the numerical or graphical methods are tedious and involve many 
laborious calculations. Furthermore, the diagrams constructed for one fluid 
cannot be adopted to a different fluid. The analytical method, on the other 
hand, is general and the results so established can be applied to any fluid with 
a mere change of the parameters. In this paper, an analytical method of cal- 
culating one-dimensional flows of а gas characterized by ven der Waal ’s equation 
of state will be presented. The specific heat of the gas at constant volume is 
assumed to vary only with the temperature according to а quadratic law. Since 
for most applications envisaged the deviation of the results from the conven- 
tional ones for a perfect gas of constant specific heais is expected to be nat more 
than ten percent, the method of small perturbation will be used so that terms 
of second order in the deviations from the perfect gas will be neglected. ‘The 
particular problems solved are the isentropic expansion in a nozzle and the 
normal shock in supersonic flows, The calculation is prompted by the recent 
interest in hypersonic wind tunnels where extremely large expansion ratios are 
involved and the deviations from the perfect gas are not negligible. 

The flow of a perfect gas with variable specific heats is treated by W. J. Walker 
(Ref. 2. It seems that he does not use the method of small perturbation ex- 
plicitly and his results are thus somewhat awkward for flow calculations. The 
present analysis is believed to be more convenient to use, 


Isentropic Expansion of a van der Waal Gas. If p is the pressure, T 
the temperature, р the density and Ё the gas constent, van der Waal’s equation 
of state is 


__RT _ a 
Bera E (1) 


where а and 5 are constants, representing the effects of intermolecular attraction 

and molecular dimensions respectively. Let Cy be the specific heat of the gas 

at constant volume, assumed to be a function of temperature only. Then for 
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isentropic expansion, the first law of thermodynamics requires that 


CydT + pd = CydT — рар/р* = 0 (2) 
By substituting equation (1) into equation (2), one has 
CydT — {RT(p — 00) — aldp = 0 (3) 


Generally, the variation of the specific heat Cy can be quite accurately repre- 
sented by the following expression: 


Cy mat ВТ + yT* о) 
where o, В, y are constants. Then equation (3) can be written as 
(a+ 8T + үТ?)ат — (RT(o — bg)" — ajdo = 0 (5) 


This equation is the differential law for the variation o£ T with pin an isentropic 
expansion. 

To integrate equation (5), the calculations are greatly simplified by theassump- 
tion that quantities in second order of a, b, В, у can be neglected. This is justi- 
fied on the ground that a, b, 8, y are the deviation from a perfect gas and these 
deviations are not expected to exceed ten per cent for most applications. With 
this assumption, the temperature Т as a function of the density p can be ex- 
pressed in the following form: 


P(e) = T”) + aT? (о) + iT (p) + BT (y) + үт (о) (6) 


By substituting equation (6) into equation (5) and by equating the quantities 
independent of a, b, 8, y to zero, one has 


adT® — (R/p)T dp = 0 (2) 


This is the equation connecting the temperature and density for a perfect gas 
undergoing isentropic expansion. The equations for the correction terms TU 
ТӘ, T” and 7% are obtained by substituting equation (6) into equation (5) 
and then equating separately the coefficients of a, b, 6, and y in the resulting 
expression to zero. Thus, 


adT? — {(R/p)T™ — Пр = 0 (8) 
adT? — {(R/p)(T® + pT)\dp = 0 (9) 
adT® 4 TT — (R/p)T?dp = 0 (10) 
adT + ТТ — (Вирта, = 0 (11) 


Equations (7) to (11) are now the linear first order differential equations for 
T9, то, т® T9 and T^ respectively. Their solutions are 


T9 = Сома (12) 
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T9 = p/(R — a) (13) 
T? = (RC/a), ен a4) 
те ші (Суад (15) 
TO = — (C22 (16) 


The constants of integrations for T”, T”, Т“ and Т are absorbed into the 
constant C. The temperature T according to equation (0) сап then be written вв 


ок!“ о CE шан 
TC Lagi + bp 


- дан -y Un өне ат 


То eliminate the constant С, the quantities connected with the starting point 
of the expansion can be utilized. Let these quantities be denoted by the sub- 
script o. Then 


А 2 сі a ja 
To = Cpt tag +b CR шен -8 oe =# ga" (18) 


The constant C can be eliminated between equations (17) and (18), Then the 
temperature ratio Т/Т, can be written as 


-ОТе(ауғы%-(07-өөф-2 
*656- QC - OF] 


à = R/a (20) 


If the specific heat Cy were constant, then В = y = 0. If the gas were perfect, 
then а = b = 0. Then equation (19) would be reduced to the simple relation 
T/T, = (р/р), the well-known equation for perfect gas. 

By inverting equation (19) and retaining only terms of proper order of magni- 
tudes, one has 


-E-t - G^) 0-0) 
-E-a - C56 - (ӨЛ 


Other equations involving the pressure p can be easily obtained by using the 
equation of states (1). The results are 


where А is given by 
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В) - 7) - e e»t -Q) 
| eG) Cie) fl 
о-в 
кеа ы е T е 
(гк (ӘУ 


(22) 


а 0-2) 
- @ - O 
оны" А 


(2) - -(g^^en раш. ауу 


Thus once the properties of the gas are known and the initial state of the gas 
specified, the “correction parameters” (ap,/RT.), (bpo), (BT./a) and (yT2/a) 
can be immediately calculated. Then the subsequent states of expansion can be 
determined by equations (19) to (25). The functions of density ratios, pressure 
ratios and temperature ratios in these equations are universal for any gas and 
are independent of the initial conditions. 


Expansion in a Nozzle. For isentropic expansion of the gas in a nozzle, 
one is interested in determining the velocity of flow. Let this velocity be denoted 
by v, then the dynamic equation of the flow is 


риф = —dp (26) 
On the other hand, equation (2) can be rewritten as 
Cy dT + p/p — dp/p = 0 (27) 


By combining equations (4), (26) and (27), the following differential equation is 
obtained: 


(a + BT + 4T54T + d(p/p) + vdv = 0 (28) 


If the conditions at the starting point of the expansion, or the stagnation point, 
are denoted by the subscript o, the result of integrating equation (28) is 
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With the temperature ratio and pressure ratio determined by the equations given 
in the previous section, the velocity of the flow can be then calculated by equa- 
tion (29). 

For many applications such as wind tunnel design, the most convenient para- 
meter for velocity is the Mach number M, the ratio of the velocity v and the 
velocity of sound c defined by 


(29) 


ё = dp/dp (30) 


where р and р are those in an isentropic process. This quantity can thus be 
calculated by differentiating equation (22). The result is 


é=a4 в (+) [1 + gee) I 4h Е a (2) - roa +» 


(31) 


&-8OI COE 06) +09): - FO] 


Expressed in terms of local conditions p, T, and p, the velocity of sound is given by 


ғ-аз?-( ә) + ®® -(2)25 - 0D] e» 


Equation (32) can be obtained from equation (31) by the simple artifice of re- 
moving all the subscripts. This is the same as moving the reference point de- 
by the subscript о to the point concerned. Equation (32) is considerably differ- 
ent from the conventional formula for the velocity of sound, 


Е 
= ~\P 
d= (+6)? (38) 
It can be, however, easily shown by means of equation (4) that equation (32) 
can be written as 


=(142)?/1-(%) 4 

ОНЫ Ge * 0] Е 
The difference between equations (33) and (34) is then purely due to the "'ther- 
mal” imperfections of the gas. 


In equation (29) the density ratio and the pressure ratio can be replaced as 
functions of the temperature ratio by equation (21) and (24). Then byreplao- 
ing the velocity v by the Mach number M through equation (31), one obtains 
the relation between the temperature ratio T/T, and the Mach number: 


трат: + (ge) a - Code + 87 + (0) ]. (35) 
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Here й, l, & and й are functions of M and А given by the following equations: 
E Aa ( n ye 

ae be epe) (1+5) "а 
А 1 4. ` А ал) ( A 2n _ 

a= гу (r+ hae) +2(1+5М ї 
BN pn apy 

ta ps eoe) a«x( ee)? 

cioe) фам (1+5) } 
EFA 2 2 p 


It is easily recognized that the factor outside the bracket on the right side of 
equation (35) ie the conventional value of the temperature ratio for aperfect 
ges. ‘Che functions 4, із, & and & give then the corrections due to “thermal” 
and “‘calorical” imperfections. 

By using the relations between the pressure ratio, the density ratio and the 
temperature ratio given in the previous section, the pressure ratio and the 
density ratio can be calculated in terms of the Mach number. These relations 
are the following: 


угору [1+ (ap)? - onn ( Уһ (03) ] m 


z EE ја Е 4 (=) (ьн (%) nt (2) «] (38) 
А А A =n 1 M A ү 
һ-м (1+3) -h4 (ім 


ED 


AL» Ain 
r= or — 0 (1+) 2¢) +2(1+5м) ті 


(36) 


P 


-вм- (1+1) + 1+ AG £e) - 9) 


P= QM* 1) ( ey 


6-30 w) +1. xi wy -& 


and 
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tere) г-м)" 
х -Ч-а/о 
т mu 
sehe)" Ge) 
sr) Oe) © 
a 
tau +) у 
espe? 
ax en - 331 


AFN вал” 
Here again the functions P; , Ра, P; , Pa and ги , 72, та, r4 are correction functions 
for the pressure ratio and the density ratio respectively. 
To calculate the cross-sectional area A of the nozzle, one needs the equation 
of continuity, 


4(шА) = 0 i (41) 
From equation (41), the change of the area A can be expressed as follows 
dA (dp dr 
м = - (Beg). аз) 


But by using equation (26), the first term on the right of above equation is 
equal to 


Therefore, equation (42) can be written as 
dA/A = — (1 — МФ (43) 


This equation shows that at the throat of the nozzle where dA = 0, the local 
Mach number is unity for any equation of state. This is the well-known result 
generally deduced for flow of a perfect gas. 

Equation (41) requires that ру А = constant. Therefore, if quantities at the 
throat are denoted by an asterisk, then 


H-AON е 
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All quantities entering into this equation can be expressed in terms of the Mach 
number M by using the formulae previously derived. The result of this caleu- 
lation, retaining only first order terms of a, b, B, and y, is 


дал 
4* M\T+0A) 


[ie anaes (PB) 24] 
where 


пе)" 
" ғы [б A ү A ( Б ny] 
helt 0/2) [e +» d + 4% 


1-ҺА 
-a+ a+ (1 Her] 


po Stemma s mp 3)" м (1+3) | 


ias OT (1 AY- ae (1 +300) ] а” 


eS ey] 


he а + OG + onm oP (1 + х)" = мі Hye) ] 


та + 0/2) ( AN aS ( à у] 
+6 ағ» [+5 marum 
1+a-¥ ( у —( à 7] 
+ ат» [ 1+5 1+ 5м 
SEAR LC ae) 
+6 + [1+5 M(1rgM') |. 

All characteristics of nozzle flow are thus given by equations (35), (37), (88) 
and (45). In these equations, the corrections introduced by the imperfections 
of the gas are separated into в series of terms, each of which is a product of two 
factors. One factor is a universal function of the Mach number M and the 
табо А = R/e, but independent of the initial conditions of the expansion. The 
other factor is determined by these initial conditions only. This is a consider- 
able simplification allowed by the smali perturbation method adopted. 


(45) 


Shock Wave in Supersonic Flow. In addition to flow through а conver- 
gent-divergent nossle, one dimensional flows of а gas have the important feature 
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of the formation of normal shock waves in the supersonic region. If the Mach 
number before the shock is very large, the pressure ratio across the shock is also 
very large. Then one must expect considerable deviations from the imperfec- 
tions of the gaa. To determine these deviations, consider the shock as fixed in 
apace and denote the conditions ahead of the shock by the subscript 1 and condi- 
tons after the shock by the subscript 2. The flow velocities ahead and after 
the shock, being normal to the shock front, are thus v; and v, respectively. The 
equation of continuity is then 


piw, = pia (47) 
The equation of momentum is 
-mip (в) 
The equation for the conservation of energy is, according to equation (28), 
encre grit Ы ат, Брут БРЫ. 6%) 
The equation of states is, of course, the van der Waal equation 
р = Ene — ай. (50) 
— bps 


Equations (47) to (50) form the system of four simultaneous equatioris for the 
four unknowns ор, ре, ps, Та. ` 

For flow calculations, it is generally more convenient to express the velocities 
as Mach numbers. With the aid of equation (32), equations (47), (48) and (49) 
can be rewritten as the following: 


2.1 A BT o X v 
mafio "ха cian + ла ГЕУ zy i 
ама + LER thru] 
А 201 om A BT A wy 
ма + x»[: IFAR T IFA a Pra 
1 аһ A ВТ, à әт: e» 
3 -L ап ъа OT ЕЕ = 
-мазха күс іа а ГА а Ы Bn 
oT, ti Tt Z Tt Р art +B 
2 8 "m A 
[ 1 gm à Ed 
“|1- + bp — - 
TEA RT IFA а Ita a 
(53) 
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In the system of equations (50) to (53), one can, for instance, eliminate the 
variables p, T; and M; and obtain an equation for p». This process of elimina- 


tion is somewhat tedious, but nevertheless is straightforward. The result, re- 
taining only terms linear іп a, b, В and y, is 


a (гу -iQ +M + 1 (ғ) + {a + -il. 


(8) 22. жатын га yee 1). 
хау. tatvan (8): ыы | 


TH. 


o» [22% (B - ++ MD 1 (B)+ {a + м - 3] » 
e зы - ea 6-2) 
23» (BJ - (ac xa n («nm - i 


GA 


+) ЛЕСЕСЕ e. me) 
2+ (Py да+ (в) + Cana 


алыу 


According to the principle of small perturbation method adopted here, the 
pressure ratio (p;/pi) can be 5 28 


(8) - (B^ ЛЕ 
-ъ (2) + CBN" « Cog" ^ 


where попе of the functions (p/m) ^ (i = 0, 1, 2, 3, 4) contains the parameter 
6,5, Bory. By substituting equation (65) into equation (54) and by equating 
the terms independent c of m b, B or y to zero, one has the equation for the first 
approximation (р/р) 


өз Фф) 
(в) - (QM + 1 в) +{a PE =} -о (56) 
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The significant root of this quadratic equation is 
BY m 
(B) = 35 0a «xat - x 


This is the well-known result for shock wave of a perfect gas. The correction 
for intermolecular attraction can be determined by equating to zero the terms 
with the factor (ар//Е7)) in the result of substituting (55) into equation (54). 
Thus 


[e ж» (ey - (0M + ШОН + +2)Mi 
ce m ap ler m 


Similarly, one has 


[e+n (в)"- ia xat + и (B) -o (59) 
[e +» (в)"- а + a + u] (®) + а-хмі 


erbe] ^ 
[e +» y- (1+ )Mi+ n] (®)°+ GF Mi 
J- -Q һ- a Qu he- 4 B 


Since the value of (ps/p.) is given by equation (57), these equations are linear 
equations for the functions (m/p) (i = 1, 2, 3, 4). They can be easily solved. 
The final result for (рз/р) сап be written in the following form: 


(61) 


р^ 21 БАМ А 


Ps (2+) 


Tos (ж) m - gram + (9) m + (2) a] 


(62) 
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AMIM — 1) 


“omy ped eum 1879 | 
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ъ= BIET MTS X Е FRR {a +) +} 
i AL 
фа HAMI +401 + А) - ы 1] (63) 
" 2м? B 
1.7 BET x руу +) + gp an} оға + wari 


+201 + №2 + 12 — XM + 4 + 4 — XY 4-320 + X] 
2 
- 3A(12 + 12А — № т + n Е 1] 
By using equation (62) and previously given relations (50) to (53), the density 


ratio р/ ру , the temperature ratio Т/Т, and the Mach number M; can be deter- 
mined. This calculation gives the following relations: 


ao GAEL (i) a- ane о ()o] on 


where 


D, = 2U ENMI -à ma 2001 1) 
CFNM FD GE NAME ® 
2(Mi — 1) 
D: = Burro | т 
Dy = 200 => yy + MM - D | 
IT FNO FD O ENOTES | 
20 -EXMP-A 24i — 1) 
Di = ато ЕТІЛ А0) | 
т. [20 + МЕ ~ ом +2) 
Т, ОМ? 
(66) 


To GR) o Bn + (43), 


@+ м: (2+) РЕ 
QUT + 2" (20 XE A] (67) 


та = 0, та = — Ds, r = — D 


where 


a= Hc D+ 
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e A ERE S 
(68) 
b me Ene (95) 
where 
№ м 
US ‘ a v» [srcx o Ta - 1] 
(5363 ғы), 
OMT + 3) 
үм 
EM HL E 
ds penastu р (е 
( + AC + 5) РА 
70 ма = 
m = Eu 5 E + а ele 1] | 
_@+ (и + геу) 
OMT + 3 


Equations (62), (64), (66) and (68) show that all pertinent quantities for the 
shock can be calculated by applying a series of correction terms to the formulae 
for perfect gas. Similar to results obtained in the preceeding section, these 
correction terms are products of two factors. One factor is a universal function 
of the Mach number M and the ratio А = R/a, but independent of the initial 
conditions of the shock. The other factor is determined by these initial condi- 
tions only. 


Parameters for Constants а and 5. In the analysis of the previous 
sections, the two parameters (ap)/RT and (bp) appear in all the formulae for 
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computation. The constants a and b are connected with the critical pressure 
р. and the critical temperature T, in the following way: (Ref. 3) 


la _ 88а 
Р, gp Т. = 3 Rb eo 
By solving these equations for a and b, one has 
t 
Q2 ET y = IBT т) 
Po 8 р. 


Therefore, if only first order quantities in a, b are considered, then equation (71) 
and the equation of states give 


8-90 D 
Bebo 9 


These forms of the parameters are believed to be more convenient in actual 
computations and they clearly bring out the non-dimensional character of the 
parameters. 


and 


Properties of Air. The experimentally determined values of a and 6 for 
air are given by J. Jeans (Ref. 4). From these constants, the “critical pressure” 
and the “critical temperature” can be computed by using equation (70). The 
values in engineering units are 

Pe = 324.6 psia, Т, = 181.1°R (74) 


Since air is a mixture of several gases, such critical pressure and critical tempera- 
ture are not real quantities, but convenient substitutes for a and b in the van der 
Waal equation of state. 

‘The specific heat of air at constant volume is given by J. H. Keenan and J. 
Kaye (Ref. 5) as а function of temperature. By fitting the tabulated data from 
T = 300°F to T = 1000°R to equation (4) with the method of least square, the 
constants o, В and y are determined as 


а = 0.17457 Вёл. per Ib. per °F 
В = —0.01877 X 107 B.tu. per lb. per (°F)* (75) 
y= 0.02441 X 107* B.t.u, per Ib. per (°F)? 
Since the gas constant R for air is 0.0685 Вл. per Ib. per °F, 
Х = В/а = 0.3920 (76) 


Tabulation of Functions for Air. То facilitate the application of re- 
sults obtained in the previous sections, the universal correction functions speci- 
fied by equations (36), (39), (40), (46), (63), (85), (67) and (69) are tabulated 
for air in Tables 1 to 8. The values of factors outside the bracket of equations 
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(85), (37), (38), (45), (62), (64), (66) and (68), which are the values of the 
different quantities for a perfect gas, are also given in the first columns of these 
tables. It is seen that the correction functions have appreciable magnitudes 
even for moderate Mach numbers. Thus even for a Mach number as low as 3, 
the deviations from the perfect gas cannot be neglected if the correction par- 
ameters are not extremely small. 


Application of Results to a Hypersonic Wind Tunnel. As an example, the 
results of analysis will be applied presently to a hypersonic wind tunnel of Mach 
number 15 in its test section. Let the pressure at inlet to the nozzle be 600 psia, 
and the temperature 800°R. Then the values of correction parameters are 


: з 
a ш (=) ы. = 0.0396 
x em = 0.05230 
ет, E 201877 х 0.800 = —0.08602 
Қ 
= Е мены = 0.08949 


With the aid of Tables 1 to 4, the conditions of air at the test section can be 
calculated as follows: 


T = 800 X 0.0221729 (1 — 0.03996 x 0.27702 + 0.05230 x 0.28149 
— 0.08602 X 0.36512 + 0.08949 X 0.23960) = 17.626°R 
р = 600 X 0.00000133655(1 — 0.03996 x 1.62670 + 0.05230 X 0.99958 
+ 0.08602 X 1.10789 — 0.08949 X 0.39642) = 0.00084591 psia 
A/A* = 6701.55 (1 + .03996 x 1.77417 — 0.05230 x 1.08814 — 0.08602 
X 1.29528 + 0.08049 X 0.46368) = 6411.6 


Conaiderable deviations from the values for a perfect gas are thus present. 

Now if there is a normal shock wave immediately after the test section, Tables 
5 to 8 can be used to calculate conditions after the shock wave. Here the eor- 
rection parameters are 


ap, _ 27 { 181.1 \* 0.00084591 
on = 


RT, T ga 176) azg 7 000012 
PESE 000084591 = 00000034 

: A 
Не” 
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Then the temperature and the pressure can be calculated as follows: 
Т, = 17.626 X 43.8613 (1 — 0.00012 X 1.64286 + 0.0018952 X 14.983 
— 0.00004344 X 430.55) = 780.44°R 
pr = 0.00084591 X 261.709 (1 — 0.00012 X 0.69978 — 0.0018952 X 3.4082 
+ 0.00004844 X 107.67) = 0.22097 psia 
Mz = 0.379589 (1 + 0.00012 X 0.24269 — 0.0000034 X 14.818 — 0.0018052 
Х 25.809 + 0.00004344 Х 1293.2) = 0.38234 


The deviations from the values for a perfect gas are much smaller here than for 
the expansion. The reason is, of course, the much lower pressure level for the 
shock process. If a system of compressors is used to recompress the air after 
the shock to the pressure p, at inlet to the nozzle so that the wind tunnel can 
be operated continuously, the overall compression ratio required is thus Pol Drs 
or approximately 2700. 
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TABLE I 
Funciions for Temperature Ratio in Expansion of Air, ef. Equations (36) and (86) 
M а + мән 4 Д h u 
0 1.00000 0 0 9 9 
9.5 0.953289 0.04218 0.03870 0.04531 | 0.04397 
1.0 0.836120 0.11012 0.07516 0.14607 | 0.13175 
1.8 0.693963 0.12769 0.03636 0.24602 | 0.20094 
2.0 0.560538 0.09041 | —0.04482 0.31571 | 0.23617 
2.5 0.449438 0.02866 | —0.12201 0.35632 | 0.24904 
3.0 0.361795 —0.03396 | -0.17858 0.37720 | 0.25165 
3.5 0.294031 —0.08750 | —0.21578 0.38660 | 0.25056 
4.0 0.241780 —0.13001 | —0.23925 0.38982 | 0.24856 
4.5 0.201248 —0.16271 —0.25392 0.38992 | 0.24662 
5.0 0.169492 —0.18761 —0.26315 0.38852 | 0.24502 
5.5 0.144321 —0.20056 ~ 0.26905 0.38649 | 0.24376 
6.0 0.124131 —0.22106 | —0.27289 0.38428 | 0.24281 
6.5 0.107747 —0.23225 | —0.27544 5.38210 | 0.24208 
7.0 0.0943040 —0.24097 —0.27716 0.38005 | 0.24153 
7.5 | 0.0831601 —0.24784 | - 0.27835 0.37818 | 0.24111 
8.0 0.0738334 —0.25329 | —0.27918 0.37649 | 0.24079 
8.5 0.0659587 —0.25767 | --0.27977 0.37498 | 0.24054 
9.0 0.0592557 —0.26121 —0.28020 0.37363 | 0.24034 
9.5 0.0535074 --0.26411 —0.28052 0.37243 | 0.24019 
10 0.0485437 —0.26650 | 0.28076 0.37136 | 0.24007 
п 0.0404596 —0.27014 | —0.28107 0.36954 | 0.23989 
12 0.0342185 —0.27271 —0.28126 0.36808 | 0.23977 
13 0.0293049 —0.27459 | —0.28137 0.36690 | 0.23969 
14 0.0253704 —0.27597 —0. 28144 0.36593 | 0.23964 
15 0.0221729 —0.27702 | —0.28149 0.36512 | 0.23960 
16 0.0195404 —0.27783 | —0.38152 0.36445 | 0.23957 
17 0.0173479 —0.27846 | —0.28155 0.36389 | 0.23955 
18 0.0155029 —0.27896 | —0.28156 0.36841 | 0.23953 
19 0.0139361 —0.27936 | —0.28157 0.36300 | 0.23952 
20 0.0125956 —0.27969 — 0.28158 0.36264 | 0.23951 
% 9 —0.28161 -0.28161 0.35920 | 0.23946 
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TABLE II 
Functions for Préssure Ratio in Expansion of Air, of. Equations (37) and (89) 
и | ажуа һ һ | B р, 
| | 

0 | 1.000000 0 i о о | 9 

0.5! 0.843775 0.10367 | 0.13741 | 0.04175 | 0.09655 
1.0| 0.520633 0.23475 | 0.26088 | 0.10277 | 0.25853 
1.5| 0.273263 0.17452 | 0.12912 | 0.09202 | 0.32318 
2.0) 0.128024 —0.06100 | —0.15914 0 j 0.27812 
2.6| 0.0584285 —0.35648 | —0.43324 | —0.13919 | 0.18211 
3.0| 0.0270452 —0.63213 | —-0.63413 | —0.28862 | 0.07957 
3.5| 0.0129495 —0.85887 | —0.76624 | —0.42813 | —0.01071 
4.01 0.00646413 —1.03509 | —0.84957 | —0.54997 | —0.08447 
4.5, 0.00336926 —1.16889 | —0.90166 | —0.65304 | —0. 14306 
5.0| 0.00183100 —1.26083 | —0.98445 | —0.73901 | —0.18026 
5.5| 0.00103458 —1.34619 | —0.95541 | —0.81042 | —0.22582 
6.0| 0.000605831 , —1.40437 | —0.96904 | --0.86978 | —0.25497 
6.5| 0.000366481 —1.44911 | —0.97808 | —0.91032 | —0.27844 
7.0| 0.000228316 —1.48388 | —0.98420 | —0.96087 | —0.29754 
7.5| 0.000146082 —1.51118 | —0.98842 | —0.99594 | —0.31325 
8.0| 0.0000957511 —1.58285 | —0.99137 | —1.02573 | —0.32629 
8.5| 0.0000641522 —1.55021 | —0.99348 | —1.05119 | —0.33722 
9.0! 0.0000438471 —1.56426 | —0.99501 | —1.07308 | —0.34646 
9.5| 0.0000305191 —1.57573 | —0.99614 | —1.09202 | —0.35434 
10 | 0.0000215989 —1.58517 | —0.99697 | —1.10849 | —0.36111 
и | 0.0000113111 —1.50954 | —0.99808 | — 1.13556 | —0.37205 
12 | 0.00000623921 | —1.60972 | —0.99874 | —1.15666 | —0.38043 
13 | 0.00000359810 | —1.61710 | —0.99915 | —1.17340 | —0.38698 
14 | 0.00000215043 | —1.62257 | —0.99941 | —1.18688 | —0.39220 
15 | 0.00000133655 | —1.62670 | —0.99958 | — 1.19789 | —0.39642 
16 | 0.000000853240 | —1.62988 ; —0.99070 | —1.20699 | —0.39988 
17 | 0.000000559150 | —1.63237 | —0.99978 | —1.21459 | —0.40275 
18 | 0.000000375078 | —1.63433 | —0.99983 | —1.22101 —0.40516 
19 | 0.000000256927 | —1.63591 | —0.99987 | —1.22647 | —0.40721 
20 | 0.000000179350 | —1.63718 | —0.99990 | —1.23115 | —0.40895 

| 
E 0 —1.64474 | —1.00000 | —1.27551 | —0.42517 
— 
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TABLE HI 
Functions for Density Ratio in Expansion of Air, cf. Equations (38) and (40) 
M а + AMD) n T? n ^ 
0 1.000000 0 9 0 0 
0.51 0.885120 —0.01002 | —0.01617 | —0.00357 | —0.00422 
1.0] 0.633441 —0.11778 | —0.17483 | —0.04390 | —0.04770 
1.5| 0.393772 —0.88574 | —0.51357 | —0.15311 | —0.14865 
2.0! 0.228395 —0.74395 | —0.88593 | —0.35571 | —0.27226 
2.5, 0.130003 1.09587 | —1.18124 | —0.49551 | —0.38255 
3.0) 0.0747528 —1.39155 | —1.38080 | —0.66583 | —0.46659 
3.5| 0.0440414 —1.62159 | —1.50642 | —0.81472 | -0.52604 
4.0| 0.0267357 —1,70451 | --1.58859 | —0.93979 | —0.56686 
4.5| 0.0167419 —1.92299 | —1.63100 | —1.04295 | —0.59471 
5.0| 0.0108029 —2.01849 | —1.66050 | —1.12753 | —0.61383 
5.5! 0.00716857 —2.08997 | —1.67919 | —1.19691 | —0.62710 
6.0) 0.00488057 —2.14399 | — 1.69127 | — 1.25406 | —0.63645 
6.5| 0.00340131 —2.18529 | —1.69924 | —1.30142 | —0.64315 
7.0] 0.00242106 —2.21724 | —1.70402 | 1.34093 | —0.64802 
7.5| 0.00175663 —2.24223 | —1.70831 | —1.37413 | —0.65161 
8.9| 0.00129685 ~ 2.26200 | —1.71090 | —1.38559 | —0.65430 
8.5} 0.0009726:2 —2.27780 | —1.71274 | — 1.42617 | —0.65634 
9.0| 0.000739965 —2.29056 | —1.71407 | —1.44671 | —0.65791 
9.5| 0.000570372 —2.30096 | —1.71504 | —1.46445 | —0.65013 
10 0.000444937 2.80950 | —1.71577 | —1.47985 | —0.66009 
п 0.000279566 —2.32250 | —1.71674 | —1.50510 | —0.66146 
12 0.000182834 —2.33167 | —1.71781 | —1.52475 | —0.66235 
13 0.000122782 ~ 2.33832 | —1.71766 | — 1.54030 | —0.66296 
14 0.0000849978 —2.84324 | —1.71788 | —1.55281 | —0.66337 
15 0.0000602785 —2.34696 | —1.71808 | —1.56302 | ~0.66367 
16 0.0000480654 —2.34982 | —1.71813 | —1.57144 | —0.66388 
17 0.0000322815 —2.35205 | —1.71820 | —1.57848 | —0.66404 
18 0.0000241940 —2.35381 | —1.71825 | — 1.58441 | —0.66416 
19 0.0000184361 ~ 2.35522 | —1.71828 | —1.58946 | —0.66425 
20 0.0000142403 —2.35636 | —1.71831 | —1.59379 | —0.66432 
ec 0 ~ 2.36313 | —1.71839 | — 1.63471 | —0.66463 
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TABLE IV 
Functions for Area Ratio in Expansion of Air, cf. Equations (45) and (46) 
1 f1 + аманы Н 

M Ж ты ) РД | fe Ss ж 

0 E 0.14556 | 0.22030 | 0.05251 | 0.06055 
0.5 2.11617 0.07305 | 0.11124 | 0.02084 | 0.02993 
1.0 1.00000 9 MENU | 0 9 

1.6 1.85836 0.09579 | 0.11836 | 0.03951 , 0.03573 
2.0 2.67372 0.33519 | 0.30603 | 0.14848 | 0.11815 
2.5 4.19667 0.61643 | 0.60154 0.29233 | 0.20621 
3.0 6.77883 0.87242 | 0.77415 | 0.43987 | 0.27804 
3.5 10.93978 1.0839 | 0.88765 | 0.57453 | 0.33268 
4.0 17.3890 1.24088 | 0.95925 | 0.69062 | 0.37056 
4.5 27.0553 1.36218 | 1.00400 | 0.78803 | 0.39685 
5.0 41.1196 1.45342 | 1.03218 | 0.86884 | 0.41511 
5.5 61.0484 1.52228 | 1.05018 | 0.93569 | 0.42789 
6.0 88.6282 1.57467 | 1.06189 | 0.99110 | 0.43606 
6.5 126.0004 1.61490 | 1.06966 | 1.03724 | 0.44349 
7.0 175.607 1.64614 | 1.07492 | 1.07588 | 0.44825 
7.5 240.677 1.67065 | 1.07855 | 1.10845 | 0.45177 
8.0 324.300 1.69009 | 1.08109 | 1.13008 | 0.45442 
8.5 430.665 1.70566 | 1.08290 | 1.15907 | 0.45043 
9.0 564.048 1.71826 | 1.08421 | 1.17995 | 0.45797 
9.5 129.534 1.72853 | 1.08518 | 1.19747 | 0.45918 
10 932.759 1.73699 | 1.08590 1 1.21271 | 0.46013 
n 1478.244 1.74986 | 1.08685 | 1.23773 | 0.46149 
12 2259.20 1.75897 | 1.08742 | 1.25722 | 0.46287 
i8 3346.47 1.76557 | 1.08777 | 1.27208 | 0.46297 
14 4824.31 1.77047 | 1.08799 | 1.28512 | 0.46339 
15 6791.55 1.77417 | 1.08814 | 1.29528 | 0.46368 
16 9362.89 1.77701 | 1.08824 | 1.30367 | 0.46389 
17 12670.1 1.77924 | 1.08831 | 1.31068 | 0.46405 
18 16863.5 1.78108 | 1.08835 | 1.31660 | 0.46417 
19 22112.7 1.78240 | 1.08839 | 1.32163 | 0.46426 
20 28608.5 1.78354 | 1.08841 | 1.32594 | 0.40433 
E E 1.70020 | 1.08850 | 1.36081 | 0.46464 
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Punetions for Pressure Ratio Across a Shock Wave in Air, 


«f. Equations (68) and (68) 


321 


м. KO т т ш п, 

1.0 1.00000 9 9 0 0 

1.5 2.45485 —0.13030 0 --0.03350 0.01038 
2.0 4.48829 —0.24560 9 --0.02392 0.07421 
2.5 7.11037 —0.33989 0 0.00318 0.18519 
3.0 10.31604 —0.41402 0 0.04179 0.35250 
3.5 14.0937 —0.47118 0 0.08997 0.69120 
4.0 18.4582 —0.51519 0 0.14688 0.91976 
4.5 23.4047 --0.54930 0 0.21214 1.36032 
5.0 28.9331 —0.57601 9 0.28555 1.93806 
6.5 35.0435 —0.59717 9 0.30699 2.68119 
6.0 41.7358 —0.61414 0 0.45639 | 3.62097 
6.5 49.0100 —0.62791 о 0.55370 4.79163 
7.0 56.8662 —0.63920 0 0.65891 6.23043 
7.5 65.3044 --0.64856 0 0.77199 7.97757 
8.0 74.3244 — 0.65640 0 0.89292 | 10.07029 
8.5 83.9264 —0.66301 0 1.02170 12.5728 
9.0 94.1104 —0.66864 0 1.15832 15,5162 
9.5 104.876 —0.67347 9 1.30278 18.0587 
10 116.224 — 0.67764 0 1.45507 22.9555 
ll 140.666 —0.68443 0 1.78312 32.8473 
12 167.435 —0.68967 0 2.14247 45.6925 
13 196.532 —0.69379 0 2.53310 62.0394 
14 227.957 —0.69709 0 2.95501 | 82.4843 
15 261.709 —0.69978 0 3.40819 107.0710 
16 297.789 —0.70199 0 3.89264 | 138.291 
17 336.197 —0.70383 0 4.40835 175.084 
18 376.933 —0.70538 9 4.95533 218.837 
19 419.997 --0.70669 9 5.53357 270.384 
20 465.388 —0.70782 0 6.14307 | 330.608 
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TABLE VI 


ах! 


м, MP. 3 | D D, D: D. 
1.0 1.00000 0 0 0 0 

1.5 1.86745 0.43246 0.86745 0.19525 0.25948 
2.0 2.68161 0.67716 1.68161 0.42186 0.63396 
2.5 3.35955 0.76183 2.85955 0.67319 1.17296 
3.0 3.89436 0.75227 2.89436 0.94903 1.94519 
3.5 4.30785 0.69872 3.30785 1.21685 3.08647 
4.0 4.62669 0.62998 3.62669 1.58451 4.54807 
4.5 4.87402 0.56009 3.87402 1.94948 6.59616 
5.0 5.06780 0.49530 4.06780 2.34866 9.31140 
5.5 5.22139 0.43767 4.22139 .78348 12.8396 
6.0 5.34459 0.38743 4.34459 3.25406 17.3418 
6.5 5.44456 0.34408 4.44456 3.76386 22.9919 
7.0 5.52659 0.30666 4.52659 4.31074 20.9822 
7.5 5.59460 0.27449. 4.59460 4.89601 38.6025 
8.0 5.65151 0.24672 4.65151 5.51998 48.8191 
8.5 5.69956 0.22268 4.69956 6.18289 61.1224 
9.0 5.74046 0.20180 4.74046 6.88492 75.6788 
9.5 5.77554 0.18357 4.77554 7.62620 92.7545 
10 5.80583 0.16760 4.80583 8.40685 | 112.6810 
li 5.85516 0.14112 4.85516 | 10.08657 | 161.988 
12 5.89324 0.12029 4.80324 | 11.9246 226.306 
13 5.92322 0.10365 4.92322 | 13.9212 308.382 
14 5.94723 0.09017 4.94723 | 16.0767 411.260 
15 5.98074 0.07911 4.90074 | 18.3912 588.224 
16 5.98280 0.06995 4.98280 | 20.8648 692.803 
17 5.99618 0.06227 4.99018 | 23.4976 878.770 
18 6.00744 0.05577 5.00744 | 26.2897 |1100.14 

19 6.01700 0.05023 5.01700 | 29.2410 11361.17 
20 6.02519 0.04547 5.02519 | 32.3517 11666.36 


511 


512 


ONE-DIMENSIONAL FLOWS OF A GAS 


TABLE VII 
Functions for Temperature Ratio Across a Shock Wave in Air, 


€f. Equations (66) and (67) 
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м | ам: - MO MD 
i | Ha d т т n ^ 
1.0 1.00000 0 0 

1.5 1.81454 —0.14214| 0 

2.0 1.67373 | —0.82058) 0 

2.5 2.11646 —0.51438 0 

8.0 2.64769 —0.69544 0 

3.5 3.27162 —0.85316 0 

4.0 3.98950 —0.98540] 0 

4.5 4.80193 —1.00437| 0 

5.0 5.70921 —1.18365 0 

5.5 6.71153 —1.25687 0 

6.0 7.80808 —1.81718 0 

6.5 9.00105 —1.36709 0 

7.0 10. 28956 —1.40876 0 

7.6 11.6728 — 1.44377 0 

8.0 18.1513 —1.47389| 0 

8.5 14.7251 —1.49863 0 

9.0 16.3942 —1.52029 0 

9.5 18.1587 —1.53898 0 | 

10 20.0185 —1.55521 0 

и 24.0242 —1.58182 0 

12 28.4113 —1.60253) 0 

13 33.1799 | 1.61564] 0 А с 
и 38.3299 | 71.68210 0 | --13.1217 | —328.776 
15 43.8613 —1.64286 0 | —14.9830 | —430.553 
16 49.7742 —1.65174| 0 | —10.9722 | ~554.512 
17 56.0686 —1.6591 0 | —19.0893 | —703.686 
18 62.7444 —1.66540| 0 | --21.3348 | —881.301 
19 69.8017 { —1.67072 0 | —28.7074 |—1090.78 
20 77.2404 | -1.67528 0 | —26.2086 |—1335.75 
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TABLE VIII 
Functions for Mach Number After a Shock Wave in Air, cf. Equations (68) and (69) 
| ыз \ 

м | (a) Lo - ШЫ 5 
1.0 1.000000 0 0 0 0 

1.5 0.700575 0.44264 | 0.80996 | 0.12397 0.17864 
2.0 0.576491 0.96828 | 2.25472 | 0.29220 0.66286 
2.5 0.511511 1.34534 | 3.96352 | 0.52218 1.29906 
3.0 0.473427 1.52916 | 5.63583 | 0.81662 2.55433 
3.5 0.449186 1.56450 | 7.12487 | 1.17274 4.53773 
4.0 0.432843 1.51075 | 8.38980 | 1.59250 7.49399 
4.5 0.421326 1.41242 | 9.44102 | 2.07387 11.7057 
5.0 0.412922 1.29698 | 10.3074 2.61601 17.4988 
5.5 0.406600. 1.17964 | 11.0208 3.21825 25.2154 
6.0 0.401739 1.06807 | 11.6100 3.88011 35.2683 
6.5 0.397915 0.96561 | 12.0994 4.60125 48.0863 
7.0 0.394859 0.87330 | 12.5083 5.38140 64.1417 
7.5 0.392379 0.79099 | 12.8525 6.22035 83.9445 
8.0 0.390340 0.71800 | 13.1440 7.11797 | 108.042 
8.5 0.388643 0.60339 | 13.3927 8.07413 | 137.021 
9.0 0.387213 0.59622 | 13.6062 9.08875 | 171.804 
9.5 0.386003 0.54558 | 13.7006 | 10.16177 | 212.153 
10 0.384964 0.50064 | 13.9509 | 11.2931 259.667 
1 0.383294 0.42504 | 14.2138 | 13.7307 378.274 
12 0.382016 0.36458 | 14.4185 | 16.4013 533.674 
13 0.381021 0.31569 | 14.5807 | 19.3046 732.822 
м 0.380230 0.27572 | 14.7112 | 22.4407 983.273 
15 0.379589 0.24269 | 14.8176 | 25.8093  |1293.19 

16 0.379065 0.21513 | 14.9056 | 29.4106 [1671.35 

17 0.378630 0.19192 | 14.9790 | 33.2444 |2127.11 

18 0.378266 0.17221 | 15.0410 | 37.3106 2670.46 

19 0.377957 0.15534 | 15.0937 | 41.6094 {3311.98 

20 0.377692 0.14080 | 15.1380 | 46.1406 4062.84 
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CORRECTIONS ON THE PAPER “ONE DIMENSIONAL FLOWS OF A 
GAS CHARACTERIZED BY VAN DER WAAL’S EQUATION 
OF STATE” 
Br Haur-auxw Talen 

In the recent paper by the author,! a mistake* has been made in not including 
the variation of internal energy of the gas caused by change in volume. Ава 
result, the formulae are incorrect in the terms connected with the parameter a 
of the Van der Waal’s equation. The following corrected equations should be 
substituted for the corresponding equations in that paper. 


CAT + Т(ар/эТ)ар- = 0 (2) 

Сат — [RT — bp") }dp = 0 (3) 

(a + 8T + ү7947 — {ЕТО — b9)7]dp = 0 (5) 

атар) = 0 (8), 196) = 0 (13) 

T= C + pCR wrest _ асем үл ‚Се an 
а а 2a’ 


and similar correction for (18). "Тһе term involving (ар/ Т) in (20) and (21) 
should be dropped. For (22), (23), (24), (25), (31), (32), and (34) the factor in 
connection with the parameter a should be corrected according to the following 
scheme: 


Equation Incorrect Factor Correct Factor 
(22) PA 1 
аз STN ЗЕ 
(24) - 145 1 
Qs) oy -rh 
(30 ics 1 
(32) -гіз -Hà 
(34) -h | -iR 


1Journal of Mathematics and Physics, 25, pp. 301-324 (1947) 
“Тһе author is indebted to Professor Joseph II. Keenan for calling his attention to this 
mistake. 
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FLOW CONDITIONS NEAR THE INTERSECTION OF A SHOCK WAVE 
WITH SOLID BOUNDARY 


By Hsuz-sHEN TSIEN 


1, Introduction. Recent investigations by J. Ackeret, F. Feldmann, and 
N. Rott (Ref. 1) and H.-W. Liepmann (Ref. 2) on the interactions of shock 
and boundary layer in transonic flows have shown many novel features hitherto 
unrecognized. One of these new phenomena is the presence of a strong expan- 
sion zone near the solid boundary immediately behind the shock. The same 
situation appears also in the results of the numerical calculations of transonic 
flows by H. W. Emmons (Ref. 3). Since Emmons’ investigation is carried out 
without considering the viscosity and the heat conduction of the fluid, the 
occurrence of expansion zone after the shock must be independent of these 
fluid properties. A closer consideration on the order of magnitude of quantities 
which enter into the phenomenon shows that the effects of the small viscosity 
and heat conductance of the fluid is indeed small and negligible when compared 
with the very large pressure and velocity changes across a shock. In other 
words, although the shock in transonic flow may have been caused by the 
presence of the boundary layer, a result of the viscosity of the fluid, the final 
flow characteristics can be described without introducing viscosity and heat 
conductance. The situation is thus not unlike that of fully developed turbulent 
flow which can be described without the direct aid of viscosity, although the phe- 
nomenon iteelf is born from the effects of viscosity. . 

The purpose of the present note is to show that, neglecting the effects of 
viscosity and heat conductance, there is a simple relation between the Mach 
number near the intersection of the shock with the solid boundary and the 
curvature of the solid boundary. This same relation was obtained by Emmons 
(Ref. 4) without considering the pressure gradients along the solid boundary. 
The present derivation is believed to be more general. The pressure gradients 
before aud after the shock along the solid boundary are also simply related to 
the curvature of the boundary, with the gradient after the shock larger than 
the gradient before the shock. 


2. Basic Equations. Let r and 6 be the polar coordinates and u, » the com- 
ponents of velocity in the radial and cireumferential direction. Further, 
let p, p be the density and pressure of the fluid. The equations of motion 
are then 


а) 


(2) 


(3) 
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‘These equations will be applied presently to the two sides of the shock (Fig. 1). 
The ahock is necessarily normal to the boundary as the boundary is considered 
to have continuous slope and the flow immediately to the boundary should not 
change direction by passing through the shock. As a further simplification 
of the problem the shock will be assumed to be straight. Since the following 
calculation is limited to the immediate neighborhood of the point P of inter- 
section of the shock and the solid boundary, the effect of any finite curvature 
of the shock will be of second order. Therefore the assumption of a straight 
shock really does not restrict the physical problem considered. Let the sub- 
script 1 and 2 denote quantities corresponding to the upstream side and to 
the dowstream side respectively, and let the superscript 0 denote quantities at 


Fro. 1. Вноок амр Soup BOUNDARY 


point P. Furthermore, let E, and В; be the radii of curvature of the solid 
boundary at left and at right of P. The investigation then allows for a change 
in the curvature of the boundary, even though the slope is continuous. Since 
the radial component of velocity is zero at the solid boundary, equation (1) gives 


Since үрї/% = al', y being the ratio of specific heat, and к/а = М? which 
is the Mach number of flow at the left of the point P, the above equation can 
be written as 


ЕРЕ @ 
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Similarly, 
р 
E = Е ме. (5) 


дт» 
By specializing equation (2) for the left of point Р, one has 


-&- к (8) - „(82у - a (25). © 
(5) = -G GS 5) - 2 (2%). 


Неге (dp./dp,)* is identified with а" because along any stream line in а non- 
viscous flow the fluid undergoes isentropic compression or expansion. Equa- 


tion (3) gives 
далу (ашу -a (<=). 
7196, ory an 


"Therefore, equation (0) can be written as 


ae - 51 (BY = - aa (09). o 


Similariy for the right of the point P, one has 


a - м = (Ie) - a (24). & 


3. Relations of Quantities on the Two Sides of Shock. Now introduce the 
independent variable n as the normal distance from the solid boundary, i.e., 


т=п № =в- № (9) 
Then equation (4) gives the pressure p: along the left of the shock: 
pipi = LyM n/B + ++ (10) 


Now the flow ahead of the shock can generally be considered as irrotational. 
Then the flow is not only isentropic along a given stream line but bas the same 
entropy throughout the field. The temperature ratio T;/ Ti is then given by 


T/T} = (pp) = 1 + (y ОМ + - a) 


T/T} = d +7 = 52м) / (+ + Tj 1). (19) 


Equations (11) and (12) then give the Mach number M as follows: 
ммм) (із) 
This is the Mach number along the left of the shock. 


However, 
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The incident velocity to the shock is not normal for points away from the 
solid boundary because of the presence of radial velocity u at such points. 
However, a moment’s reflection will show that this effect is of second order in 
calculating pressure ру. Hence, for the accuracy adopted, the normal shock 
formula ean be used. Equations (10) and (13) then give the pressure ratio as 


BoOn(?v -H) 
irate rti 
(2x yr rI 2м — уу + 9)MP з 84 
- (Aon S BME Gi) Bm tS 


n 2УМҮ — у(у +-3)М? п 
anv t+ мо Rt ae 


On the other hand, equation (5) requires that 
E = 12у + у ОМ. аў 
on Ry МИ — (y 1) 
By substituting equation (14) into equation (15), one has 
B + (y — DMTR; = 2МЇ' — ОЭ" 


or, 
wt оч + Ba ojat- Bao, аб) 

The appropriate root of this quadratic equation is 

м - Ценова - 5} 


1 fü 1% 
+ N СЕКЕ B, 7 5} TR 


Hence, the Mach numbers before and after the shock are not free but definitely 
determined by the ratio of the radii of curvature of the solid boundary. This 
is the same relation obtained by Emmons (Ref. 4) without considering the 
pressure gradients along the solid boundary. Fig. 2 shows this relation by 
assuming y = 1.4. It is seen that for large values of Mach number before the 
shock, the curvature of the boundary after the shock must be larger than that 
before the shock. If the curvature of the boundary is the same, then М? = 1.661. 

‘The radial component of velocity u is not altered by going through the shock. 
Thus м = ша along the shock. Furthermore, the condition of continuity re- 
quires that pii = pw2. Therefore, equations (7) and (8) yield immediately 


the relation 
(5) / - a С 


а? 
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RAR, 


Fro. 2. Relation between the Mach number М? before the Shock, the Mach number M3 
after the Shock at the Boundary and the Ratio Ri/Ry of the Radii of Curvature of the 
Boundary. 
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Fic. 3. Ratio (=) / (zy of the Pressure Gradients along the Boundary after the 


Shock and before the Shock as Function of the Ratio Ej/f4 of the Radii of Curvature 
of the Boundary. 
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where s is length along the solid boundary. Equation (18) then gives the ratio 
of the pressure gradient along the boundary before and after the shock. This 
ratio is plotted against the ratio of radii of curvature П/з in Fig. 3 with = 1.4. 
It is interesting that the pressure gradients are of opposite sign. That is, if 
the flow before the shock is expanded in the flow direction, the flow after the 
shock will be compressed in the flow direction. If the flow before the shock 
is compressed in the flow direction, the flow after the shock will be expanded. 
Physically, this is easy to understand by observing the flow pattern near the 


$— $— 


DIVERGENT STREAM TUBE CONVERGENT STREAM TUBE 
Fic. 4. STREAM TUBE CROSS-SECTION AND THE PRESSURE GRADIENT ALONG THE BOUNDARY 


point of intersection of the shock with the solid boundary as shown in Fig. 4. 
If the stream lines converge before the shock, they will converge even more 
after the shock. But converging stream lines in the supersonic region before 
the shock correspond to compression and converging stream lines in the subsonic 
region after the shock correspond to expansion. If the stream lines diverge, 
then the reverse is true. In both cases, however, the pressure gradients before 
and after the shock are of opposite sign. Therefore, an expansion zone after 
the shock is necessarily connected with a compression zone before the shock. 
This is in complete agreement with the experimental data (Ref. 1) and Emmons’ 
calculations (Ref. 3). 
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Figure 3 also shows that the pressure gradient after the shock is always 
much steeper than the pressure gradient before the shock. This is also in 
accordance with the measurements of Ackeret, Feldmann and Rott (Ref. 1). 
The flow after the shock is, of course, rotational. 
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LOWER BUCKLING LOAD IN THE NON-LINEAR BUCKLING 
THEORY FOR THIN SHELLS* 


By HSUE-SHEN TSIEN (Massachusetts Institute of Technology) 


For thin shells the relation between the load P and the deflection e beyond the 
classical buckling load is very often non-linear. For instance, when a uniform thin 
circular cylinder is loaded in the axial direction, the load P when plotted against the 
end-shortening € Fas the characteristic shown in Fig. 1. If the strain energy S and the 
total potential o — 5 — Pe are calculated, their behavior сап be represented by the 
curves shown in Figs. 2 and 3. It can be demonstrated that the branches OC and AB 
corresponds to stable equilibrium configurations and the branch BC to unstable equi- 
librium configurations. The point B is then the point of transition from stable to un- 
stable equilibrium configurations. 

It was proposed by the author in a previous paper! that the point A was the criti- 
cal point for buckling of the structure under external disturbances, using the 5, e curve 
for “testing machine” loading and the e, P curve for “deadweight” loading. The load 
P for the unbuckled configuration of the shell corresponding to the point A was called 

* Received April 2, 1947. 

1! Н. S, Tsien, A theory for ihe buckling of thin shells, Т. Aero. Sciences 9, 373-384 (1942). 
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the lower buckling load of the shell. The energy represented by the vertical distance 
from the point A to the curve BC is then the minimum external excitation required 
to cause the buckling at point A. 

However, if the external excitation is large, there is no reason why buckling can- 
not occur at the point B' directly under the point B. The minimum external excitation 
required is then given by the energy represented by the distance B’B. This amount of 
energy is actually absorbed by the structure during buckling. Since the curve BA 
represents the final state of the structure after buckling, for buckling to happen be- 
tween В” and A, energy is absorbed, and for buckling to happen between A and С, 
energy is released. But in any event, the lower limit of buckling load is definitely 


C, CLASSICAL BUCKLING 


€ 


Fig. 1. 


given by the point B’, not the point A. Therefore 
the lower buckling load should be the load P cor- 
responding to the point B’. 

By referring to Figs. 11 and 13 of the afore- 
mentioned paper, and assuming a square wave 
pattern, we find the lower buckling stress ø of thin f 
uniform cylindrical shells under axial load to be 
given by 


с = 042E R 
for testing machine loading and 


в = 0.19Е/К 


for deadweight loading. The corresponding val- 
ues under the previously proposed criteria are P 
о —0.46Ei/ К and с —0.298E!/R бог (һе two cases. Fic. 3, 
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Seminars LIV and LV May 13 and 15, 1947 


ROCKETS AND OTHER THERMAL JETS 
USING NUCLEAR ENERGY 


With a General Discussion on 
the Use of Porous Pile Materials 


by 


Hsue-Shen Tsien 


54-1 Simple Theory of Space Rockets 


To bring out the crucial problem in rocket propul- 
sion, consider the motion of a rocket in а force-free space, 
i.e., a space without a gravitational field. Let mj denote 
the mass of the rocket at any time and шә the mass ejected 
from the rocket in a small time interval. The absolute ve- 
1ocities of the rocket and the ejected mass are uj and -u5 
respectively. The relative velocity w of the ejected mass 
with respect to the rocket is then uj + u5 (Fig. 54-1). 


1 
Classical 
m ато 
-<шша--|--1--(--%-- 
| то ат u2 
І ор 
Relativistic 
2” 7 
Figure 54-1. 
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The conservation of mass requires that 


(6-1) ám, = -àm 

The conservation of momentum requires that 
(5-2) dam u) = dm,.u, 

And finally 

(54-3) ж ® пу + ugs OF Uy = w -uz 


Equation (54-2) can be expanded into 
uy -dm, + шуйцу = Ug-dmg 


By combining with (54-2) and (54-3), the above equation can 
be written as 


(54-4) mân = wm, 

Equation (54-4) has the integrated form ч, 
ші a 

(54-5) log m = -2 + constant + m «Ce " 


where C is a constant to be determined. Now let My and M, 
be the mass of the rocket when u] = O and when ш = U respec- 
tively. Му is thus the initial mass of the rocket and M, the 
final mass for the final velocity U. Then (54-5) gives the 
following equations: y 


M = С Мо = Ce 


Or by denoting the ratio of mass МУМ, by V , 


(34-6) pee", ors tog (МУ) 


(54-6) is the basic equation for the design of a 
rocket moving without gravitational force and air resistance. 
Since even the most energetic chemical propellant can hardly 
give an exhaust velocity, w, greater than 11,000 ft./sec., 
and for flight to the moon, U has to be about 66,000 ft./sec., 
the mass ratio, у , has to be smaller than 4:6, ог 


. 
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means that even for this optimistic condition of free space, 
one has, for example, to build a rocket with an initial 
weight of 405 tons, containing 404 tons of propellant. 

With consideration of gravitational force and air resistance, 
the situation would be even worse.* Such demand on the de- 
sign of a space rocket 1s definitely beyond engineering pos- 
sibility. The situation can be improved somewhat, of 
course, by using the principle of the step rocket so that 
not all of the container for the propellant need be acceler- 
ated to the final velocity but most of it dropped as its 
function ceases. Nevertheless, the primary object of rock- 
et engineering for intercontinental or interplanetary travel 
is to increase the effect exhaust velocity w of the propel- 
lant and so reduce the ratio of initial mass to final mass. 


Before the advent of nuclear energy, any further 
increase of the exhaust velocity from 11,000 ft./sec. seemed 
hardly possible. However, the nuclear fuels are much more 
energetic. Thus the question arises: How can nuclear 
fuels be usSd in a rocket engine and what is the probable 
performance of such a nuclear fuel rocket? It is the pur- 
pose of these two seminars to point out the problems con- 
nected with the utilization of nuclear energy in rockets and 
to indicate the more probable directions of this develop- 
ment. No actual solution can, of course, be attempted un- 
der the present circumstances. 


54-2 Relativistic Theory of Space Rockets 


In anticipation of the extreme velocity possible 
with nuclear propellants, the simple theory of the last sec- 
tion should be extended to take into account the relativis- 
tic effect on the motion. Such an extension of the theory 
has been made by J. Ackeret.** The following discussion 
follows the general outline of Ackeret's treatment. 


The theory of special relativity which applies to 
the free space concerned here, states tbat if c is the 
velocity of light in a certain coordinate system in which a 
mass m travels with a velocity u, then the mass m is greater 
than the same mass at rest. The "rest mass" is ma. Тһе 
relation between m and L^] is as follows: 


(54-7) mo ———À—- 
aê 
с2 


* See Р. J. Maline and А. М. 0. Smith, Journal of Aero. 
Sciences, 5, 199 (1938) 
**J, Ackeret, Helvetica Physica Acta, 19, 103 (1946) 
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The "total energy" associated with this mass m is 

(54-8) me? 

Since the "total energy" associated with the rest mass mo 18 
moc? 

the kinetic energy of motion is given by the difference, or 

(54-9) (n - apo? 


Equation (54-7) shows that if the velocity u is only a very 
small fraction of the constant velocity of light c, the mass 
m is approximately equal to the rest mass . The expres- 
sion for kinetic energy given by (54-9) will also reduce to 


the familier form of 1/2mgu2 under this restriction of small 
velocity. 


If mo, is the rest mass of the rocket at a certain 


time in the coordinate system at rest with respect to the 
initial position of the rocket, dm, із the rest mass of the 
mass ejected at a small time intervé in the same coordinate 
system, then the conservation of mass and energy requires 


2 2 
Hig, € dno, c 

—1 2 

(54-10) а 422 eus 12 
1-+ 1-2 

е с2 


where uj and -up are the velocity of the rocket and the 
ejected mass in the same coordinate system. The conserva- 
tion of momentum then gives the following equation: 


mo u ding, о 
—22 
(54-11) а i = E 2 
EE idm 
E «2 


The final equation for the relative exhaust velocity wis 
different from (54-3) by the relativistic effect. It is noy 


w-u 
(54-12) — 


олуя 
22 
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If the velocities are small compared with the velocity of 
light, the denominator on the right of (54-12) is approx- 
imately unity; then (54-12) again reduces to the classical 
relation (54-3). The three equations (54-10), (54-11), and 
(54-12) determine completely the motion concerned. 


Equations (54-10) and (54-11) can be expanded, 
keeping in mind that the velocity of light c is a constant. 
Then 


2 
ато 
(54-13) = inr “2 M s 2 
2 2\3/2 мү 2 
GEO К E 
1 2 1 3 1 a 


ano, 4 dno, 
Qd) ы +, A oru 2 


2 
в 2\3/2 42 
б-т бз р 


M e 


By eliminating апо and Ug with the aid of (54-12), the fi- 
nal relation between no, and иу is 


i лаш 
зо | u $) 
(54-15) 2 
т + 
~~ Job. d [au 
2w 1+1 1--4 s 
е е 
The integration of (54-15) then gives 
14 
log ЕЯ -- £ log ——©— + constant 
1- 


с 


If опе denotes the initial rest mass by и, and the final rest 
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dass by M5 and final velocity by U, the mass ratio / is given 
y 


и 1 - 9 \ с/2ж 
(54-16) V= 2 |6 
My 1+9 
с 
Or by inverting (54-16), 
2w/c 
(54-27) Ye eae 
с 1+2 2%/е 


Figure 5h-2 shows the relation between 2, the ratio 
of the final velocity to the velocity of light, and the rest 
mass retío У for various ratios w/c of exhaust velocity to 
the velocity of light. Of course, the maximum velocity of 
motion of the rocket із the velocity of light in accordance 
with the principle of relativity. This is in contrast with 
the classical theory which imposes no limit on the velocity 
of the rocket as ) ——9 0, as shown by (54-6). Considerable 
deviation from the classical theory is present even for larg- 
er values of / , particularly if the exhaust velocity is very 
high This is shown in Figure 54-3 in which the final ve- 
locity ratio U/e is plotted against w/c for a given mass 
ratio И syual to 0.2. For the case w - c, when the exhaust 
velocity is equal to the velocity of light, the relativistic 
value of final velocity is nearly 0.6 of the classical value. 
in other word if high velocity particles such as fission 
fragments or neutrons could be used as the propellant, the 
final velocity 15 substantially less than the classical value. 


55.3 Jdealized Optimum Design using Nuclear Energy 


Accordlog to Figure 54-2, for a fixed mass ratio, 
the tinsi velocity is a maximum if the exhaust velocity с is 
equal to the velocity of light. This would require the use 
of photons as the propellant. However, this can be easily 
shown to be impr icable. The alternative 1s to use mate- 
rial particles such as electrons, neutrons, protons, atoms, 
or molecules. This means that the exhaust velocity c will 
be a good deal smaller than the velocity of light and the 
mass tatio for achieving a given final velocity will be also 
less favorable. Then, to achieve the most favorable mass 
ratio for a given final velocity, we must unconditionally 
strive for the highest exhaust velocity. However, if the 
nuclear fuel is very expensive and, on the other hand, the 
mass ratio is not critical if within reason, then a logical 
question would be: for a given final mass М, and а given 
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Figure 54-2. 


Figure 54-3. 
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total amount of energy ЕШ с2, what should be the propellant 
weight bM in order to maximize the final velocity U? It is 
geen that the total rest mass of the rocket at the start іт 


(54-18) My = My + EM, + tM, = M(1 + € +b) 


Of My, EM, goes into the energy for propulsion. The mass 
ratio у is then 


z S ЫН 
(54-19) у" таъ 


Now if ang is the ejected rest mass at a certain 
time instant in a coordinate system moving with the rocket, 
its velocity is w in this coordinate system. Therefore, 
the kinetic energy of the ejected mass at every instant is 


(54-20) Tot. . аще? 


mE must come from the transformation of (amg) É into energy. 
hus 


p] --і---1( «ё, ог 


(54-21) 


ш 1-Gs) 


By substituting into (54-17), the final velocity U is given 
by 


For a given value of E, one can then investigate 
the variation of H with different values of b. Figure 


54-4 shows this variation for 6 = 0.02. Тһе final veloc- 
ity has a flat maximum at b ž 4. Тһе maximum is 16.1% of 
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Figure 54.4, 


the velocity of light or 1.585 x 108 ft./sec. However, for 
such a large value of b and such a small value of € , the 
velocities involved in the problem cannot be very large in 
comparison with the velocity of light. Then the classical 
theory should be a good approximation. In fact, for this 
approximation, the kinetic energy of the ejected mass at 2 
every instant is dm(1/2)w2. This energy comes from (dm)Ê с“. 
Therefore, b 


(54-23) H 


The mass ratio 27 is, of course, l/(b + 1). Then (55-6) 
gives 


(56-23) Ш = W tog (2 + = RE tog (1 +b) 


Figure 54-4 shows that the agreement between the relativis- 
tic theory and the classical theory is very close for the 

case concerned, Only for very small values of b is there 
an appreciable deviation. This is easily understood from 
the fact that as the propellant mass decreases, the exhaust 
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velocity increases and relativistic effects are expected. 
For instance, as b —— О, the exhaust velocity approaches c. 
Then the correct limiting value of U/c must be calculated 
from (54-22) and is U = 0.002c, while the classical theory 
of (54-24) gives U = 0. 


As long as С 1з small and b is large, (54-24) 
holds. Then it is seen that the optimum b for highest U 
is always approximately equal to №. This means that the 
most efficient utilization of fuel for a space rocket ia 
achieved by keeping > approximately equal to 1/5. However, 
to design such a rocket is not always possible due to the 
temperature limitation imposed by available engineering mate- 
rials. For instance, with © = 0.02 and b = №, the propel- 
lant contains energy equal to 0.5% of its mass. It is kmown 
that the fission products of U-235 contain an average energy 
equivalent to 1% of their mass, which is approximately a 
million times the energy released by ordinary chemical reac- 
tion. Therefore, for the optimum design, the temperature 
of the propellant in the rocket motor has to be approximately 
half а million times the ordinary combustion temperature. 
This is clearly an impossibility from the point of view of 
construction materials. Even if a tenfold increase in com- 
bustion temperature is allowed by special design, b would 
have to be № x 102 instead of +. Тһе final velocity accord- 
ing to (54-24) would be only 1/40 as large as the optimum 
case and even this is achieved at the enormous ratio of i x 
10? for the initial to the final mass of the rocket. 


5u-+ Nuclear Energy Rocket 


The difficulty of constructing a simple nuclear 
fuel rocket is, therefore, the enormous temperature devel- 
oped in the combustion chamber which would then disintegrate 
in sn instant. Since any engineering material is character- 
ized by its molecular structure, the disintegration of the 
combustion chamber is the disintegration of the molecular 
structure. Thus, the problem to be faced in the design of 
a rocket using nuclear fuel is the problem of the essential 
difference in the order of magnitude of nuclear phenomena 
and molecular phenomena. A compromise solution is not at 
all easy, and if finally made to function, will be much less 
spectacular than the pure U-235 rocket, as the energy in- 
tensity must be scaled down towards the level of molecular 
phenomena or the level of conventional propellants. 


An obvious possible solution is the utilization of 
the classical thermal neutron pile reactor. Неге the fis- 
sion rate, and thus the rate of heat generation, is regulated 
by controlling the density of neutrons with a neutron absorb- 
er, such as cadmium rods or sheets. All the fission material 
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is present in the "combustion" chamber at one time, only the 
rate of "burning" 1s controlled. The heat generated is 
transmitted to the working fluid or the actual propellant of 
the rocket by conduction. A form of such a rocket is 
sketched in Figure 54-5. Тһе rocket has a central control 
rod. This control rod may be made of porous cadmium metal 
kept at a low temperature by forcing cold hydrogen through 
it. Hydrogen gas is used as the working fluid. The gas із 
heated to 6,000° R by passing through tapered tubes having 
porous walls of 1/8" thickness made of a mixture of U-235, 
U-238, and carbon, the moderator (Figure 54-6). Тһе use of 
porous wall construction greatly reduced the difficulty of 
the heat transfer problem by its tremendous surface area. As 
the following calculation shows, the temperature difference 
between the hot active material and the gas is only of the 
order of 120° F, in spite of the extreme rapidity of the heat- 
ing in a thickness of only 1/8". 


Solid carbon contains 1.13 x 1023 atoms per en?, 
Let the presence of uranium atoms in the solid keep the nun- 
ber of ali atoms the same. If 9 15 the fraction of the vol- 
une of the pile occupied by the hydrogen gas, the number of 
atoms of U-235, 0-238, and carbon per cm3 is then 
(1 - 9) 1.13 x 1023. Under standard conditions, the densi- 
ty of Нә gas is 0.000899 grams per cmJ. Assume that the 
average conditions of the hydrogen gas in the pile is 300 
psi and 27309 к. The density 1s then 0.0001833 grams per 
cm3. The number of H-atoms per om3 of the pile is therefore 
0.001110 x 1023 e. Let N(235) be the number of U-235 nu- 
gies per cmj, and ure similar notations for other nuclei. 

en 


N(235) /N(238) = д 
NCG) / N(238) = а 
we have 


N(235) = 1.13 x 1023 (1 - e) —2 
1+5 +a 


N(238) = 1.13 x 1023 (1 - Ө) 1 
1+8 +а 
(С) = 1.13 x 1023 п-ов .. 
1%6-4а 
N(H) = 0.001110 x 1023 ө 
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Figure 5h-5. 


Figure 54-6. 
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Let бъ(235) be the fission cross section of 0-235, 
бе(238), (С), 0,(H) the capture cross section of U-238, 
carbon, and hydrogen respectively, all at thermal neutron 
energy. Take 
61(235) = 500 x 1072 си? 
6,(238) = 2 x 1072* са? 
620) = 0.0045 x 19-24 сш? 
o CH) = 0.31 x 1072 om? 


Then f, tne thermal utilization factor, is 


Mo 5 (235)8(235) 
523571235) + ве (AION ASO) + бе (CIN(C) + CNG) 
(55-25) 
- & 
{0.004 +5 +9 x 1070а) + 0.61 x 10-6 e 3 (1+5 + а) 


i-e 


] The resonance escape probability during slowing 
down, p, is given by 


Oy (EDN (238) a 
9-26 -loe p = 3708340238) + сн: EE 


to be integrated from the thermal energy to the energy of fis- 
sion neutrons. Here 6 (E) is the resonant capture cross- 
section of U-238 at enefgy E, б.(Е) із the scattering cross- 
section at Energy Е, and Ng is the number of Scattering nu- 
clei per cm2, Е is the average logarithmic energy loss per 
collision. Since C (E)N( 2389 <<6,(E)N,, and 6, is nearly 
independent of E in the range concerned, 


| (94-27) бұ (EIN (238) ав „ [ав N(238) 
$, E)NC238) = 6 (E)N, ВЕ E FC), (NGC) + ЕСН) 0, CONG 


where Ё (C) is the value of Ф for carbon and É(H) is the 
value of & for hydrogen. The following values for the 
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different quantities can be used: 


(a= = 88 x 10-24 o? 


OS, (C) = 48x 10-24 сай 

Og (H) = 20x 1072* om? 

$6) = 0.15 

$8) - 1 
Therefore, by substituting values previously determined, one 
has 
(58-28) -iog p = 58 


0.720 + 0.02 1%) (2+8 + а) 


The neutron reproduction factor k is then fp 
where л is the number of neutrons produced per fission. 
Take n = 2.3, then 


11 а eee ae 
0.02 (=) (1+5) + [6.72 + 0.02 6) а 
ж 2.38 2 


pS ee TEE SAM NE 
0.00 84 .61 x 1076 (192) 58) 4 x 107+ „61 x 1076 Е) 


Now the optimum mixture a ratio сап be determined by making k 
a maximum, or dk/da = 0. This value of a, after neglecting 
small quantities, is 


(54-30) = In 0.724 0.02 а 
Vr 


а НА. /%5 (++ 10008) 
ope оо, 0.02 (1%) 


0.9+ 0.061 (33 


The corresponding optimum reproduction factor is then 


0.72+ 0.02 (1-5 Н 
4.5 (++ 1000$) ГІ | 

0.94 0.061 (6%) 
(5-31) к 8, е | 


ор. "7227 0.00045 (+ + 1000 8) 
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To calculate the critical size of the pile, the two diffusion 
lengths, L and La, have to be determined, the first for ther- 
mal neutrons and the second for the slowing down of neutrons. 
According to previous lectures by F. L. Friedman, 
BP Se —— 
3[c, Ow). + o, ova] 
1 

Op (235)N(235) + Co (238)N(238) + Oo (C)N(C) + бе (HN Q2] 

For the optimum case determined above, 


2 x 10* 


x 
1.5 x 1.132(1- €)? (ЕИ ча. 


(5-32) 192 


0.724 0. 


f. 8+0. гг) %.50% 10005) ------6. 
0.9+ 0. 061072) 


Similarly, 


1,2 = Лов (Bei ssion/"thermal) 
3 fe amc + GEM) fE OONO) + £00 ,00800) 


where Еғіззіоп is the energy of fission neutrons ~ 106 ev, 
and Ethermal 18 the energy of thermal neutrons, taken to be 
1/40 ev. Thus, 


(5-33) 1.3 = „175 3 
of 3 x 0.1132(1- 9)? к 8%0. o2 5) o. 72+ 0. a e all 


Both L? and 1,2 are measured іп сш2. 
The characteristic constant 2 із given by 
2 
% д: ті log 


2,2 
А LARP 
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For a cylindrical pile of radius R and length 1, the critical 
radius ís then determined by 


/ 2.4048? + ion 2 


eri Ro 


58-5. if: es of Nuc E R 


Now assume that the porous wall of the tubes is 
0.40 porous, and that the porous material occupies one half 
of the total volume of the pile, the other half being occu- 
pied by the gas flow space. Then, 9 = 0.70. Assume also 
that = 0.10, i.e., there are ten U-238 atoms for every 
one U-235 atom. Then the previous formulae give the fol- 
lowing values: 


бор. * 1070 
kopt. = 1.986 


128 = 1235 ex? 


Lp? = 1366 са? 


R? = 0.2824 x 1073 cm”? 


Now let us further assume that the length of the pile is 
equal to its radius, ог R/L = 1. Then 


ao? + n? = 242.8 cm. = 95.7 in. 


R = 
ri 
[2 % 


Assume а density of 2.26 grams рег cmJ for the solid material, 
the weight of the solid material in the pile 1s then 

wR? 4 (1-0) 2.26 grams, or 33.6 tons. The amount of U-235 
contained in this mass is 120 pounds. 


The crucial problem of the nuclear energy rocket 
is the heat transfer problem. One must strive to take out 
heat at the highest possible rate so that the thrust of the 
rocket will be large and the corresponding unit weight of 
the pile will be small. This can be achieved by using por- 
ous construction. To estimate the heat transfer, the porous 
material can be visualized as composed of tubes of uniform 
radius and 1/8" length. Let the radius of the tube be 


540 


-17- 


y10 x 10-4 ft. = 0.00379" = 0.0962 mm. Assume the average 
flow velocity through the tube to be 20 ft. per sec. The co- 
efficient of viscosity of hydrogen at the prevailing tempera- 
ture is approximately 1,76 x 107 lb./ft. sec. The density 
of the gas can be taken as before, 0.0001833 grams per cm3, 
or 0.01143 1b. per fis. The Reynolds number of flow based 
upon the diameter of the tube is then №. The flow is then 
certainly laminar. 


The gas enters these capillary tubes at a very 
low temperature and is heated during its passage to a tem- 
erature of 6000°R. Since the rate of energy generation 
fission can be considered as constant within the dimen- 
sions of these capillary tubes, the temperature rise of the 
gas along the tube is approximately uniform. For the lam- 
inar flow through such capillary tubes, the difference AT 
between the temperature of the solid at each point along the 
capillary tube and the average temperature of the gas at 
each section of the capillary tube is given by* 
T, 
п o 1 2 и 
6-30 АТ coup uc ү wT а 


Here the Prandtl number of the gas is taken as unity. P is 
the density of the gas, u the coefficient of viscosity, Y 
the ratio of specific heats (1.4), uy, the average flow ve- 
locity, r the radius of tne tube, Ty the maximum tempera- 
ture of the gas, and d the length of the tube. For the case 
under consideration, 


дт = Ц. о Д ро y 1077 -6999.. | уор, 
+8 1.76 x 10-5 1.4 i xi 
12 
The highest temperature of the solid is then 
6122°R = 3400°K = 3127?C. 


The pressure drop along the capillary tubes, or 
the pressure drop across the porous wall is 


ud ох 2х 1 
(54-35) Ар = 8р Ho = Вх 1.76 х 10-5 2287513 lb. per ft.? 
r 107 


= 2.04 psi (1bs./in.?) 


* See S. Goldstein "Modern Development 1n Fluid Dynamics" 
Vol. II, p. 622, Oxford University Press (1938) 
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This is a very reasonable pressure drop. Therefore, the 
Scheme of using the porous wall is, by this rough estimate, 
feasible. 


Now the performance of the rocket can be estimated: 


The total sectional area of the pile is "RÊ. It is 
assumed that one-half of this area is occupied by the porous 
material. Therefore, for the example considered, this area 
is 14,360 40.2. Тһе thickness of the wall is 1/8", the total 
length of the circumference of the porous tubes is thus 
8 x 14,360 in. Since the porosity of the wall is 0.40, the 
effective flow area for Н. gas is 8 x 14,360 x 95.7 x 0.40 1.4. 
The weight flow of gas is then 


8 x 14,360 x 95.7 x 0.40 x ETE x 20 x 0.01143 = 6,980 1b. per 


sec. Take the exhaust velocity to be 24,000 ft. per sec., 
which is & reasonable value for the prevailing conditions.* 
Then the thrust of the rocket is 


Thrust = 54980 x 24,000 x ENS tons = 2,600 tons 


The dimensions of the porous tubes are shown in Fig. 
54.6, with a hexagonal pattern. The percentage of flow area 
to total sectional area at the downstream end of the pile is 
72.5%. „ The density of the heated hydrogen gas is 0.00937 1b. 
per 14.3. The flow velocity at the exit of the pile is 
thus 5,150 ft. per sec. The velocity of sound of hydrogen at 
the prevailing conditions is 14,430 ft. per sec. Hence по 
compressibility difficulty of the flow is expected. 


At present, the most advanced design of long-range 
rockets is that of V-2. It has the following weight break- 
down: 


У-2 Rocket 

Eg. 

Explosive charge (Amatol) 980 
Fuselage 1,750 
Pumping unit 450 
Combustion chamber 550 
Auxiliary devices 300 
Alcohol + liquid oxygen 8,750 
Auxiliary fuels for turbine __200 
12,980 


e ——————————-—— 


* бее M. Summerfield and Е. J. Malina: "The Problem of Escape 
from the Earth by Rocket," Journal of Aeronautical Sciences, 
Vol. 14 (1947) 
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It has а thrust of 27,200 kg. Therefore, the empty weight 
is 3,050 kg. or 23.4% of the gross weight. The thrust is 
approximately twice the gross weight. Therefore, it is 
reasonable to assume that if the initial weight of the rock- 
et is 0.60 of the thrust and the fuel weight is 80% of the 
initial rocket weight, the fuel load for the rocket con- 
cerned is 1,246 tons. The burning time, or the time of op- 
eration of thg rocket is 358 seconds. e heat takən out 
is 1,505 x 10° Btu per sec. or 1.59/х 109 kw. The total 
heat generated in the pile during the burning is thus 

5.39 x 1010 Btu, which is equivalent to the fission of 

1.455 1b. of П-235. Therefore, only approximately 1% of 
the fissionable material in the pile is actuaily burned. 


The results of the present calculation are sum- 
marized in the following table where another example with 
richer fissionable material is also included: 


Summary of Results 


Example I Example II 
N(235)/N(238= d N(235)/N(238)= 1 
Diameter of pile, inches 191.4 150.4 
Length of pile, inches 95.7 75.2 
Weight of active material, 33.6 16.33 
tons 
Weight of U-235, lbs. 120. 190.2 
Weight flow of hydrogen 
lbs. per sec. , 6,980 A 3,360 
Thrust, tons 2,600 1,251 
Energy rate, Btu per sec. 1.505 x 108 0.726 x 108 
Kw. 1.59 x 10 0.765 x 10 
Initial Weight of Rocket 
60% of thrust, tons 1,560 751 
Weight of hydrogen carried, 
48% of thrust, tons 1,246 601 
Duration of Burning, seconds 358 358 
Total amount of heat 10 
generated, Btu 5.39 x 1019 2.60 x 10 
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It must be stated here that we have made the 
rather optimistic assumption of taking all the porous pas- 
sages as effective capillary tubes. Actually, some of the 
porous passages may be plugged and are thus not useful for 
flow and heat transfer. This would tend to reduce the 
flow of hydrogen through the porous wall if the pressure 
difference across the porous wall is kept the same. This 
reduced flow would in turn decrease the thrust of the rock- 
et. Therefore, it is of utmost importance to avoid the 
loss of flow capacity, i.e., the permeability of the materi- 
al must be made high without increasing the porosity. 


In this analysis, the energy produotion in the 
pile is so far assumed to be uniform. Actually, the energy 
production rate is much higher at the center and falls off 
to zero at the boundary of the pile. However, this does 
not necessarily mean that the gas temperature will be non- 
uniform. The rate of gas flow through the walls of the 
tubes can be easily adjusted by either one or a combination 
of the following parameters: the pressure drop, the poros- 
ity, and the grain size. Hence, by increasing the rate of 
gas flow in the central portion of the pile and decreasing 
the rate of gas flow ín the outer portion of the pile, the 
final gas temperature can be made uniform. Тһе overall per- 
formance will be approximately the same as calculated. More- 
over, the fact that the rate of energy production at the 
boundary of the pile is low can be utilized to keep the tem- 
perature of the pile low near the walls of the reaction cham- 
ber and thus automatically solve the problem of proper cool- 
ing of the walls. 


54-6. ties the Critic. ize 


The critical size of the rocket analyzed in the 
previous sections is relatively large, of the order of 
1,000 tons. There are reasons to believe the desired size 
for the not too remote future is of the order of 100 tons. 
Therefore, one needs to consider the means by which the crit- 
ical size can be reduced. It may be suggested that the 
critical size can be reduced by using a reflector. How- 
ever, for an automotive nuclear power plant, such as a nu- 
clear rocket, nuclear ramjet, and nuclear turbojet, one 
must be aware that the weight of the power plant is of ut- 
most importance in the overall performance. One must re- 
duce the weight to a minimum. Therefore, if the use of a 
reflector adds to the weight of the power plant per unit of 
energy generated, then its use is not desirable. A simple 
analysis shows that if the reflector is thin, say of the 
order of the absorption length of the reflector material 
for neutrons, then the decrease of the critical size is 
equal to the thickness of the reflector. In other words, 
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the overall size of the pile including the reflector is ap- 
proximately the same as the pile without the reflector. 
However, for the piles analyzed in the previous sections, 
the average density of the pile content ts only 0.68 grams 
per сш?. If beryllium 1s used as a reflector, the density 
of the reflector is 1.8 grams per cm), or nearly three times 
the density of the pile content. Hence, by using a re- 
flector, while the actual size of the pile is reduced, the 
total weight of the pile will increase. This 13 undesir- 
able. Therefore, the advantage of using a reflector for 
ры is generally very limited in such automotive power 
plants, 


The critical dimensions of the pile are deter- 
mined by the two lengths Г and Ly, given by (54-32) and 
(54-33) respectively. By enriching the pile material, or 
by increasing the value of $ in (54-32), L can be reduced. 
However, Le remains the same. In other words, the proba- 
bility of neutron capture by fissionable nuclei can be evi- 
dently improved by enrichment to such an extent that the 
neutron, once slowed to the thermal region, does not have a 
good chance of leaking out before capture. But to slow 
the neutron down from the fission energy to thermal energy 
requires still the same number of collisions with the mod- 
erator, and during this slowing down process, the chances 
of leaking out of the pile are still large. Thus, in or- 
der to decrease this chance of leaking and to reduce the 
eritical size, the obvious solution is to reduce the number 
of necessary collisions with the moderator. This can be 
accomplished by increasing the slowing down power through a 
better choice of moderator. For instance, beryllium would 
be better than carbon by a factor of almost 3. (Cf. Table 
on page 315.) However, the rather low melting point of 
beryllium excludes its use in & nuclear energy rocket where 
high temperatures are of primary importance. 


The only remaining possibility of reducing the 
critical size is through the use of fast neutron or epi- 
thermal neutron fission. Here one reduces the necessary 
number of collisions during slowing down by simply not try- 
ing to reach low energy. For the mixture considered in 
the preceding calculations, if the energy at the end of 2 
slowing down is higher than 1/40 ev, then the value of Le 
is given as follows: 
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12 for Carbon and Hydrogen Mixture of Sec. 54-5 


Final Energy, ev. 11, en? 
0.025 1,366 
0.25 593 
2.5 258 
25. 112 
250. 48.7 


It is then evident that the use of epithermal or fast neu- 
tron fission is certainly one of the most flexible methods 
to reduce the critical síze. By using neutrons of about 7 
ev. with proper enrichment, the above table indicates that 
& pile of 1/2 the dimensions shown in the table on page 19 
can be made critical. This means that nuclear rockets of 
approximately 100 tons initial weight could be built. 


5-7. Nuc г The: 

Although the calculations presented in the pre- 
vious sections refer specificaily to a nuclear rocket, they 
can be also applied to other power plants. For instance, 
by replacing the hydrogen gas by air at lower pressure, the 
whole pile design can be used for a ramjet or a turbojet. 
However, this means that the size of the "combustion chamber" 
with thermal neutrons will be of the order of 10 feet, which 
is enormous from the viewpoint of present aeronautical en- 
gineering. Таке the case of ramjets. Due to the reduced 
pressure and temperature rise of the air in the pile com- 
pared with the rocket case, the energy production rate at 
low altitudes 1s probably 1/5 that of the rocket pile of the 
same size. Therefore, for Example II in the table on page 
19, the energy production rate will be 14.52 x 10° Btu per 
second. For a ramjet at Mach number.2, one pound of 
thrust requires 20 Btu per second. Hence, the pile dis- 
cussed can give 726,000 pounds of thrust at low altitude. 
This is approximately 1,000 times the thrust of ramjets cur- 
rently considered. It is then apparent that here again one 
must utilize epithermal or fast neutron fission to reduce 
the critical size of the pile so that nuclear ramjets and nu- 
clear turbojets can be brought within the realm of probability. 


However, for any application of nuclear fuel to 
automotive power plants such as rockets, ramjets, and turbo- 
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jets, one must keep in mind that the nuclear fuel can be 
"burned" only in relatively large mass. For instance, for 
a design like Example I on page 19, the weight of the pile, 
34 tons, has to be carried even if we wish to operate the 
rocket for only ten seconds. Therefore, for short duration 
operation, the advantage of the high energy in nuclear fuels 
may be cancelled by the necessity of carrying large amounts 
of it. Тһе situation is even clearer in the case of ram- 
jets and turbojets which take the working fluid from the at- 
mosphere, and only consume fuels. Now, 1f q is the heat 
generated by the pile in Btu per second per pound of pile 
material, and h is the heat value of the chemical fuel, for 
example, gasoline, with 19,000 Btu per pound, and t is the 
time of operation in seconds, then if t > 19,000/q, the 
nuclear fuel will be lighter than the chemical fuel; if 

t < 19,000/4, the nuclear fuel will be heavier than the chem- 
ical fuel. Figure 54-7 shows this line of demarkation. 
Thus, for a ramjet using the pile of Example II ongpage 19, 
with a rate of heat generation equal to 14.52 x 10° Btu per 
second, as calculated in the preceding paragraph, and a 
weight equal to 16.33 tons, q is equal to 0.445 x 103 Btu 
per second per pound. Therefore, the operating time of 
the nuclear ramjet must be greater than і seconds before 
there is a possibility of weight saving. 


55-8 Advantages of Using Porous Pile Material 


Throughout these discussions, the use of porous 
pile material is assumed. It cannot be overemphasized 
that the method of heat removal from the pile by passing the 
working fluid through a porous reacting material has many 
basic advantages. Іп fact, it can even be claimed that this 
method is "intrinsic" to nuclear power engineering. The 
reason is as follows: The principle of efficient design in 
heat transfer is always to bring the heat-producing elements 
as close as possible to the heat-absorbing elements, so that 
the heat does not have to traverse a long route before reach- 
ing the absorber. This principle is clearly illustrated by 
Figure 54.8, This is a diagram prepared by the Escher 
Wyss Engineering Works of Zurich, Switzerland, for a heat ex- 
changer of their closed cycle gas turbine power plant. The 
absolute values are not important for our consideration, but 
the relative values are very pertinent to the point concernec. 
It shows that by reducing the diameter of the tubes in the 
heat exchanger from 19 mm to 2.4 mm, the volume of the ex- 
Changer is reduced by a factor of 10, and the weight by & 
factor of 8. However, in the conventional engineering prac- 
tice, it 13 difficult to carry the principle to the ultimate, 
and the most advanced design in this respect is the laminar 
flow radiator, with finely divided fins and coolant passages. 
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It is only in nuclear engineering that this principle of ef- 
ficient heat transfer design can be carried to its logical 
conclusion: porous construction, Here the flow passages 
are of capillary size and there is a tremendous surface area 
in a unit volume. Besides the advantage of inherent large 
heat transfer capacity resulting from the large area of con- 
tact between the heat-producing and the heat-absorbing mate- 
rial, the heat is removed almost at the point of its produc- 
tion, thus avoiding unnecessary ;resistance to heat flow. 


Unfortunately, the investigation of flow resistance 
and heat transfer problems of porous materials is only at 
its beginning and no extensive data are yet available. How- 
ever, if the flow passages through the porous materials can 
be treated as capillary tubes, as assumed in section 54-5, 
then equations (54-34) and (54-35) give the following rela- 


tion for gases: 
2 
AT: Ap а Cw" y 
P 


where AT is the temperature difference between the solid 
material and the gas, ^p the pressure difference across 

the porous material, bu, the mass flow per unit area of pas- 
sage per unit time, P the mean density of the gas, and Ty 

the final temperature of the gas after passing through the 
porous material. If Ө is the porosity of the material, then 


m 
P = 
"n 627 Зе 
where ш is the mass flow per unit area of porous material рег 
unit time, and ф is the fraction of pore passages which are 
unplugged. 


(54-36) ar: Ap a(s as 
= . p% — 
А (s 3) P. 


Equation (54-36) can be used to calculate AT if other quan- 
tities are determined or specified. For instance, one can 
easily run a cold test to obtain a relation between Ap and 
m, and then equation (54-36) gives an estimate of AT with 
Ty specified. 
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ENGINEERING AND ENGINEERING SCIENCES* 
Hsue-Shen Tsien** 


Introduction. 


When one reviews the development of human society in the last 
half of century, one, is, eertainly struck by the phenomenal growth 
of the importance of technical and scientific research as a deter- 
mining factor in national and international affairs, It is quite clear 
that while technical and scientific research was pursued in an 
unplanned individualistic manner during the earlier days, such 
research is now carefully controlled in any major nation. Thus 
technical and scientific research has become a matter of state along 
with the age old matters such as the agriculture, financial policy, or 
the foreign relations. A closer examination for the reason of such 
growth of the importance of research would naturally yield the 
answer that research is now an integral part of modern industry 
and we cannot speak of a modern industry without mentioning re- 
search. Since industry is now the foundation of a nation’s strength 
and welfare, technical and scientific research is then the key to a 
nation's strength and welfare. 

But then one might argue that since the pioneering days of indus- 
trial age, technical and scientific research was related to the 
industrial development, then what is exactly the reason for making 
the research so important today? Тһе answer to this question is 
the rate at which the modern industry is forced to develop due to 
national and international competition. At this rapid rate of 
development, researeh must be greatly intensified with the almost 
immediate application of basic scientific findings. Perhaps, nothing 
is so dramatic as an illustration as the wartime development of 
radar and nuclear energy. That the successful development of 
radar and nuclear energy contributed much to the victorious con- 
clusion of the World War II in the side of Democracy is an estab- 
lished fact. Thus here intensive research has brought the findings 
of the basic science of physies through practical engineering and 
to successful applications to weapons of war in the short interval 
of a few years. Thus the distance between a pure scientific fact 
and industrial application is now very short. In other words, the 
difference between a long-haired pure scientist and a short-haired 
practical engineer is very small indeed, and a close cooperation 


* First given in lectures for the engineering students at the National 
Chekiang University, the Chiao-tung University and the National Tsing- 
Hua University, during the summer of 1947. 

** Professor of Aerodynamics, Dept. of Aeronautical Engineering, 
Massachusetts Institute of Technology. 
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between them is essential for the successful development of the 
industry. 

This need for close cooperation of the pure scientist and the 
practical engineer produced a new profession—the engineering 
research men or engineering scientist. They form the bridge 
between the pure science and' the engineering. They are the men 
who apply the basic scientifie knowledge to engineering problems. 
The purpose of the present article is to diseuss what the engineering 
scientist ean do, what is their job, in engineering, and then what 
kind of education and training he needs in order to do the job 
assigned to him. 


Contributions of an Engineering Scientist to 
Engineering Development 


The contributions of a engineering scientist to engineering de- 
velopment can be briefly stated as the economy in effort both in 
manpower and in money. This economy is achieved through a sound 
and general analysis of the problem on hand to point out 1) whether 
a proposed engineering scheme is at all possible 2) if feasible, 
what would be the best way of carrying out the proposal and finally 
3) if a certain project failed, what is the cause of failure and what 
would be the remedy. It is needless to say that if an engineering 
scientist can fulfill these assignments then the cut and try in any 
research and development is to a large extent eliminated. All the 
effort and money can then be concentrated on the best approach 
or the few better methods of attacking the problem having the best 
chance of success. 

It might be argued, nevertheless, that these three main problems 
assigned to the engineering scientist are really the three basic 
problems in engineering. What is that an engineering scientist 
сап do which an engineer cannot do? The answer to this question 
is that as the engineering profession becomes more and more 
ocomplex, there is a need for specialization, The present require- 
ment of knowledge for a satisfactory solution of its three problems 
stated includes a good training not only in engineering but also in 
mathematics, physics and chemistry, as will be discussed in greater 
detail in the subsequent paragraphs. Therefore the training of an 
engineering scientist is quite different from the conventional train- 
ing of an engineer. In other words, he must be the specialist to 
solve just the three basic problems of engineering development. 


The Feasibility of a Proposal—Long Range Rockets 


To gain a better understanding of the way in which an engineering 
scientist solves the three basic problems of engineering develop- 
ment, a few illustrative examples will be described. The first ex- 
ample is the investigation of the possibility of extremely long range 
rocket. A rocket is propelled by the reaction of the exhaust jet 
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obtained through the combustion of the propellent carried. The 
performance of the rocket motor is expressed as the specific pro- 
pellant consumption in pounds of propellant per hour required to 
generate one pound of thrust. This figure is slightly modified by 
the change of the atmospheric pressure, but can be generally taken 
to be constant and equal to an average value. The specific propellant 
consumption then fixes the motor performance. The range of the 
rocket will evidently depend upon the amount of propellant carried, 
ie, the ratio of the propellant weight to the gross weight of the 
rocket. This is the propellant loading ratio. The rocket, during its 
flight, is opposed by the air resistance. We see thus that for an 
engineering scientist to solve the problem of the possibilities of 
long range rocket he has to have three kinds of basic information: 
the rocket motor performance, the structural efficiency and the 
aerodynamic forces at high speeds. For rocket motor performance 
he will depend upon the rocket engineer for test data. For the struc- 
tural efficiency he will depend upon the stress man for data. For 
aerodynamic forces at high speeds, he will depend upon the high 
speed wind tunnel testing for data. The engineering scientist on 
the job must then synthesize these informations by good engineering 
judgment, by the application of the laws of dynamics and the skill 
of solving differential equations. The result is the calculated range 
of the rocket. If he uses the best rocket motor performance, the 
lowest practical value of specific fuel consumption, if he uses the best 
construction to achieve the highest propellant loading ratio and if 
he uses the best aerodynamic design of the shape of the rocket to 
minimize the air resistance, he will then obtain the largest range 
that can be achieved by a rocket. 


This formulation of the problem of long range rocket assumes 
that the best motor performance, best structural efficiency and best 
aerodynamic shape are known to the analyst. But the real situa- 
tion may not be so easy. An engineering scientist will find that 
while previous experience shows that the performance of the pro- 
pellant can be predicted to within 10% accuracy by making a careful 
calculation of the combustion temperatures and the composition of 
the exhaust gas using chemical and thermodynamic equilibrium in 
the motor combustion chamber and by then calculating the exhaust 
velocity of the rocket using the dynamics of gaseous flow, the types 
of propellant actually tested are very few. In searching for the 
best possible motor performance, he may wish to know the probable 
specific propeliant consumption for more energetic chemical reac- 
tions hitherto untried. This means the engineering scientist has 
made the theoretical estimate of these untried propellants. For 
instance, һе may wish to calculate the performance of the liquid 
fluorine and liquid hydrogen rocket. If he does this kind of caleula- 
tions, he will find two important facts about chemical rocket pro- 
pellants. These are: 


1) There is a strong tendeney for the ordinary combustion 
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products such as carbon dioxide, and water to dissociate at the 
extremely high temperature of the combustion chamber and these 
dissociations absorb heat. Therefore calculations on the propellant 
performance using low temperature calorimeter data is totally un- 
reliable, In other words, thermodynamics and chemical equilibrium 
are matters of primary importance here. 

2) There is no “wonder” propellant which will give a tenfold in- 
crease in the performance, i.e., lower the specific consumption to 
one tenth of the value for present propellant. This is easily seen 
in the following table (Ref. 1) which shows that the best propellant 
is the combustion fluorine and hydrogen which gives a specific con- 
sumption not less than one half of the more conventional nitric 
acid and aniline combination. 

Hence by this kind of investigation, the engineering scientist can 
achieve a broad orientation in an entire new field of engineering. 
He knows what to expect and is able to judge critically the validity 
of claims made by any inventors. Such ability of judgment gener- 
ally requires years to achieve, if try and error is the only method 
used, Engineering science is then the useful tool to shorten this 
crucial process of “learning the trade”. 

Similarly, the engineering scientist may find the information and 
structural efficiency and aerodynamic. forces quite incomplete. He 
is then forced to investigate a particular promising type of struc- 
ture or to investigate a high speed flows over aerodynamic shapes 
to determine the probable air resistances at high speeds. In other 
words, to solve the problem of the possibility of long range rocket, 
the engineering scientist may be required not only to solve a very 
difficult problem in exterior ballistics but may also have to solve 
problems in thermodynamics and combustion, in elasticity and 
strength of materials and in fluid mechanics. His problem is thus 
not easy, but his reward is also large. 


Rocket Propellants 


CALCULATED PERFORMANCE AT SEA-LEVEL, CHAMBER PRESSURE 
IS 2) ATMOSPHERES 

Specife Consume 

Oxidizer/Fuct tion Ths. per hr 

Osidizer Fuel Weight ratio per Th. thrust 
Fluorine Hydrazine 1.186 6,970 12.33 
Hydrazine 2.371 9,500 11.50 
Hydrogen 18.85 10,210 10.20 
Hydrogen 9.42 8,530 9.71 
Hydrogen 6.28 6,296 10.20 
Oxygen Ethyl Alcohol 1.275 5,530 15.45 

(175% + Water 25%) 
Gasoline 2.62 5,930 14.95 
Hydrogen 3.80 5,500 19.20 
Red Fuming 
Nitric Acid Aniline 3.000 5,525 16.30 
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Best Method of Attack—Manufaeture of Fissionable Material 


Very often in engineering practice, one is confronted with the 
problem of choosing the best method of attack among a possible 
few. Here again the services of the engineering scientist is in- 
valuable. Let us take the example of the manufacture of fission- 
able material According to H. D. Smyth (Ref. 2), the different 
possible methods are: 

1) Manufacture of plutonium—239 by the slow neutron pile 
using natural uranium and the chemical separation of plutonium. 

2) Manufacture of uranium—235 by electro-magnetic separation 
from the inert uranium—238 in the natural uranium. 

8) Manufacture of uranium—235 by separation from uranium— 
238 utilizing thermal diffusion. 

4) Manufacture of uranium—235 by isotope separation utilizing 
gaseous diffusion. 


All methods except the first are involved in a physical process in 
that the materials to be separated have “identical” chemical prop- 
erties. During the development of nuclear energy for the atomic 
bomb by the United States, all four methods were pursued. This 
way of attacking all possible methods simultaneously is certainly 
a wartime expedient when the time is very limited and the success 
of the project is a-dire necessity, In normal times, engineering 
scientists should be called into service to analyze the four different 
processes to determine which one of them is the most economical. 
Of course, the engineering scientists will need much detailed infor- 
mation which must be obtained by either theoretical analysis or 
experimentations. For instance, in the first method, he would 
have to determine the fission cross-section, or fission probability, 
of uranium-235, the resonant absorption cross-section of the mod- 
erator, ete. Then by the known principles of nuclear physics, he 
has to work out the process of the diffusion of neutrons in the pile, 
the distribution of neutron density in the pile, and finally the erit- 
ieal size of the pile. He has also to find the best method of con- 
structing the pile by trying out in his calculations the different 
ways of placing the pieces of the uranium and the moderator. After 
all this investigation, the engineering scientist is able to say that 
the probable economy of the manufacture of plutonium-239 is by 
the slow neutron pile method. 


Now by a similar approach with laboratory experiment and theo- 
retical calculation, the engineering: scientist would be able to esti- 
mate the economy of all other proposed methods. Then the ques- 
tion of the best method to manufacture the fissionable material can 
be answered. It is quite evident now that if such an analysis of 
the relative economy of the different processes were possible, the 
plutonium proeess, or method 1), will be the chosen method. Gen- 
eral Leslie R. Groves has revealed to the MeMahan Committee that 
as of June 1945, the monthly operating cost of the processes were: 
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Hanford Plutonium Plaut $ 3,500,000 
Oak Ridge Diffusion Plant 6,000,000 
" * Electro-Magnetic Plant 12,000,000 


Thus the Hanford Plutonium Plant is the most economical one in 
spite of the fact that it must be the one with the largest capacity 
for the fissionable materials. 

Now suppose the preliminary analysis by the engineering scien- 
tist decides on the plutonium process, what would be the conse- 
quences? Aecording to General Groves again, the investment spent 
and committed for plants and facilities as of June 30, 1945 is as 
follows: 


Manufacturing facilities: 


Hanford Plant — $350,000,000 
Others 892,000,000 


$1,242,000,000 
Housing for workers: 
Hanford Palnt $ 48,000,000 


Others 114,500,000 
162,500,000 
Research 186,000,000 
Workmen's compensation and medical care 4,500,000 
Total $1,595,000,000 


Therefore if the authority that directed the development of nuclear 
energy for the United States during wartime were able to decide 
on the plutonium process, then approximately one billion dollars 
could have been saved. In other words, two thirds of the invest- 
телі could have been saved, if it were possible to use fully the ser- 
vices of engineering scientists. 


Reason and Remedy for a Failure—the Tacoma Narrows Bridge 


The third problem which may require the attention of an engin- 
eering scientist is the discovery of the reason and method of rem- 
edy for a failure. While the two previous problems the investiga- 
tion of the feasibility and the best method of attacking a new de- 
velopment, are work to be done before starting the main part of the 
engineering, the third problem is, of course, something to be done 
afterwards. Let us take the example of the Tacoma Narrows 
Bridge. This bridge was first opened to traffic on July 1, 1940, 
and it was a suspension bridge of extremely narrow roadbed, as can 
be seen in the following table of dimensions: 
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Dimensions of the First Tacoma Narrows Bridge, 
Washington, U. $. A. 


Center Span 2800 ft. 
Side Span, West Side 1100 ft. 
Side Span, East Side 1100 ft. 
West Side, Back Stay 497 ft. 
East Side, Back Stay 261.8 ft. 
Total Length 4759.2 ft. 
Width of Roadway 26 ft. 
Total Width including sidewalks 39 ft. 


After this bridge was built, it was found that the bridge was ex- 
tremely flexible. During windy nights, a ghost effect often occurred 
as the head lights of approaching cars appear and then disappear 
caused by the lateral and longitudinal oscillation of the roadway. 
On 10:00 A. M., November 7, 1940 the bridge started to oscillate 
rather violently in torsion by the prevailing strong wind. This 
oscillation increased its amplitude and finally an hour later the 
bridge broke at approximately the mid-span. Of course, there is 
then developed among civil engineers great interest as to the cause 
of failure of the bridgé, a kind never observed before. Civil engin- 
eers normally deal with static forces of rather large magnitudes. 
For instance, the stress in the bridge member is generally of the 
order of tens of tons per square inch. Now the air or wind forces 
on a surface is probably of the order of one fifth of a pound per 
square inch. It was rather difficult at first for the civil engineers 
to understand how such small wind forces could have broke the 
strong bridge. 


The true mechanism of failure was finally explained by a Commit- 
tee composed of O. H. Armann, Th. von Karman and G. B. Woodruff 
(Ref. 3). The report was a typical example of investigation by 
engineering scientists. It consisted of model testing and theoretical 
computation. The true reason for the failure of the bridge was the 
resonant oscillation excited by the wind forces. A phenomena well- 
known to aeronautical engineers as the flutter, but quite outside the 
experience of a eivil engineer. The wind forces although small have 
the same period or is always in phase with the oscillation of the 
roadbed and therefore can build up the amplitude of oscillation to 
ruinous magnitude. It is seen then that by incorporating damping 
and by stiffening the bridge to increase the natural frequency the 
failure can be avoided. This is the principle for the design of the 
new bridge. 


Here again, the services of an engineering scientist is able to 
clear up a most perplexing engineering question, and can be used to 
avoid further mistakes in an engineering design. 
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Unification— Basic Research in Engineering Science 


From the above discussion, it might be construed that the prob- 
lems in engineering science are individual problems and the engin- 
eering scientist is to deal with particular case without much gen- 
eralized scheme. This impression is however not correct. Among 
the multitude of problems in the current development of engineer- 
ing there are phenomena which occur repeatedly in many branches 
of engineering. These phenomena can then be abstracted out of 
the direct routine problems which the engineering scientist has 
to solve and be formulated into individual fields of research. The 
results of such research will then not only benefit one field of en- 
gineering, but to all of them. This is the basic research in engin- 
eering sciences, through which the greatly diversified engineering 
activities are united. 

Historically, such basic research in engineering sciences was 
started by the great mathematician F. Kelin in the Góttingen Uni- 
versity, Germany, shortly before the World War I. His school has 
produced such eminent engineering scientists as Th. von Kármán 
and S. Timoshenko. At that time, the main fields of engineering 
activity had to deal with mechanics. It is thus natural that the 
basic research in engineering science was simply called “applied 
mechanics” (angewandte Mechanik). However the ever-widening 
fields of engineering now extend to subjects which are not treated 
in the applied mechanies as first conceived by the German school. 
Let us then divide the current topies of basic research in engineer- 
ing sciences into three catagories: 1) Research in the field which 
are not within the old boundary of applied mechanies; 2) Research 
in field which are near the old boundary of applied mechanics, and 
3) Research in the fields which are within the old boundary of ap- 
plied mechanics. To understand what is the character of basic re- 
search in engineering sciences, its ramifications and relations with 
different engineering problems, it will be profitable to examine these 
fields of research in greater detail: 


l. Research in the Fields Which Are Not Within the Old 
Boundary of Applied Mechanics 
a) Solid State of Matter 


The engineering science of metaliurgy has really progressed 
very little beyond the application of Gibb's phase rule. іп fact, the 
present knowledge of materials is obtained through a tremendous 
amount of tedious laboratory tests. This large body of empirical 
data has practically no coordination or systematic interpretation. 
On the other hand, the physical theory of solid State, based upon 
quantum mechanies, is developed generally by physicists as a branch 
of pure science. In other words, there is a wide gap between the 
practical engineering and the scientific investigation. This gap 
has to be bridged. This effort of unitizing the physical theory with 
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metallurgy will bring about not only a systematic interpretation 
of the accumulated empirical data but certainly will also indicate 
new possibilities in the field of development of materials. It is also 
certain that after a satisfactory engineering science of materials 
is developed, the search for an engineering material to satisfy a 
given specification will be greatly facilitated. 

Another field of investigation is the ceramic materials. The pres- 
ent engineering materials are dominated by metals which consist 
of atomic crystals. There is no reason to believe that the other types 
of material, consisting of ionic crystals such as the ceramic ma- 
terials, cannot be utilized as engineering materials for machine con- 
struction. In fact the recent demand for materials to withstand 
extremely high temperatures naturally points research in this di- 
rection. 


b) Electronies 

The electronics engineering can be divided. into two main divi- 
sions: The division whieh deals with electronie tubes themselves 
and the division which treats the circuits and the radiation fields. 
The second division mainly involves an application of the classical 
Maxwell theory. The genera! character of the results is expected, 
in spite of the fact that such calculations may be very complicated 
and may require advance mathematical technique. The performance 
of tubes is, however, seldom comprehensively analyzed. The design 
of these tubes is generally worked out by numerous tests, guided by 
a few basic principles. However, the electronics engineering has 
now passed its heroic age of invention and creation and has entered 
the age of engineering development. The empirical approach may 
nat be the most economical one in this new situation where detailed 
improvement of the various devices has to be carried out. This is 
especially true for very high frequency tubes where the electron 
inertia effect can no longer be neglected. It seems necessary to de- 
velop an engineering method of calculating such flow fields of elec- 
tron cloud under the combined effect of rapidly varying external 
electric and magnetic fields. If this is done, then the characteristics 
of electronic tubes or other similar devices can be analyzed and the 
experimental data coordinated. 


c) Nuclear Engineering 

While the understanding of the nuclear structure is yet to be 
achieved, a general interpretation of the nuclear reaction seems to 
have developed to a sntisfactory degree. In fact, the elementary 
processes of nuelei reactions such as collision, capture, excitation, 
and emission of new particles from the compound nuclei could be 
measured and studied individually. If these empirical data are 
available, then the overall microscopic performance of the reuction 
сап be predicted by applying the methods of chemical kinetics. Im- 
possible and undesirable processes сап then be eliminated from fur- 
ther consideration and large scale tests. This approach to the util- 
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ization of atomic energy, or atomic engineering, seems to be able 
to lead to fruitful results without the danger of uncontrolled experi- 
ments. In other words, the stage seems to be set for the rapid de- 
velopment of utilization of nuclear reactions similar to the utiliza- 
tion of molecular reactions such as combustion. 


2. Research in the Fields Which Are Near the Old Boundary 
of Applied Mechanics 

a) Combustion 

The theory of combustion has been studied by chemists mainly 
from the point of view of chemical kinetics. However, the prob- 
lems which grow out of the recent development of jet propulsion 
generally involve very high speeds of flow. In such problems the 
effect of the inertia of the fluid elements certainly cannot be ne- 
glected. In fact, a study of a simple one dimensional problem has 
shown rather unexpected results due to this inertia effect. Then 
a complete and satisfactory solution of combustion problems must 
combine the science of fluid motion, i.e. hydrodynamics with the 
science of chemical kinetics. As an initial approach to this problem 
the effect of diffusion and turbulence on combustion must be studied. 


b) Metal Forming by Plastic Deformation 

The large number of metal forming processes is based upon the 
plastic deformation of the material. For instance, the widely used 
process of sheet metal forming is by pressing. This process, until 
recently, was practically carried out purely by experience. During 
the design of the dies for this process one has to use the cut and 
try method guided by a few empirical principles. This method is 
generally very uneconomical. It then seems necessary to develop a 
satisfactory theory so that such dies can be designed for each in- 
dividual problem without resorting to numerous experiments. This 
new science of plastic forming, of course, will be based upon the 
methods of the theory of elasticity and a complete knowledge of 
the solid state of matter which is another topic of research as stated 
in the previous section. 


3. Research in the Fields Which Are Within the Old Boundary 
of Applied Mechanics 

a) Turbulence 

During the last 15 years the problem of turbulence in fluid flows 
has been studied intensively and simple rules have been developed 
for satisfactory solutions of engineering problems in this field. 
However, the theory still lacks an explanation of the fundamentally 
important fact that the exchange coefficient in turbulent flows is 
enormous, as compared with that of laminar flows, The correct 
understanding of this phenomenon is the nub of the turbulence 
problem. It is believed that this understanding can only be achieved 


10 


559 


560 


C. I. E. Forum Hsue-Shen Tsien 


through a detailed survey of the turbulent fluid field together with 
theoretical analysis. Measurements on the turbulent velocities, the 
correlation coefficients and diffusion characteristics must be carried 
out. 

Another possible field of investigation would be the applieation 
of the presently known knowledge of turbulence to the other fields 
of engineering such as combustion and the mixing problems in 
chemical engineering. Such applications are believed to be ex- 
tremely useful. 

b) Gasdynamics 

The recent advance in aeronautics makes the science of gasdy- 
namics one of the most important and urgently needed knowledges. 
The fundamental problems are connected with the interaction of 
viseosity and compressibility of the fluid. It was believed that the 
effects of viscosity, or Reynolds number, and the effect of compressi- 
bility, or Mach number, can be separated. However, it is now real- 
ized that such separation is impossible. On the other hand, the 
problem of the interaction is very complex, particularly due to the 
possible appearance of turbulence in the fluid. The detailed phe- 
nomenon must be studied simultaneously by both theoretical analy- 
sis and by experiment. In conjunction with this investigation, the 
effects of second viscosity coefficient and the relaxation time should 
be considered. 

The possibility of flight at extreme speeds presents another very 
interesting problem of fluid dynamics at a very high Mach number. It 
is known that at such high Mach numbers, say, Mach number greater 
than 5, the fluid behaves very similarly to a stream of particles. In 
other words, the fluid reaction on a moving body will be very similar 
to that predicted by Newton on the assumption of no interaction be- 
tween the particles of the fluid. The question of flying at extremely 
high altitudes leads to another interesting problem. This is the 
problem of fluid motion at extremely low density, i.e., the fluid flow 
in which the mean free path of the molecules is comparable to the 
dimension of the body moving in it. The solution of these prob- 
lems is believed to be essential for the next assignment of aviation, 
the trans-oceanic flight at velocities faster than the velocity of 
sound. 

From the above discussion on the different fields of basic research 
in engineering sciences, it would seem that the subjects are well 
within the general field of physics, But then why should they bé 
called research topies in engineering science? The reasons are two- 
fold: Firstly, there is a fundamental difference between the point 
of view of a physicist and the point of view of an engineering scien- 
tist. The physicist's point of view is that of a pure scientist, in- 
terested essentially in simplifying the problem to such an extent 
that an “exact” solution can be made. The engineering scientist 
is more interested to solve the problem as given to him. It will 
be complicated, so only approximate solutions, though sufficiently 
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accurate for engineering purposes, will be attempted. Thus physi- 
cist will give exact solutions of an over simplified problem while 
engineering scientist wants the approximate solutions of the real- 
istic problem. The work of a physicist may be at times impractical, 
but that of an engineering scientist must always be practical. The 
second reason for separating the engineering science from the gen- 
eral field of physics is simply that physicist has no deep interest 
in engineering problems. Because of these two reasons, the engin- 
eering scientist is forced to pick up where the physicist has left it 
and develop the physical principles into tools of practical engineer- 
ing. 


‘Training of an Engineering Scientist 


For the engineering scientist to solve the problems assigned to 
them and to carry out research in the basic engineering science he 
needs definitely an education quite different from the education of 
an engineer. Then what is exactly the necessary training of an 
engineering scientist? It would perhaps be best to first see that is 
the necessary tools for an engineering scientist. He must have 
these tools. These are: 

1) Principles of engineering design and practice. 

2) Scientifie foundations of engineering. 

3) Mathematical method of engineering analysis. 

In the first group of tools, is the conventional engineering sub- 


jects such as mechanical drawing, drafting and machine design, ` 


engineering materials and processes, shop practice, In the second 
group of subjects, is the physies and the chemistry which is gen- 
erally contained in a good engineering curriculum. But here the 
training of an engineer scientist would be different from the con- 
ventional engineer in that he must know much more about physics 
and chemistry. For instance, his knowledge about mechanics must 
not stop at the staties and dynamies of rigid bodies and the stress 
in simple beams and columns. He must learn the principles of the 
theory of elasticity and plasticity. His knowledge about fluid motion 
must not stop at the hydraulics, He must learn the principles of 
hydrodynamics and fluid mechanics. His knowledge in thermody- 
namics must not stop at the first law and the second law or caleula- 
tion of the idealized Otto eycle or Diesel cycle. He must learn the 
physical meaning of entropy from the point of view of statistical 
mechanics and the broad concept of thermodynamical equilibrium. 
Then he must know the elementary structure of matter from the 
nucleus up to molecules. In other words, he must know many sub- 
jects which a physicist or a chemist has to learn. 

The third group of subjects is mathematical methods and prin- 
ciples of mathematics which would help the understanding of the 
use of mathematical methods. Thus it includes subjects such as ad- 
vanced calculus, funetions of complex variable, principles of mathe- 
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matical analysis, ordinary differential equations, partial differ- 
ential equations. In other words, he must know most of the sub- 
jects which an applied mathematician should know. 

It is quite evident that the prospective engineering scientist can- 
not hope to cram all his learning into four years of college. In fact 
he has to be first trained in general engineering which may take 
three years in a good engineering school after high school, and then 
he has to spend approximately another three years to learn the 
science and the mathematies. Therefore it takes at least six years 
after high school to train an engineering scientist while the gen- 
eral practice now to train the conventional requires only four years. 
Engineering scientists are then definitely specialists who form only 
a few percent among the total personnel engaged in engineering 
and industry and which has to be trained from persons having the 
particular talent and inclination. 

However as yet, only the necessary tools of the engineering scien- 
tists has beer discussed. The fact that he is given these tools does 
not necessarily mean that he is trained in using these tools. How 
can he be trained to use these tools? Here the degree of training 
cannot be measured in the number of courses the student takes or 
the number of years he spent in the school. Learning how to use 
the tools effectively can be only achieved by experiencing the use 
of tools. Of course, the process can be accelerated with the aid 
of expert guidance. Therefore to complete the training of an engin- 
eering scientist after six years of schooling, the prospective special- 
ist must spend one to two years working on a specitie problem 
under the supervision of an experienced senior man. A good way 
of realizing this would be to study for a doctor's degree with an 
authoritative instructor in a well-equipped university. The un- 
hurried academic atmosphere in an educational institution is cer- 
tainly conductive to thinking which is, after all, the only way to gain 
wisdom. Wisdom gives insight to a complex problem and insight 
to a problem is the key to its successful solution. 


Concluding Remarks 


‘The training of a competent engineering scientist is a long process 
of seven to eight years, and the effort and ability required to com- 
plete sueh training is also proportionately great. Fortunately the 
reward is also large. From the discussion on the character of work 
performed by engineering scientist, it can be seen that they form 
the nucleus of men in any engineering development, they are the 
pioneers of new frontiers in industry. In fact the very essence of 
engineering science—the technique of transforming a basic scien- 
tific truth to practical means of human welfare really goes beyond 
the realm of present industry. Medicine is the application of chem- 
istry, physics and physiology to cure and to prevent diseases. Ag- 
riculture is the application of chemistry, physies and plant physiol- 
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ogy to produce food. Both are then engineering in the broad sense 
of the word and both will then benefit from the methods of engin- 
eering science. Hence it is appropriate to call the engineering 
scientists the most immediate and direct workers towards the goal 
of the pursuit of science, so aptly expressed by Professor Harold 
C. Urey: “We wish to abolish drudgery, discomfort, and want from 
the lives of men and bring them pleasure, leisure and beauty”. 
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ON TWO-DIMENSIONAL NON-STEADY MOTION OF A SLENDER 
` BODY IN A COMPRESSIBLE FLUID 


Ву С. C. Lin, E. RzisswzR AND Н. S. Taw 


1. Introduction. Many problems of aerodynamies involve flow around a 
slender body. It is known that in such cases a perturbation approach often leads 
to linear differential equations. Recently, von Karman’ pointed out that for 
steady motions in the transonic range, certain non-linear terms have to be re- 
tained even in a perturbation theory. This fact was also discussed by C. Kaplan* 
together with a comparison with results of his earlier iteration calculation. 
Tsien? has carried the same point of view to hypersonic flow. Quite recently, 
І. E. Garrick,‘ during his discussion of flutter in the transonic range, wrote down 
an equation for the non-steady disturbance potential which contains the same 
non-linear term as the equation derived by von Karman. Garrick, however, gave 
no discussion of the size of the different terms for different flow conditions and of 
the appropriate similarity laws. In this article, we shall present a simple unified 
treatment of the unsteady two-dimensional polytropic potential flow around а 
siender body. We shall give for different situations a systematic estimate of the 
size of the various terms in the differential equation for the velocity potential. 
This then includes all the known special cases and yields others not discussed by 
previous authors. 

The general conclusions аге as follows. Let 5 be the larger of the two quanti- 
ties: the thickness ratio of the body and the ratio of the amplitude of lateral 
motion of the body and its chord. Let М.) be the Mach number at infinity, and 
let 1/k be the characteristic period of time for transient motions; eg, in the 
case of oscillating wings, k would be the dimensionless ratio of the product of the 
angular frequency and the chord length to the free stream velocity. These are 
the three important parameters. 

A. Ii М. is not large, there are the following possibilities: 

111 М. | = 000°) and & = 0(0%) (or smaller) we are in the transouic range, 
and the problem is non-linear.’ In this case, if К = 0(5"*), the problem is quasi- 
stationary’ Notice that the comparison between k and | 1 — М. | doesnot enter 
the probiem. 

If either or both of the above conditions are not satisfied, that is, if |1—М„ | 
or/and k >> 8' the general linearized theory holds, even though М. may become 
unity. In such cases, if k = o(| 1 — M. |) the problem is quasi-stationary. 


1 Th. von Karman: The Similarity Law of Transonic Flow, J. Math. Phys. 96, pp. 182- 
190 (1947). 

1 C. Kaplan: On Similarity Rules for Transonic Plows, NACA Tech. Note No. 1827, 
16 pp. (1948). Я 

3 H. В. Tsien: Similarity Laws of Hypersonic Flows, J. Math. Phys. 26, рр. 247-251 (1946) 

+1. E. Garrick: A Survey of Flutier, Papers presented at the NACA-University Confer- 
ence in Aerodynamics, рр. 201-202 (June 1048). 

1 The notation y = 0(z) and у  o(z) are used in the following conventional sense. If 
y = 0), lim, y/z is bounded or zero. If y = o(z), Нш.» y/z = б. 
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B. ИМ. > 1, there are the following possibilities: 

ИМ. < 1/8 and 1/49, the general linearized theory holds. 

1f either or both of the above conditions are not satisfied, the equations are 
non-linear and in the first of the two cases the flow is hypersonic. Moreover, we 
then have no longer a perturbation theory in the sense that the pressure perturba- 
tion is not small. 

"The method of attack is to introduce a parameter for each type of quantity to 
characterize its size. In this way, one can distinguish small quantities of various 
Orders. One then neglects those quantities which are definitely of higher orders 
in comparison with other terms in the same equation. 

To fix our ideas, we shall consider the periodic oscillations of а two-dimensional 
thin airfoil at small angles of attack. The scheme ів obviously capable of includ- 
ing more general cases. 


2. General formulation of the problem. The basic equations for unsteady 
two-dimensional polytropic potential motions are (in dimensionless form), 


Фи + Wade + 20,6, + Orba + 20,6, фи + bey = фи + on) 


ê d 1 а) 
К LÁ Ptol 


where ¢ is the (dimensionless) velocity potential, c is the (dimensionless) velocity 
of sound, and M; is the Mach number of the reference velocity U, which may be 
teken to be either the free stream velocity U,, or the critical velocity ce. The 
reference length is the chord length b. The non-dimensional time variable 1 is 
constructed by multiplying the actual time by U, and dividing by b. On the 
airfoil 


у = st), (2) 
the boundary condition 
li + rhe = oy | @) 
must be satisfied. If the velocity potential is written as 
Фсг-Ф a) 


then, at infinity, we have the boundary conditions 
1 Ue 1 y iM , 
пнен) /{ угор}. des VNDE 


Tf the reference velocity is taken to be the critical velocity с» then 


M=1 (6) 
If it is taken to be the free stream velocity then 
М, = М, (7) 
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In the latter onse, 
$ = 0, % 0, at infinity (8) 
We shall make the latter choice because it enables one to cover arbitrary free- 
stream Mach number. The former choice imposes an additional restriction 
that when the magnitude of фе at infinity is small compared with unity it must 
at the same time be of the order of |1 — M, |. It is therefore limited to the 
transonie ease. In fact, this additional restriction may be taken to be the erite- 
rionfortransonicflow. Besides this additional restriction, and certain unessential 
changes in formulae, the results are not affected otherwise. Thus, it is very easy 
to include existing discussions of transonic flow in the present development. 
This will be carried through in some detail when the transonic case is brought 
up. 
3. Introduction of parameters. Let us now introduce dimensionless quantities 
of the order of magnitude unity: 
Reg, n= №, tek, 
9G, 7) = 8^ AGO, Fm = 6 Gs 


where А, К, 8, e are parameters, which shall specify the orders of magnitude of the 
various quantities. In particular 


k = «Л (10) 
is the dimensionless angular frequency, and ё is the thickness ratio of the airfoil. 
The components of velocity and the velocity of sound are 
ие v9. 


(9) 


и) 
d= м ~ Gy — Бам, + Л + GET OA t 
and the pressure coefficient is 


- 2 А 
с, = Sa lll - Пе + joe MEN AYN а) 


4. Theory of small perturbations. .The assumption of small disturbances 
demands that the departure of the velocity components and the pressure from 
the reference conditions is small. Thus, we have the conditions 


e€1, A], (13) 
from the expressions (11) for the velocity components, and the conditions 
Ml, (MY «1, «Mi «1, (18А) 


from the expression (12) for the pressure coefficient. 
The complete equation (1) is 


Ef. 201+ ED + AMM fu. + @ + 2й + Efa + AW + effe 
GA pe O DIRE RU vol) Ge + V4). 4) 
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Under the condition (13) of small disturbances, without any knowledge of the. 


relative sizes of the parameters, the above equation simplifies to 
H № 
у. + 24 + [! - мик + оа — мель = 0. (15) 
1 1 


fn this equation the orders of magnitude of the different terms are not necessarily 
the same and this allows further simplification of the equation, to be discussed 
subsequently. However all terms in (14) that are neglected are definitely small 
compared with some term retained in (15). For instance, the term ke(y — 1)f.fu 
is small compared with 2kf;. and is thus neglected. 

Boundary conditions. The boundary condition (3) is 


S[kg- + 1+ я = Ө »-00«£«1 
which simplifies to 
a= 0, O<E<1; 9f, = ke. + gd (16) 


Eq. (16) implies that the larger of the two quantities kô and $ must be of the order 
of à. Note that the possibility of satisfying the boundary condition at» = 0 
rather than at the actual boundary depends on the fact that 7 < 1 at the actual 
boundary in all cases, as can be verified d posieriort. Besides this fact we must 
assume that the solution is regular near т = 0 iu such a way that this simplifica- 
tion is permitted. 

The boundary conditions at infinity do not impose any restriction when taken 
in the form (8). That is, when Мі = M, , the conditions at infinity are 


Л 0, т) = f(—%, 1) = 0 аз 
The formula (12) for the pressure coefficient becomes 
C, = 24, + fi + defi] as 


Equation (16)-(18) are the basic equations for the small perturbation theory of a 
two-dimensional potential motion. Additional simplifications may be carried out 
for special cases. In fact, all the known perturbation theories are obtainable 
from them by such specialisations, as will be shown in the following sections. 

Similarity of disturbance prevails when two cases have identica! equations and 
boundary conditions. 


5. Further simplification in speciat cases. We shall carry out some further 
reduction in the individual cases to bring out the important parameters involved. 
We shall take М, = M, in our discussions. 

Our first step is the elimination of the parameter A, as follows. We distinguish 
two cases by considering the boundary condition (16). We set 


(А) А = Me when К = 0(1) (19) 
(B) л = He whenl«k (20) 
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In the first case, (15), (16), and (19) give 


ay mo 2 i 
fam CHEE p, p EME LAO T Dub Go DEM. QD 
7-0, 0<ф<1; А-а, (22) 
and 
с, = ali tata tel, (29) 
"The conditions (13) for small disturbances become 
««1, 81, MEK1, М5 «1 (24) 
In the second case, we have 
^at, dE 
Л 07216 — нат (25) 
,-0 0<{4<1; 5-95 (26) 
С, = 20, + PÈR (27) 


The conditions (13) become 
41, BK1, ВМ. «1, «ФМ «1 (28) 


To have & meaningful boundary value problem, we must retain the term with 
fu in equations (21) and (25). That is why these equations are solved explicitly 
for fm. Further simplification depends on the order of magnitude of the coeffi- 
cients, These will then appear as certain conditions on the parameters ô, К, 
and M,, of the problem: 

Class A, k = 0(1). In this class of problems, there are the four parameters 


2 
в = (+1) EM, а= AO - v, Ж 
дамі ёё Mi 
в, TATUS 
But only the order of magnitude of three of them need be discussed, since e = 
Olca). The various cases may be distinguished further as follows: 


= 


Casel.a=1, е = 0(1), e = 0(1) (30) 
Саве 2. а «1, |a] ml, а= 00) aD 
Case3. а «1, |а|<І, а= 1 (82) 


‘That ів, сі, са and cy are successively taken to be the principal parameter. Notice 
that in Case 2 we impose the restriction c « 1, rather than let c; = 0(1), because 
the case c ~ 1 is essentially included in Case 1. А similar remark applies to 
Case 3. 
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Let us work out Case 1 in some detail and then summarize the results. The 
other cases can be treated in a very similar manner. We have, from (29) and 
(30), 


өз Gy i (M LP 
в = (Ma — УК + DMa” = 00) 


& = QM [oy + Mai" = 00) = 
а = EMI + ПМ. 
"Thus, it is clear that one must have 
Мъ-1= 00+ DM, k= Ol DM 
or, sinca M, ~ 1, 
M,-1=00%, k= 06% (34) 


If one checks back with the condition (24), one sees that they are all satisfied when 
$ « 1. Тһе similarity parameters are essentially с: and cs, because c, is 
negligible in view of (34). 

The result may be summarized ая follows: 

Case 1. Transonic ense. When 3 « 1 and the conditions (84) are satisfied, 
we have the transonic case with always в non-linear equation. The funda. 
mental equations are 

2k М.-і 
бз ше te + ы +) en 


n=O O<8<l, лей 
С, = 20у + IF 
In this case, there are the two parameters 


(35) 


k and Me ~ 1 
Uy + Daph [y + Dae 


If either or both of them are large compared with unity, we pass out of the present 
case. When К << ô”, the problem is quasi-stationary. 
Case 2. Subsonic or supersonic case, The condition | с | = 1 leads to tho 

following relation for the order of magnitude of the velocity disturbance 

e= $1 - atio | 87) 
‘The conditions (24) and (31) become 

84%, ЭМ. KL 
and (38) 

ke00—M2, 11-МШ»в" 


When these are satisfied, we have the usual cases of supersonic or subsonic flow. 
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The fundamental equations are 
Wha + Bite + (1 ifa А) = 0 
SON am пм 
4-0 0«t«l; лед + 


€, = 25 |1 — ME [0 + kf) 
The two parameters occurring in the differential equation are k and 1 — МӘ. 
The pressure coefficient is further proportional to 8. When k = 0, the problem 
is stationary; when k < | 1 — M% | the problem is quasi-stationary. 
Case З. Highly oscillatory сазе. The condition са = 1 leads to the relation 
«= è/ V Mu. . (40) 
The conditions (24) and (32) become 
3«1, %М,<1 
ane а i an 
kS”, k> | 1- м 


(39) 


‘This is the case where the time rate of change predominates. The fundamental 
equations are 


Kf fe — № = 0 
47-0 0<4<р ‘fem a t+ kge (42) 
Op = (B/V EM fe + fe) 


When k << 1, the terms in К in (42) can be omitted. 
Class B, Е >> 1. In this class of problems, we have the two parameters 


а= еМ, вне (43) 
in Eq. (24). Consequently, there are two cases: 
Case 4. € = 1, с = OL) (44) 
Case 5. GI, azl (48) 
Case 4. Highly oscillatory case. The condition c = 1 leads to 
«= 4/M, 
‘The other condition in (44) and the condition (28) lead to 
1/k = 0(М.), М, «1 (46) 


The fundamental equations are 
fa — fa — UMN = 0 
т=0,0<#<1 f-9» (47) 
Cy = 20k/M Qf. 
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There is the only parameter KM, . 
Case 5. Quasi-stationary nearly imcompreasible flow. 
The condition e, = 1 leads to 


ems (48) 
The other condition in (42) and the condition (27) lead to 
AM, «1; BK (49) 
The fundamental equations are 
fut in = 0 
7-0, 0€«£«1; fg (50) 
С, = 28%. 


The above results are summarized in Table 1. 
For convenience of the diseussion, the various items are numbered on the left. 
tem 1 gives the characterizing conditions in terms of the important parameters 
М., К and 8. The equations which hold іп the various cases are indicated in 
item 2. Item 3 gives the type of formula for the pressure coefficient. The fung- 
tions F are not the same. Their arguments give the similarity parameters in the 
individual cases. In item 4, the physical nature of the various cases is described. 
Finally, it is indicated that, only in one case, is the theory non-linear; ie., when 


|i- М. | = 0075 and k = 067") (51) 


But it should be emphasized that in this transonic сазе, the nonsteady effects 
appear even at relatively low reduced frequencies. Take for instance the case 
for which the thickness ratio and the amplitude ratio are of the same order of 
magnitude and where the value for thickness ratio is 5% or à = 0.05. Then 
non-steady effects are already important when k = (0.05) according to (51). 
Consider particularly the case of harmonic oscillation, the period 7 of the cor- 
responding motion is then 


Т = 2nb/kU = 46.5b/U 


By taking b = 5 ft. and U = 1000 ft./sec., Т = 0.237 second. This is a rela- 
tively slow oscillation. In subsonic or supersonic flow, the non-steady effects 
of such slow oscillation are negligible as shown by the conditions of case 2 in 
Table I. But for transonic flow, the non-steady effects are not negligible. This 
fact must be kept in mind when the stability of aircraft in transonic flight is 
considered, as it is likely that a quasi-stationary calculation will not be suf- 
ficiently accurate. 

Linearization. If either of the conditions (51) is not satisfied, the equation is 
linear. Note also that the boundary conditions and the formula for the pressure 
coefficient are always linear. Thus, if one includes all the linear terms in the 
equation, one does not have to distinguish between the cases 2 to 5. To be sure, 
some of the terms are negligible in one case and some in cther. But it is clear 
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that the complete linearized equations can. be applied whenever either or both of the 
conditions (51) із not satisfied, since we are retaining all the necessary terms. 
‘The system of linear equations is the following, 


Фи + Bn + а — Мм» — Mie = 0 


y=0, O<2< d -h-h (52) 
С, = 2. + Ф) 
TABLE 1. 
Classification of various cases. Argumenis in funstion for pressure coefficient are 
the similarity parameters 
A= 00) | 18k 
= С" Tase 2 | Cane 3 p" Ces 
€ : - 
1 1- ae) pn Mapeh | kp ph кз e Q(M,| ®М„ «1 
= og moron obs 
k = 084) k o(: x) в» Mi ЫМ. «1 | ko «1 
4<1 8%1,5М,<1 |5«1,0M, «1 
3 Eq. (36) Ea. (89) Eq. 42) Ea 4D | Eq (60) 
LIEU 23 > 
8 |688 +199 | ev E> Mij | VIC. Css сыға 
а араа aC 1- L) == -ғомд | = FGM.) 
(G+ ар м 
M.-1 
fr + Dap 
мыш: -—— —— 
4 Transonic subsonic oscillating terms dominating | quasi- 
supersonic stationary 
incompres- 
| sible 
5 Non-linear linear 


For example, when an airfoil is accelerated through the sonic speed with a 
sufficiently high acceleration, k can be made to be much larger than 2" and 
the linear theory applies. The physical interpretation is the following. The 
breakdown of the linearization is due to the accumulation of disturbances in а 
steady flow at transonic speeds. On the other jhand, if there is a high enough 
rate of ‘time variation, such disturbances have no chance to build up, and the 
linearized treatment is justified. 


6. Influence of wind tunnel walls. If the airfoil is placed in a two-dimensional 
wind tunnel, there are further conditions of vanishing vertical velocity at the 
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walls y = Hy and y = Н; (reduced to non-dimensional form by dividing by the 
chord length), In order that one may have similarity, there are therefore the 
additional conditions of identical 

m= MI, and m=. 


Referring to Eqs. (18) and (19) and the value of « in the individual cases, one 
can easily show that the parameters for the five cases are respectively 


Case 1. — [(y + ПАН, {@ + БЫ, 


Cme2. |1 — МНН, 1-м Н, 

Case 3. VM, Hs М МЫН, (63) 
Cased. ЕМ. Hi kM, Н, 

Case 5. H, H, 


7. The Case of Large Pressure Disturbance. In all the above cases, the 
restrictions 
М. «1 and М.«1/М (k> 1) (54) 
are implied. Thus, if either or both of these conditions are not satisfied, the 
linearized theory breaks down. This can happen when Mf, >> 1, and is indeed 
the hypersonic range with non-linear equations. In such cases, even though the 
velocity perturbations may be small (i.e., condition (13) satisfied), the conditions 
(13A) for small pressure perturbation cannot be all satisfied. (For if they are, 
we will go back to one of the linearized cases discussed above); that is, this case 
cannot be treated properly by a theory of small perturbations. Thus, the expan- 
sion of the formula (12) for the pressure coefficient cannot be carried out. One 
can merely write 


C= за fu -(- DIA + fe +R — i} (55) 


Indeed, the reduction of the fundamental equation (14) is very limited. One 
can show that it simplifies to 


Pj, + Bite + fu (аа O — DOA + 19 — Hr + nen]. 


— ХЫ» -м) (56) 
To clarify the problem further, we again distinguish between the cases 
(А) Е = 0(1), (B) k»1 
Case А. Hypersonic Flow. In this case, we have (cf. (19) and (54)) 
€ = å, and 1/M,6 = 0(1) (57) 
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It turns out that in terms of the parameters 
a = 1/M,S = 0(1) and B = a’, (58) 
one can rewrite (55) and (56) as 


с, - asl! -а- о (мина) -j 


у. + 20 + fee + 20,00 + fi) 
= BG — Ку + DA) — G — DEG. +) 


It is thus clear that В must be of the order of unity. Since it is at our disposal, 
one may put 


(59) 


8-і. (60) 
"Thus, the final equations for k = 0(1) are 
Ror + Whee + Та + Biber + Л) 
= (à ~ Hy + DAD — G — DU + Ow 
7-0,0<:<; fet he (6) 


€, = Їй — (y — Dae + fe + ГТ — 1] 


Case B. Highly Oscillatory Flow. In the case k>> 1, we have (сі. (20) and (54)) 
oà = Ki, and ИМ. = 0(1) (62) 
A similar argument with 
a’ = 1/ММ. = 001), в = KT = 1 (83) 
leads to 
See + Saber = do^ — My + DG Go When 
n=G0<&<1l Лей (64) 


2 ^ prior EM 
€, = zy P O = Da + DPI Bud 


"Thus, when k = 0(1), there are the similarity parameters 
k, a = 1/M aô, and y; 
when k « 1, the problem is quasi-stationary, and the parameter k disappears. 
In the highly oscillating case, the similarity parameters are 
«' = 1/M „ôk and y. 

8. The Transonic case with M, = 1. If the reference velocity is taken to be 
the critical velocity, so that M, = 1, there is an apparent simplification, because 
the Mach number no longer appears explicitly in the equation (15). However, 
the boundary condition at infinity introduces it back again. In fact, at infinity, 


fe = 204, — D/ + D, 
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and this introduces a relation between the order of magnitude of e and (M, — 1). 
Argumenta along the above lines lead to the following results. 
(A/P We + ја — fn =0 
a=O0<E<1 fag 


ЕЖЕ 
E= =o; f 21 F h=0 (65) 
€, = Wy + 1G 


С = TE ода Mao + 1) 


and this is readily shown to be equivalent to the contents of (35). 
Massacnuserrs INSTITUTE OF TECHNOLOGY 
(Received March 1, 1948; Revised July 26, 1948) 
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Summary 


‘The problems in the experimentation of rarefied gas are dis- 
cussed. First, the extremely large viscous effects іп à wind-tun- 
nef nozzle are shown. Then the difficulties of flow measurement 
are surveyed, pointing out -particularly the unconventional be- 
havior of the Pitot tube in rarefied gas, The petformance of a 
hot-wire anemometer is then studied in some detail to show its 
feasibility. Finally, the rules for achieving complete flow simi- 
larity of rarefied gus flow are formulated. 


INTRODUCTION 


wg TUNNELS ARF, perhaps, the most useful tool 
in aerodynamic investigations and certainly have 
contributed much in the modern development of fuid 
mechanics, It is thus natural, when one turns to a new 
field of aerodynamics, the aerodynamics of rarefied 
gases or superaerodynamics, that one should think of 
using the wind tunnel again. Only here it has to be 
adapted to.entirely new circumstances, and many new 
problems, both in its design and in its operation, 
appear. It is the purpose of this paper to discuss some 
of these problems so as to gaii an orientation in the new 
field of experimentation. 


(1) Tonner Deston 


To test models in the wind tunnel at its test section, 
it is of primary importance to obtain a uniform stream 
at the desired temperature, pressure, and velocity. 
For subsohic wind tunnels with ordinary pressures, this 
can be achieved without much difficulty. For super- 
sonic wind tunnels at ordinary pressure, the expansion 
part of the tunnel before the test section or the nozzle is 
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first designed to obtain a uniform stream at its exit 
without considering the effects of the viscosity of air. 
Then the boundary layer along the wall of the stozzle is 
calculated with the pressure gradient thus determined. 
Finally, the displacement thickness of the boundary 
layer, or the needed space for the boundary layer flow 
at lower velocity, is provided by making the nozzle 
larger than the dimensions first determined by the 
calculated amount.! This design procedure is found 
to give satisfactory nozzles for supersonic wind tunnels. 

However when one tries to apply the same desigu 
procedure to the superaerodynamics wind tunnel, one is 
immediately confronted with the difficulty of extremely 
large viscous effect. In other words, the boündary 
layer will be so thick as to occupy the main portion of 
the nozzle passage. To demonstrate this effect, let the 
length, of the test section be L and the width of the 
square test section be Б. Then the Reynolds Number 
based upon the conditions in the test section’ із Re = 
ШТ», where U is the velocity in the test section. If, 
as a rough estimate, we take the thickness of the boun- 
dary layer to be zero at the beginning of the test section 
and equal to a value 3 calculated by tlie well-known 
Blasius formula for a flat plate at the end of the test 
section, then 


à = 355L/ V Re. [0] 


Now, if this boundary layer actually occupies half the 
tunnel width 6/2, then. 


è = 0/2 = 3.65L/ VRe @ 


On the other hand, the ratio of the mean free path Jand 
the boundary-layer thickness 3 is known? to be 


1/6 = (1.255 W/7/3.65)(M/ V/Ré) [:] 


where 7 is the ratio of specific heats and can be taken at 
1.4 апа M is the Mach Number in the test section. By 
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Fia. 1. 1, mean free path; 2, boundary layer thickness at end 
of the test section of width Б and length L; and Af, Mach Number 
of the test section. 


combining Eqs. (2) and (8), we have 
(/8)(L/b) = 0.0557 [5] 


This relation is shown in Fig. 1. Thus for a Mach 
Number М equal to 2 and 2/6 = 2, the boundary layer 
wili completely fill up the test section, if the mean free 
path is equal to 5.6 per cent of the boundary-layer thick- 
ness or 2.8 per cent of the tunnel width. This means 
that the extremely strong viscous effect at low densities 
makes the ordinary concept of designing a wind tunnel 
totally inapplicable. 

The extremely thick boundary layer where the veloc- 
ity increases from a small value near the wall to some 
supersonic velocity at the center of the nozzle, also 
gives subsonic velocities in a rather large portion of the 
төге, Since pressure disturbances downstream can be 
transmitted upstream in subsonic flows, the flow in the 
test section of a low-pressure tunnel will be sensitive to 
changes in the diffuser even if the main stream velocity 
at the center of the nozzle is supersonic. This is, of 
course, a new phenomenon in the superaerodynamics 
tunnet not found in conventional supersonic wind tun- 
nels, 

The large viscous effects can also be demonstrated by 
calculating the ratio of frictional loss on the walls of the 
test section and the shock loss in the diffuser after the 
test section. Consider the diffuser to be a straight tube 
of approximately the same cross-sectional area as the 
test section, then the pressure loss due to friction, Аф, is 


Ар = frictional force/6* 
= (oU /24bLCA1/P) 
Taking C; to be the Blasius value or С) = 1.328/ WRe, 
we have Е 
Ap, = 29 U'(L/0)0.328/ У Re) 6) 
Now, if p is the static pressure in the test section, then 


the pressure for ideal isentropic compression in the 
diffuser is 


1948 


ъа + [o = 0/206] 75 


M the actual pressure rise in the diffuser is estimated as 
that due to a normal shock without further recovery, 
then the actual pressure rise is 


Íty/G + DIM — [(у — ВУ + БР 


Therefore, the pressure loss due to shock Aps is 


ы-і) 
ар = (: + ж) Ж 
2y Y= 5 
м 6 
G галым oie 
By combining Eqs. (5) and (6), the ratio of these two 


pressure losses is 


E _ 
Abs 


0L 2yM%L/0)(1.328/ VRO) 
троха зу PEST 
пу а) 
( 3 aci yq 
@ 


Introducing the mean free path ratio given by Eq. (3), 
we have 


Ab 
Ap 
00 em 
? "(+ сау ap — 2 E 
2 y+ prs 
(8) 


This relation із plotted in Fig. 2. Therefore, if the 
Mach Number M is 2 and L/b = 2s before, then, when 
the ratio (1/8) is 0.036, the ratio of frictional loss to 
shock Joss is 0.628. Hence, the frictional loss and the 
shock loss are of the same order of magnitude. 


ТТК 


TB 


a 7 
" 

2. h mean free path; 3 boundary layer thickness at end 
of the test secon of width Band length ; and M, Mach Num- 
ber of the test section. Ару pressure loss by friction; Aps, pres- 
sure loss by sh 
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These large viscous effects are fully confirmed by the 
recent tests on the 1 by J-in, low-pressure wind tunnel 
at the University of California.* The. test nozzle 
(Pig. 3) was designed for Mach Number 4 without con- 
sidering the viscous effect of the medium. During 
test, the static pressure on the wall at the exit of the 
nozzle is measured. This pressure is equal tò 175 and бх 
mnicronsi for the two tests presented in Figs. 4 and 5. 
‘The apparent Mach Number M is the Mach Number 
calculated from the dynamic pressure measured by a 
Pitot tube by using the Rayleigh formula. Since there 
js the complication of large viscous effect in the Pitot 
tube reading as shown in the following section, this 
apparent Mach Number is only qualitative and cannot 
be taken as the exact value. However it is apparent 
from 4 and 5 that the boundary layer in the test 
section is indeed extremely thick and fills up the whole 
space. This large boundary-layer thickness makes the 
space available for the expansion of the central potential 
flow very small, if it exists at all. Therefore, the 
maximum Mach Number reached at the center of the 
nozzle is much smaller than the design Mach Number of 
4. At the lower pressure, the influence of slip at the 
wall is also evident. This has the tendency to make the 
flow more uniform. However, the extremely low 
Mach Number at the test section indicates again the 
strong viscous effect iu converting much of the pressure 
energy into heat energy. 

These elementary calculations and preliminary test 
results make it clear that, for the design of the nozzle 
and test section for a superaerodynamics wind tunnel, 
it is no longer possible to separate the compressibility 


* Experimental work done under contract with the Orlice of 
Naval Research. ‘The author is deeply indebted to Profs. R. С. 
Folsom and E. D. Kane for permission to use their unpublished 
results. 

T 1,000 microns = 1 mm. Hg; one atmosphere = 0.700 X 10 
moierons. 


Fu. 3. Test section of University of California Low Pressure 
Wind Tungi No. 2. 
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желе d 
Fic. 4. Vertical velocity distribution in test section of Uni 
versity of California Low Pressure Wind Tunnel No. 2. 
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Fw. 5. Horizontal velocity distribution in test section of Uni- 
versily of California Low Pressure Wind Tunnel No. 2. 


effect and the viscous effect. In fact, the concept of 
boundary layer is also of doubtful value because of the 
extremely small Reynolds Number encountered, 
Therefore, to design such a nozzle to obtain the nearest 
approximation to the ideal uniform flow, it will be 
necessary to use the exact Navier-Stokes equation 
stead of the approximate boundary-layer equations. 
Of course; it may be argued that for superaerodynamics 
the Navier-Stokes equations are no longer exact and 
that additional corrections must be added. However, 
recent investigations by Schamberg? have shown that 
these additional corrections are small in the case of the 
slip flows concerned here and will not essentially alter 
the flow pattern. Hence, for a first approximation just 
fie the nonviscous isentropic flow is a first approxima- 
tion for ordinary supersonic nozzles, we can use the 
Navier-Stokes equations. The simplest case to be 
considered is certainly the axially symmetric nozzles. 
If x is the coordinate in the axial direction, ғ is the co- 
ordinate in the radial direction, and и and v are the 
corresponding velocity components, the equations are: 


(ӧри/Әх) + (1/r)O/2r) (ore) = 0 ( 
p(Di/Dt) = —(др/дх) + (Grad t) — (10) 
p(Du/Dt) = = (Әр/Ә,) + (Grads), (Ш) 


5% 
PI ES T 2 
еі + ot) %- (u(Grad т), + 


баат) +2(2) HC) аз 
where 


РИ» = u(0/dx) + «(Ә/2») 
Ф = dissipation function 
T = stress tensor 


Eqs. (9), (10), (11), and (12), together with the equation 
of state, 


p/p = RT аз) 


then determine the five unknowns и, v, p, р, and T. 
Of course, the actual process of making this calculation 
will be extremely tedious, and some approximate 
method of solution may have to be developed. One 
possibility would be.to adapt the Kármán-Polhausen 
method for boundary layer to this cage: We integrate 
the diffesential equations once with respect to r and thus 
only try to satisfy the equations “оп the average" over 
the cross section of the nozzle. The “distribution” ош, 
vover the cross section will then be set in the form of a 
polynomial іп у, Initial study by this procedure has 
already been made by Schaaf‘ at the suggestion of the 
author. 


For ordinary supersonic diffusers, high efficiency of 
pressure recovery can generally be achieved by using a 
long diffuser. However, for a superaerodynamic wind 
tunnel, because of the extremely large loss through fric- 
tion, long diffusers are undesirable. In fact, the pres- 
sute loss can be reduced by using the shortest possible 
diffuser. 


(0) Рот Mrasurewent 


that determine the flow field are two: 
of the three variables ф, p, and T and the velocity com- 
ponents, The quantities №, р, Т are related by the 
equation of state, and therefore only two are necessary 
for the determination of all three, Generally, for 
wind-tunnel work, the quantities actually measured are 
$, p, and q, the magnitude of the velocity. 

For the measurement of pressure, a manometer is 
шей. For ordinary preseures, one uses а fluid man- 
ometer filled with water; alcohol, or mercury. However 
for the extremely low pressure encountered in the super- 
‘aerodynamic flow, some other form of manometer is 
necessary. One of the most successful types is ‘the 
Pirani gage. The conventional form of Pirani gage has. 
a pressure sensitivity of about 10-8 micron. It utilizes 
the change of temperature of a wire heated with con- 
stant energy caused by a change in the pressure of the 
gas -surrounding it. The temperature change is 
measured by the change in the resistance of the wire. 
The wire is located in a small chamber which is con- 
nected to the point of measurement by a hole, flush with 
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the gas stream if static pressure is to be measured, The 
question of best design of the connecting tube for quick 
response has been studied by Schaaf.’ 

To measure the density p, the conventional method 
utilizes the difference in the velocity of light rays in 
mediums of different density. With different optical 
arrangements, we have the shadowgraph method, the 
schlieren method, and the interferometer method, 
However, if the density of the medium is low as in the 
case of superaerodynamic flow, the sensitivity of these 
methods becomes extremely poor. For instance in the 
case of the schlieren method, the percentage change in 
illumination J on passing through a region of thickness b 


is given by 
tf 3 bas] 

he. LA bia 

T Loose (2 Ё p 


where py is the air density at 32°F. and 1 atmosphere 
pressure and where Ap/ Ая is the density gradient nor- 
mal to the light tay. f and e are the focal length and 
the normal unobscured width of the light source image 
perpendicular to the knife edge. kis a factor of order 1, 
determined by the particular optical path used. There- 
fore the sensitivity of the schlieren method decreases in 
proportion to the factor (р/р). Some improvement 
can be made by altering the quantities f and e, but 
practical limitations and diffraction difficulties do not 
allow the increase of sensitivity to satisfactory values. 

A new approach. to this problem of density theasure- 
ment is the méthod of absorption. It is found for in- 
stance, that oxygen at low pressures shows a strong 
absorption band at wave lengths around 1,470A. or 
ultraviolet light. The percentage absorption is pro- 
portiorial to the number oi molecules that meet the 
light ray and is, therefore, proportional to the density of 
the gas. The measurement is then similar to that of 
the interferometer method where the density is deter- 
mined, А similar method is the utilization of the after- 
glow of nitrogen. These methods are now being 
studied by Evans.’ 

‘The converitional method for the measurement of 
velocity is through the use of dynamic pressure rise in a 
Pitot tube. A straightforward application of this 
method is, however, difficult for rarefied gases, since the 
formula used is based upon the neglect of viscosity 
effects. ‘But for rarefied gases the viscosity effect is of 
great importance, as pointed out in the previous section. 
‘Then the dynamic pressure would be different from that 
given by the usual formula. To estimate this effect, 
Jet us consider the case of low Mach Number so that 
compressibility effects can be neglected. Then, as a 
first approximation, take the flow field around the Pitot 
tube as that of a source of strength 5 in nonviscous flow 
of uniform velocity U. The "radius" of the tube a is 


a= VS/sU 
and the stagnation point i$ located at 


(14) 
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R = SAU = a/2 3 ЕТІП 
" Р: The Functions А and F; [cf. Eq. (21)} 
The velocity introduced by the source is then a = z—— 
fe d 
але ò 1,77245 o 
өз 1.73751 0.07020 
By calculating the viscous stress from this approximate 0а тена) m 
disturbance velocity, we have, for flow along the axis, n Н т ben been 
ә, 1 1.0 1.14328 1.42053 
ju 1 ӘР ишү 1. (16) 12 0.97825 1.88555 
“ы por ae 1.4 0.83480 2.35402 
1.8 0.71628. 2.81812 
Hence, if p» is the stagnation pressure and $° is the гв pens 227 
Static рерна, 22 0.48790 
1 іа 3.4 0.44090 
pa — p° = „рО? + ма? = == pl? — «9 2.6 0.40268 
2 204 2 p R 28 0.37100 Бани 
3.0 0.34420 4.87498. 
or ЖАК ceni. E s PATS 
era ipe es В im When the velocity of flow is high, we have an әдісі 
Br TUR 9 Vaal. (17) complication due to the shock, The conventional Ra 


For rarefied gases, the value of »/aU or the reciprocal of 
the Reynolds Number of the Pitot tube could be of the 
order of unity. ‘Then the dynamic pressure rise p» — p° 
is not the usual value */29U? but a value much less than 
that. In fact, previous investigations by Barker’ and 
Homann indicate that the Reynolds Number a'U/», 
where а” is the radius of the mouth of tube, mus? exceed 
30 in order to reach the usual dynamic pressure rise 
Үшін 


leigh formula for Pitot tubes in supersonic flow is based 
upon the assuinption of a thin shock wave ahead of the 
Pitot tube. Now the thickness of the shock is propor- 
tional to the mean free path. . Hence, in rarefied flows, 
the thickness of the shock will be so increased as to 
cause interference with flow in the neighborhood of the 
Pitot tube, This, together with the viscous effect rien- 
tioned in the previous paragraph, definitely shows, the 
inapplicability of the Rayleigh formula for supersonic 


. velocity of rarefied gases. 


(8) Hor-Wrn& ANEMOMETER 


With the great complic: 


one is naturally ied to the thought of other avenues of approach, One possibility is the use of hot wires. 


ns in applying the conventional velocity-measuring device to superaerodynamie flo 


Tf the 


wire diameter is of the order of 0.0001 in. and if the pressure of the gas stream is approximately 100 microns, the 
satio of the mean free path to the wire diametér will be approximately 150. Therefore, the flow around the wire is 
definitely the free molecule flow.? Thus we have a simple physical situation, whieh is an improvement over the 
rather uncertain circumstances of mixed dynamic and viscous effects for the measurement of velocity by a Pitot 
tube. It therefore seems worth while to explore this possibility by a trial calculation of the performance of such a 
hot-wire anemometer. 

If 0 is the inclination of the solid surface to a gas stream that has a macroscopic velocity (7 апа a Maxwellian 
molecular velocity distribution, the translational energy of molecules Zi, incident upon the unit area is 


Га, = р ELE esee (e + i г) + у sin (C e+ E ЭГ жеу C sin oni (18) 


ут 
where с? = 2RT, Т із the temperature of the gas stream, and erf is the error func! Now let г be the radius of 
ional energy 


the hot wire, Then the total energy E, incident upon а unit length of the wire is the sum of transla 
and internal energy. If c, is the specific heat at constant volume, this total energy per unit length of wire is 


Тұз П T эша 
Пе + R+ ey] f. er Unit д 4 
3 2 -172 


С 1 as 
vil TA Т me 


= 


ЕТЕ) 


sin “| и (19) 
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‘The integrals in Eq. (19) can be expressed in terms of tabulated functions (see Appendix). Thus, 


E, = per б u+ (8 + a) rs a * G URGE ar] ШӨ (20) 


/2 
LÀ eure) sae -aua ү, [1 
F (% )- s s а = Ме E G z ) ер 


aD Saapa) A GaGa] en 


The J; and Z; are the modified Bessel functions of the first kind of orders zero and one, respectively. The functions 
F, and F, are tabulated in Table 1. 


Uf Te is the wall temperature and а is the accommodation coefficient, the difference between the energy E, inci- 
dent upon the surface and the energy E, carried by the molecules re-emitted from the surface is given by 


E, — E, = «Е, ~ Е.) 


where E, is the energy that would be carried away by the molecules if the re-emission were at the temperature T, 
of the wire. Therefore, 


B-E = EE v a)r- тә]{Ё)+[$ P+ Rear - тә| (2) оз 


This difference of energy is then the net energy input to the wire per unit length of the wire by the air stream. 

Ii fis the electric current heating the wire and 0 із the resistance of the wire per unit length at the wire tem- 
perature, the heat input per unit length of wire by the heating current їз #П. "Heat is lost from the wire by radi- 
ation. If ois Stefan-Boltzmann constant and eis the emissivity of the wire surface, the radiation heat loss per unit 
length is Отто". Therefore, if the wire has reached a steady condition, the heat balance requires 


e VRE {р BE ve (ncs T- тә]+ 
A ay U4 (R+ QI - Т) 


+ #0 = 2wreT. (24) 


‘This equation can be put into somewhat simpler form by using the following relation: 
R= c= с. = су — 1) (25) 


Furthermore, if we take Ty as the reference temperature at which the resistance 9 is fly and the corresponding 
temperature coefficient of the resistance is В, the resistance б can be expressed as 


R = QI ST. — 701 (26) 
Now let B 
A = 9/0. (27) 
Thea, from Eq. (20), 
ТЫТ = © — 0/87] + 1 (28) 


Now introduce ро as the reference density and % as the reference heating current; then Eq. (24) can be written as 
1+ 
TVA lyt _ вт, 
smog ele s - 72) 
"EE 
LET ВТ, ||| ғ \, fi)? 
"(2 ety сік T/To rH 


The particular values of the reference temperature To, the reference density рь, and the reference current $ are 
not yet fixed. We fix these quantities now by requiring that 
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AT, = 1 (30) 
aps RT) A dies Tv! = 1 (3) 
0 2ттесТо = 1 182) 


Then Ва. (29) simplifies into 


уту" 
xs (LY 
T. 


енче н 6 0 
r (Up (TY +1. 1- e ЧЕ beaks A(GY m 
(OU tial СО у= FMT, ® 

This is then the performance equation of the hot wire in free molecular flow. 
Now let us investigate in greater detail the case of a bright platinum wire. To satisfy Eq. (30), Te = 49998. 


The value for « and a сап be taken to be 0.08 and 0.90, respectively. ‘Then Eq. (31) gives the corresponding pres- 
sure ps for py and То as 


р = r Ме Ть/а VRT, = 3.37 microns 
Let the radius r of the wire be 0.0001 іп. Then Eq. (32) gives the reference heating current % as 
% = VFureoT'/% = 0.274 milliamp. 


where the resistivity of the platinum is taken as 10.96 X 10-* obm-cm. Therefore the order of magnitude of the 
different quantities is entirely satisfactory. 

If the'wire is used with a constant heating current, then Eq. (33) can Бе used to calculate the relation between the 
resistance ratio А and the velocity ratio (U//e) at constant air-stream density and temperature. This is done for 
p/h = 1, T/T = 1, and i/i = 1,4 and the result is given in Fig. 6. It is seen that the sensitivity of the instru- 
ment is good. Of course, the behavior of the hot-wire anemometer will be actually determined by calibration for 
any experiment. Since the performance of the wire is strongly influenced by the accommodation cóefficient a, as 
shown by Eq. (29), it will be necessary to find materials that can hold this coefficient constant for a considerable 
period of time so that no frequent calibration is required. However, the present analysis seems to indicate the 
feasibility of such an instrument for measurements in rarefied gases, and further research is definitely desirable. 


* The author is indebted to L, Mack for the numerical computations. 


(4) PaxAMETERS OF FLOW functions of the molecular velocity distribution. 
__, Therefore the interaction of the molecules with the wall 
The two parameters that are directly connected with | Я 
the flow field are the Reynolds Number Re, defined os | tht seme only if the wall temperature, the gas п. 
Re = UL/v? (where ›° is the kinematic viscosity, L is m 
the typical linear dimension of the body), and the 
Mach Number M? of the free stream. This is true 
ever for slip flows and free molecule flows because of the 
fact that the ratio of thean free path to the typical di- 
mension can be also expressed in terms of the Reynolds А 
Number and, the Mach Number. 
However, as the pressure or density is reduced, the 
solid boundary of the flow enters actively into the flow 
conditions by requiring not only that the microscopic 
stream velocity be tangential to the surface but that the 
interaction of the molecules and the wall be considered 


and that the radiation of energy to and from the wall be в ШЕ | 

taken into account. The interaction of the molecules i 

with the wall is so far expressed through the fraction s ur. шир) 

of molecules that are diffusely re-emitted from the wall m 

and the accommodation coefficient а. Itis known that Жо. 6. Resistance ratio of a round platintm wire of 0.0008 
diameter, heated by a constant current of 0,274 milliamp. 


both s and а are functions of the temperature of the |5: diameter, heated, Бу а cons pep dore 
wall, and there is reason to believe that they are also резпут. U/e = V372 M; M = Mach Number of ait stram, 
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perature, and the Mach Number of the gas above the 
wall аге the same. These considerations seem to indi- 
cate then that for the model test to be similar to the 
prototype, the model must be made of same surface 
material as the prototype, the fluid must be the same, 
and, furthermore, the following parameters must be the 
same: (1) Reynolds Number, Re; (2) Mach Number, 
M^; and (3) free-stream temperature:T°. 

The radiation heat toss irom the surface is equal to 
«Т, per unit area. However, if the model is sur- 
rounded by the walls of the test chamber, there is also a 
beat input due to radiation from walls of the test section 
to the model. Let us call this quantity 4. Then the 
net heat loss per urit area of the surface of the model із 
«Ty — ge This quantity can be rendered nondimien- 
sional by dividing it by p*Uc,T^. Call this new para- 
meter Ay; then 

As = КТ — а) Uc, T]. (за 
For the prototype, the heat from the walls of the test 
‘chamber is absent, but there may be solar radiation and 
the radiation from the earth and surrounding atmos- 
phe? Denoting this ainount by g, the parameter А 
for the prototype is then 


А = (юТ„* — g)/p? Uc pT? (35) 


In order for the flow also to be same with respect to the 
radiatien heat transfer, 


А-А, (36) 


Because of the previous conditions on the Reynolds 


Number and free-stream tentperature, Eq. (36) is the 
same as 


eec - в) = РЫБ (37) 


where La is the typical linear dimension of the model 
and L is the typical linear dimesision of the prototype. 
‘This means that the wall temperature of the test cham- 
ber must be so controlled that д, satisfies Eq. (37). 

This set of rather strict similarity rules for model 
testing in superaerodynamic flows is certainly difficult 
tosatisly. In what way the rules can be relaxed is the 
problem of futuré research. 


Appendix 


EVALUATION OF THE Functions F; AND Fa 


For the function Fi, 
B 


AQ) = 2. TIN 


я d 
"om 
qn EYDN eost gg 


ve 


P (2) 


where Jo is the médified Besse} function of first kind and 
under zero. The last step is made possible by the sub- 
stitution 28 = у, 

For the function Fa, 


va 
ЕФ = / ya EMO) [L + 27510 = 


- 
/ (а sin Ө) erf (в sin 0) d8 
ә 


By the definition of the error function, we have 


F(z) = evo f^. 2 sin 6 fe 


This form can be simplified by partial integration. 
Thus 


Fela) = (аук) 27 
= МР ДУ? (1 + cos 20) a7 dg 


7" ds) 40 


712 cost д eT” че" gg 


Therefore 
Ra = м? =) + ДЕ 


where J, is the modified Bessel function of first kind апа 
order one. 
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Airfoils in Slightly Supersonic Flow 


HSUE-SHEN TSIENt ann JUDSON В. BARONY 
Massachusetis Institute of Technology 


Буммлвт 
Ар investigation is made to determine the performance of 


simple thin airfoils in the slightly supersonic flow region with the 
sid of the nonlinear transonic theory first developed by von 


asymmetric wedge airfoils, and curves are plotted. Sample 
curves for a fiat plate and a specific asymmetric wedge are plotted 
on the usual coordinate grid of Ci, Са, and Сал, versus angle of 
attack aud Су versus Mach Number to illustrate the apparent 
features of nonlinear flow. 


INTRODUCTION 


ECENTLY, THEODORE VON KÁRMÁN! has derived a 
set of similarity rules for flows around slender 
bodies in а stream having close to sonic velocity. He 
called this set oí rules the transonic similarity rules. 
Essentially, the results аге as follows: If à is the thick- 
ness ratio of the body, a the angle of attack of the air- 
foil, C, Ca, C. the sectional lift, drag, and moment 
coefficients, respectively, then 


Cio/8) = (^T LK) 
Cdad) = рю 


а) 
Q 
and 
сие) = в MK) @) 
In these equations, K is the similarity parameter de- 
fined as 
K = (KAP? — D/mà"] @ 


where Af is the free stream Mach Number and Г is a 
parameter of the property of the fluid—i.e., 


T = (v + 1)/2 (5) 


where is the ratio of the specific heats of the gas. 
Furthermore, if £ is a nondimensional parameter, such 
as percentage of chord, designating a surface point on 
the airfoil, then the pressure coefficient, C,, at that 
point is given by 

September 18, 1948. 

paper ia based on a thesis by J. R, Baron, under the 
direction of tbe senior author, gubmitted to the Graduate School 


in partial ful&llment of the requirements for the degree of Master 
of Science in Aeronautical Engivecring at Massachusetts Insti- 
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‘The appropriate differential equation for such tran- 
sonic flows is, however, nonlinear and, in general, dif- 
ficult to solve. For the special case of slightly super- 
sonic flow, the problem is, on the other hand, much 
simpler, since the exact solutions associated with this 
problem, the oblique shock and Prandtl-Meyer flow, 
are known. The task is then simply to reduce the 
exact solutions ta forms that are appropriate to tran- 
sonic conditions involving the parameter K. This is 
indeed already indicated by von Kármán? himself 
‘The purpose of this paper is to complete the calcula 
tions of von Kármán, to render them more systematic 
and then, finally, to apply these results to calculate the 
rather peculiar aerodynamic characteristics of simple 
thin airfoils in slightly supersonic flow with shocks at- 
tached to the leading edge. 


OBLIQUE Ѕноск 


Let В be the shock angle—i.e., the angle between t 
free stream and the shock front—and let 6 be the angle 
through which the flow is deflected. ‘The basic oblique 
shock relations? are then 


Bo щие ҮШІ п 
roan аур 4 
and 
tan (8 - 6) v-1 z 1 6) 
taney hI ty Е Mains, 


On the other band, the pressure coefficient C, for a point 
on the surface is given by 


С, = (2/уМ Фур) — 11 G 
In the three equations, Eqs. (7), (8), and (9), the two 
quantities 8 and (p/p*) can be eliminated. The re- 
sultant relation is 


ыыы" 


Sfi- Cr 
al ( axe) O 

Eq. (10) is the exact oblique shock relation, For the 
transonic conditions, 0 is small and is equivalent to $ 
in von Kérmán's formulas. Thus 


K = (1/2)0М°° - 0/09] (ш 
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From this equation the free stream Mach Number, 
МУ, can be expressed in terms of K and 9. In fact, 


1M* 20 —2KQ)^ +... Q2) 
. The appropriate form for the pressure coefficient is 

©, = CE PK) (18) 

where 50? is the pressure function associated with the 

fow after the oblique shock. Then Eqs. (12) and (13) 

can be substituted into the. general relation, Eq. (10), 

and, by taking only the lowest order of terms, an ex- 
pression for pt? is obtained: 

1 = (pot/4)[2K — (p/2)] (14) 


Eq. (14) is a cubic equation for $°. То solve this 


equation, it is convenient to put 
= 2/ро (15) 


‘Then Eq. (14) is converted into the normal form of, 
cubic equations, 


f-Gkel-0 а» 


According to standard solutions,* the character of the 
wrote of this cubic equation is dependent upon whether 


(1/4) - (8/27)K* 


is greater than, equal to, or smaller than zero. In the 
first case, there will be one real root and two complex 
conjugate roots. The complex roots have, of course, 
жо physical significance and need not be considered 
further. However, the single root ia пербіуе, as сап 
be seen from Eq. (16) by making K extremely small. 
Negative f means negative PU. But physically the 
бот is compressed by the shock, and thus p™ must be 
positive. Therefore, no useful solution exists for 


Q/4 — [6/2NK*] > 0 
When K is equal to the critical valve K* such that 
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._ Variation of function with 
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(1/4) — [(8/27)(K*)*] = 0 


Kt = (8/2)(1/4%) = 0.945 ат 


there are two distinct roots: f = 1/2" and f = -27, 
The second root is again without physical significance. 
Corresponding to the first root, the critical value p% 
is 


PUK) = 2% = 2502 


K* is actually then the lowest value for K, or the 
value for 0 at a given М, for which the result has physi- 
cal significance. This value of K must then corre- 
‘spond to the maximum flow deflection or critical condi- 
tion for attachment at the leading edge. This checks 
with the calculation of von Kármán. 


ae 


fee nim of K, the physically meaningful 
nena ygren(*5*)] on 
and 
кен (te) ш 


where ¢ is given by 
cos е = (1/4) V (27/2)(1/K") (21) 


Since К > K*, e is greater than zero but smaller than 
(4/2). Under these conditions, 549 > $9. ры 
then corresponds to the weak shock case, ап фо 
corresponds. to the strong shock case. Following the 
general practice, фу! will be used for attached leading- 
edge shocks. 

The numerical values of ф/9 and ра are tabulated 
in Table 1, and the data are plotted in Fig. 1. ро 
can be expressed as an inverse power series of К. Cal. 
culation shows that 


585 


AIRFOILS IN SLIGHTLY SUPERSONIC FLOW a 


0.25000 , 0.11048 


"E zx 41422 + 


KH Ki 

и 03987 A + 

керы р 
oe Re ] 2) 


The fret two terms of Eq. (22) agree with von Kár- 
mén’s calculation. Не did not consider the additional 
terms. 

Let p* denote the critical pressure corresponding to 
local sonic velocity. Then for isentropic flow, 


1 piri 
an: - | 


(y + 1)/2 
The corresporiding pressure coefficient, C,*, is then, 
according to Eq. (9), 
2 god ый 
or = яч то -0] 2j 


When M? ~ 1 for transonic flows, the above equation 
simplifies to 


с = n - yr (23) 
The flow after the strong shock is always subsonic. 
Sonic velocity after shock can only be associated with 
the weak shock. But it is known that the entropy 
change of a weak shock is negligible, and therefore 
Eq. (23) can be used for the weak shock case. 
In general, as shown by Eq. (13), 


C, = [(М°* — тугрик) (24) 


By comparing Eqs. (23) and (24), the critical value of 
(Ф192)? corresponding to local sonic velocity after the 
shock is 


pK = 2 Qa 


where К, is the value of К corresponding to (p,(0)* 
By dividing Eq. (14) by К?, 


B-Ab] о 


and then substituting Eq. (25) into Eq. (26), the equa- 


tion for K, for sonic velocity after a shock is obtained: 


K,-t (27) 


Thus, for supersonic velocity after the leading edge 
shock, K > 1. 

For airfoil calculations, one will also need the ratio 
(AP — 1)/(M** — 1), where M is the Mach Number 
after the shock. This can easily be determined by 
noting that in general for isentropic flow 
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l1 £ + © = D/ + De: - p 
р r(o-)0/0*2)0070 


where both (М? — 1) and (M* — 1) are smal! under 
transonic conditions. Then Eq. (9) gives 


С, = (Ge? — 1)/г]{1 — Км: - o/OP* - 1) 
es) 


By combining Eqs. (24) and (28), the required ratio is 
given as 


Qn — ПМ: — 1) = 1 = (1/2)(6/K) 09 
This formula is, of course, generally true. If the value 
pis taken from Eq. (19), then the ratio will be that: 
for the weak oblique shock. The numerical values 
are tabulated in Table 1, and the data are plotted ir 
Fig. 2. 
PRANDIL-MEYER EXPANSION 


If g is the velocity and @ is the angle of turn during 
expansion, the Prandtl-Meyer expansion is determined 
by the relation* 


dq = айуу Mi —1 
However, in general, 
dp = –ра dg 
Thus, by eliminating dg from theae two equations, 


dp = сю de/V М? — 1 


CORON 


Now since the expansion is adiabatic, 


or 


(80) 


Jory io 


Thus by using the isentropic relations, g* can be calar 
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lated from the above equation as 
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Ahese relations, together with Eq. (9), then convert 
Eq. (80) into 


ум Т 2 2 ( ум ү] 
ес, 4 (1+ 3 9) zattan lt TO © 
= ма Tony V 
“еей еу 
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This is the exact equation. It can be simplified by 
noting that for transonic conditions C, is small and 
A is close to 1. Then, expanding the terms on the 
right-hand side of Eq. (81) into.a power series of Cp, one 
finds that the significant terms are 


D T ш 
= – (Mt — 1) (1 Эн <) (32) 
Now, similar to Eq. (24), one can write 


” ме-і (2) 
K 


e" 
= = pK) = = 
© = pa POR) sr 
әне p is the pressure function associated with 
the Prandtl-Meyer expansion. Eq. (32) then be 
comes 


(33) 


lg @ (рау rm 

$^ к\к) №2 - (p/K) (0) 
This can easily be integrated. The result is 

[2 — (ф®/куү^ = @/K%) + c (85) 


here Сіз the integration constant. To determine the 
constant, note that, when 0 = 0, no change is made in 
the free stream and C, = 0. Then, when K — œ, 
p/K +0, Hence, the constant in Eq. (85) is equal 
to (2^. Then Eq. (85) сап be solved for 009, and 
the result is 


99 = (2K — @К)* + 31^] (36) 

Therefore, when М? = 1, and thus К = 0, the pres- 
sure coefficient is. proportional to 67, or 

G= – КӘТ) m=) qm 

This is in agreement with von Kármán's calculation. 

For other values of К, the pressure function, p, and 

the ratio (M* ~ 1)/(M*? — 1) are tabulated in Table 

Lend plotted in Figs. 2 and 3. 


Fiat PLATE ARFON 
The aerodynamic coefficients of an airfoil can be 
obthined by integrating the pressure coefficients over 


the surface of the airfoil. If the local suríace inclina- 
tion to the free stream is 0, the sectional coefficients are 


с - шә f Crone ~ оқа 
G = ауд f (Сы — С) 
(inea | 89 
тСал = (Ид $ (Crown — Ск.) 
IC. P. — (6/4) lex 


where ¢ is the airfoil chord and C. P. is the center of 
pressure. 


now a flat plate inclined at an angle, a, to 
the flow such that an oblique shock and a Prandtl- 
Meyer expansion take place at the leading edge of the 
lower and upper surfaces, respectively. By integrating 
Eqs. (38), noting that sin a may be approximated by 
а, and utilizing Eqs. (13) and (33), one has 


сх о -(аУут L(K) 
С. = PEK) (89) 
— Crepe = (МЭС, 


where L(K) = [a — p®] and К = (M°? — 1)/- 
жагу”, 
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Rearranging Eqs. (39), the aerodynamic coefficients 
may be plotted in a simple manner involving only the 


106 function L(K). Thus, 
r^ "^ r^ 
ЦК) = да Cu an аз —4 а Coen (0) 


‘This has been carried out іп Fig. 4. Curves of Ci 


versus M" and C, versus a have been calculated from. 


these data and are presented in Figs. 5 and б. Drag 
and moment coefficient curves can be seen to be similar 
to the lift coefficient entve with only a change in the 
écale of the ordinate. Data obtained by the use of 
Ackeret's linearized theory have been included with 
the curves for comparison. Two features аге immedi- 
ately apparent from the figures: First, the lift versus 
angle of attack curve is not a straight line as predicted 
by the linear theory but has a definite ipward curva- 
ture; secondly, the predicted lift is at all times greater 
than Ackeret's prediction, and this difference increases 
with increasing angle of attack. 


AsYwMETRIC WEDGE AIRFOIL 


As an example of finite thickness airfoils, consider 
now the asymmetric wedge depicted in Fig. 7. Denot- 
ing the vertex angle at the leading edge by 0, Table 2 
lists the C, and K for each region of the airfoil. It 
should be noted that the C, for region (2) given im 
Table 2 is relative to region (1). Account may be taken. 
of this by noting that 


еше” vd x 4 


= (Соне to + (СУ: 
region (3) 


ы 


(а) 


to the order of magnitude of these calculations. 
Since all angles are small, the coefficients may be 
written in integrated form as 


Ch = Ge - C/G ~ аль 
с. = «са (1/2908 — XC — 

UDOT ac | 689 
= Case = (DGA – (СМ 


In order to transform Eqs. (42) into a form similar 
to Eq. (40) for the flat plate, two parameters, К» and 
т are now defined such that 


Ky = (1/2) (** — 1)/(0)^] аз 
and 
т (0/9) (44) 


The expressions for K and C, in terms of these param- 
eters are tabulated in Table 3. Taking into account 
Eq. (41), Eqs. (42) can now be written 
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Fro. 6. Variation of section lift coefficient with angle o: attack 
"for the flat plate airfoil. 


ANGLE OF ATTACK, 
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c^ = жалық» = @ - pK) - (2) AK) | 

= L(K, m) 
сагу = т К) +а- mp) — (BTA + mK) 

= (К, т) am 
СРВ) = (A/D m "p (Ko — (PAK) 

= М(К,т) 


where the right-hand sides of Eqs. (45) are functions 
only of К. and m. These are the similarity relations 
for the asymmetric wedge airfoil. Calculations have 
been carried cut and plotted in Figs. 8a, 8b, and 8c, 
for a range of values of 0 т £ 1 and 0.632 £ Ky £ 
190. The chosen upper value of K, was approximated 
by using a free stream with М" equal to 1.30 as a maxi- 
mom anda wedge with 0 = 3° as a minimum. The 
chosen lower value of Ky was determined by allowing а 
small range of values for m in which the present theory 


is applicable, ‘The theoretical value of K, — o—ie, 
either a flat plate or a wedge in a stream of infinite 
Mis seen to lie along the horizontal axis. Note, 
in Figs. 8a, 8b, and Sc, the limiting line for an attached 
shock (Къ = 0.945) at the leading edge when approxi- 
mately 0.55 Z m £ 10, and note also the limiting 
line for sonic low (К; = 1.0) in region (1) of the airfoil 
when approximately 0 £ т £ 0.55. The latter is a 
necessary condition for applying the Prandtl-Meyer 
flow in region (2). 


Рю. 7. Asymmetric wedge airfoil. 
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Fis. 9. esa о ык И мыры with Meca Мания. 
for the asymmetric wedge airfoll. (8 = 3°.) 


As is to be expected, for the asymmetric wedge, zero 
lift occurs at a small angie of attack. It should be 
noticed that, as Ky increases (Fig. Ва), the lift versus 
angle of attack curves become linear. This can be ex- 

i і the two variables that deter- 
mine Ke: M°and é. If #їз considered constant, then 
Ко increases аз М? increases, and thus, for Mach Num- 
bera much greater than 1.0, the lift curve is linear, as is 
well known. Considering, on the other hand, М con- 
stant, then K, increases as the wedge becomes thinner, 
and the ratio m represents a smaller variation of angle 
of attack. In the limit, when К, — c, the representa- 
tion is that of a flat plate at zero angle of attack for all 
values of m. 
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Fio. 10. Variation of section lift coefficient with angle of attack 
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Fic.12. Variation of section moment coefficient (shout quar- 
ieg chord) with angle of attack for the asymmetric wedge ab- 
fol. ( = 3°, 


To illustrate the pature of the coefficients in the 
usual form, calculations have been carried out for the 
сме of @ = 8° and are plotted in Figs. 9 through 12. 


Fig. 9 shows that, at smail angles of attack giving 
positive lift, the lift coefficient actually increases with 
inctease in Mach Number. This is a behavior not 
predicted by Ackeret's linear theory, which requires a 
decrease in lift coefficient with Mach Number according 
to the factor 1/(M™ — 1). 
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Summary 


An essential feature of the interaction. plieuomens between the 
‘compression shock and the boundary tayer is the coexistence of 
parallel streams of subsonic and supersonic velocities. ‘The com- 
pression disturoauce of the shock is propagated "ahead" of the 
shock through the subsonic portion of the boundary layer, and 
“softening” of the shock takes place. It is the purpose of the 
present paper to demonstrate definitely this essential feature of 
boundary layer-shock interaction by using a simaplified model. 
The boundary layer is replaced by a uniform subsonic stream of 
finite width, bounded on one side by the solid wall and on the 
other side by the interface with the uniform supersonic stream of 
infinite extent. flow fields of two cases are analyzed in de- 
tail! (a) а compression wave in the supersonic stream incident 
upon tie subsonic layer, aud (b) outgoing compression waves 
generated by a sudden change in the slope of the solid wall. 
Both types of disturbances are assumed to be small, во that lin- 
carization of the differential equations is possible. А general 
result is that the distance of upstream propagation is directly 
proportional to the width of the subsonic layer’ ‘Therefore, 
when the boundary layer is turbulent and the subsonic layer is 
vatecmely thin, there is negligible softening of the shock. 


INTRODUCTION 


"Ге PHENOMENON OF INTERACTION between the 
shock and the boundary layer in supersonic flow 
over а solid surtace, as first explicitly demonstrated by 
Ackeret, Feldmann, and Rott,’ and then by Liepiaun,* 
has aroused great interest among the investigators of 
fid mechanics. However, because of the great com- 
plexity of the phenomenca that involves both viscous 
heat-conducting effects aud the eifects of compressi- 
bility, it bas not been possible to give a complete ac- 
count based upon the first principles. The above- 
cited authors themselves have tried to elucidate some 


Presented at the Fluid Mechanics Session, Seventeenth Anual 
‘Meeting, LA.S., New York, January 24-27, 1949, 
* Phi: paper is based ou work supported in pert by the Rureau 
vi Ordnance, U.S, Navy. 
+ Professor of Aerodynamics, 
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features of their experimental observations. А inure 
conscientious effort on the qualitative relations in the 
interaction of shock and boundary layer is that of 
Lagerstrom* introduced the effects of viscosity 
and heat-conduction into the discussion of general 
compressible flow outside of the boundary layer. Ноя. 
ever, in order to make the mathematics involved tract- 
able, he limits himself to the consideration of small dis- 
turbances and is thus able to linearize the differential 
equations. Under this assumption, the velocity at 
every point of the flow field has to be extremely close 
to the free-stream velocity—.e., the flow is completely 
supersonic. On the other hand, it is the general belief 
of the investigators of the interaction phenomenon that 
one of the essential features is the coexistence of sub- 
sonic velocities іп the boundary layer with the supet- 
sonic velocities in the main stream, This important 
fact is most clearly demonstrated by Howarth in a re- 
cent paper! Howarth considers the problem of effects 
of a disturbance generated in a uniform supersonic 
stream that is buunded on one side by an interface with 
a uniform subsonic stream. Both regious are thus of 
semi-infinite extent. By assuming smali disturbances 
and a perfect compressible fluid, he shows that the dis- 
turbances are propagated upstream through the sub- 
sonic region and that there is a region of expansion i 
mediately behind the point of incidence of a compres: 
sion wave in the interface. 

Howarth’s results are iu genetal agreerhent with ex- 
perimental observations on the shuck and borndary- 
layer interaction. Thus the coucept that at least one 
of the essential features of this phenomenon is the co 
existence of subsonic Вож with supersonic flow is 
proved quantitatively. The purpose of the present 
paper is to continue this line of attack and to improve 
Howarth’s model for the real flow. The boundary layer 
is simulated by a uniform subsonic stream of блім. 
width bounded on one side by a solid wall and on the 
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other side by the interface with a uniform supersonic 
stream of semi-infinite extent. -The fluid is assumed 
to be nonviscous and nonhest-conducting and the dis- 
turhances ere assumed to be amall. Two cases will be 
considered. First, the case of an incident compression 
wave from the supersonic stream on the interface will 
be studied. Second, the wall is assumed to have a 
break with a small constant slope after the break. For 
both cases, the pressure distribution at the interface 
and at the wall will be calculated. The results can 
then be used to interpret the experiments on the inter- 
action of shock and the boundary layer. 


INCIDENT WAVE 


Let the x-axis be parallel to the undisturbed flows and 
coincide with the undisturbed interface (Fig. 1). Рог 
y > 0, the flow is supersonic, and quantities there will 
be denoted by the subscript 1. Let the line y = —b 
represent the solid wall. For —b < y < 0, the flow is 
subsosic, and quantities there will be denoted by the 
subscript 2. Furthermore, the pressure, the density, 
and the Mach Number wil! be denoted by р, р, and М, 
respectively, Then M, > land M, < 1. The lin- 
earized differential equation for the disturbance velocity 
potential y in the supersonic stream is 

(Ма — Oad) — (way) = 0 (1) 
The general solution of this equation can be written аз 
я = Де УМа-1у +8 - VM-i) (2) 


where f and g are arbitrary functions. If the undis- 
turbed flow is in the positive x-direction, then waves 
represented by the first term on the tight of Eq. 
(2) are the incoming waves. The second term rep- 
resents the ontgoing waves originating from the inter- 
fice. 

To fix ideas, the form of the function f will now be 
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where U; is the undisturbed velocity in the supersonic 
stream, ande, 8 are constants. ‘The reason for choosing 
this form for f will be clear presently. By differentiat- 
ing the potential л with respect to x and y, one obtains 
the х and y components % and n of the disturbance 
velocity in the supersonic stream, Therefore, the dis- 
turbance velocities of the incoming waves in the 4 and 
у directions are 


e-+ RR o 


= Ул 


ее + VITA 
and 
— Ui eec VERTU, fore + WME ly > 0 


For x + УМ — 1у < 0 there в по disturbance. By 
making В — 0, the incomimg waves then degenerate 
into a single compression wave with a deflection angle 
equal to «, and the origin of the x, y plane is the point 
of incidence of this compression wave with the inter- 
face of supersonic and subsonic streams. 


For convenience of calculation, the discontinuous form of the disturbance velocities due to ideoming waves can 
be written in the equivalent Fourier-integral form. This is possible by noting that 


€i» OQ i 


02< 01 so 


| ES 
ем + А sin aah an 


Pie e 


Then the potential of the outgoing wave should be also written in the form of a Fourier-integral. Thus, 


к VMP 


d vf lem sin Ms — VM; 


TAs) +в) cos Me = VIA IND) 


where Ailà) and ВХ) are the undetermined Fourier ooeíficients. Аз will be shown, the quantities of particular 


interest are the dis 
of Eq. (4). Thus, 


velocities at the interface. These can be obtained from Eqs. (3) and (Б) with the aid 
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The linearized differential equation for the disturbance velocity potential өз in the subsonic stream is 
а — Ма)? e x?) + (0? рд?) = 0 в 
‘The appropriate form of solution for the case concerned із 


«= о, f cosh XV/T — My + 8) [A40) sin Ах + ВЫХ} cos Mc] d [^] 


where 44A) and В.А) are again the undetermined Fourier coefficients. 


That this form of s satisfes the differen- 


tial equation can be easily verified. The boundary condition on the wall is 


225. = 0 


This condition is satisfied also by pı specified by Eq. (9). 


subsonic side are thus 
Haye со = Ur 


and 


шу. о = CSV 


maf sinh АУТ 


[costs AVI МЫЛА) cos kx — АВК sin Ax} dd 


ag 
At the interface, у = 0, the disturbance velocities of the 


ay 


Mab АУА) sin Ах + ABCA) соз Axe} dd аз 


In the solutions for supersonic stream and subsonic 
stream, there are four unknowns Аз, Аз, В, and By. 
These have to be determined by the conditions at the 
interface. Since the disturbances are assumed to be 
small, the values of quantities at the interface can be 
always taken at у = 0, the undisturbed interface. The 
physical conditions to be satisfied at the interface are 
equal static pressure and equal inclination of the flow. 
Since under undisturbed conditions the static pressures 
in the supersonic stream must be equal to the static 
pressure in the subsonic stream, only the change in 
static pressure due to the disturbance velocities needs 
to be considered. The change in static pressure is 
equal to — 0и under the assumption of small disturb- 
ances; thus 

рили у = +0 = — раша у = ~0 (13) 
The condition for equal flow inclinatica at the interface 
is, similarly, 
tye 4 0/ Ui = ә, ~ of Ud (14) 
Eqs. (13) and (14) are then the required conditions at 
the interface. 

By substituting Eqs. (6), (7), (11), and (12) into 

Eqs. (13) and (14), one can then equate the correspond- 


ing Fourier coefficients on the two sides of these bound- 
ary equations. With some reductions, the resulting 


594 


equations from Eq. (18) are 
м, 


cosh (МТ — АА) = 


Ai) — 


r 8 
Wig i bet x] 49 


А Bae 
BO) — шы cosh (ФМТ MDB: 
д 


nis from Eq. (14) one has 
D — Ма 


sinh ОРМ MA BQ) = 


AQ) У 
My 


ті 
О Bor 
T Win slat E 
h (УТ M44) = 


EI TIR г. (кте +) ® 


Eqs. (15) to (18) are the four equations for the four 
unknowns 4, А», Bu and Bs. Solution of these equs- 
tions then determines the four quantities. For it 
stance, 
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[ жу cosh! (VT Mj) + 


iw Fa” 


à vU cec 
sinh (М1 — жә) aw 


‘There are similar expressions for A, and Bi. With the Fourier coefficients so determined, the solution of the proh- 
tem is then complete. 

However, the quantities that are of particular interest ure the pressure distributions along the interface and 
aloug the solid wall. If Ap is the change in pressure from the undisturbed value, then Ap = —pUu. At the 
interface, let the change in pressure be denoted by (Ap: then Eq. (11) gives 


Cap), = -nvi f. cosh V/V — МЫ ААА) cos Ax -- АВАЛ) sin Ае 


‘The integral can be evaluated after the 4; and 8 from Eqs, (19) and (20) are substituted into the integrand, Te 
simplify the resultant expression, it is convenient to introduce the following notations: 


1- мл 
My - 2] (22) 
GATTI? т 

Ju ty ] (29 


qui 


and 


Then Eq. (21) can be written as 


(DO de [ he A mae 
AUS T Lys Til t Л Varr Fp xl вши х 
М (B созда + А si » 


(8 + X) [cosh (2V 
Гг [A sinh (25/1 — МА) cos kx — В sinh (20V/1 — MP) sin Ae} dN on 
° (Bt + M[cosh (28V = МИХ) + cos 8} "S 
Now the problem can be greatly simplified by making 6 — 0—i.e., the incoming waves arc finally reduced to a 


simple compression wave with a deflection angle є. At this limit, the first integral of Eq. (25) becomes the unit 
Жер function 2(x)—ie., 


Ло) 1, #>0 


as 
=0, x«0f mm 


By the substitution A/A = s, the first part of the second integral is 


ы f B соз Айл Ша г ga КОРА ЕН 
m в (+ [cosh (25/1 = MGA) + cos 0) > 5-5? (st + 1)[cosh (ЭВМ 1 — MBs) + cos 8] 


$ bd т ж 
1+ а #1” 20 + созбу С 4 cos(9/2) 


“Denoting the limiting value of (Ap), by (Ар), 
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(ар) ? 1а da f = sin (SẸ/x)dS 
7а соз E + geing Hario, Sioi S F cosa] T 
dp, Pain S соз (56/2045 o 
kh S [cosh S + | en 
where 
5 = 2V - № (8) 
po refi Hle e» 


гіз thus the characteristic nondivensional distance parameter. The first integral іп Eq, (27) is an odd fuaction 
оѓ E, while the second integral is an even function of £ As shown in the Appendix, for positive values of 5, these 


integrals have the following values: 


sin(St/z)dS__ ow tach 
2x sin 8» <0 


-— 
ef сов 5 + cos 0] ~ 8 cost(@/2) 


and 


By substituting the values of these integrals into Eq. 
(27}, the pressure distribution at the interface for posi- 
tive t is, finally, 


ЕМ 
a 2% л? 


[i+ sin ӨР Ө], €>0 (32) 
же. 3E 


where the function F, ($; 8 is 


munire is Mee 


1 
gin Sy foes HE 
MEOS Б ТА 


(өз) 
By observing the proper symmetry of the integrals in 
Eq. (27), one сап easily obtain the pressuve distribution 
for negative values of Е: 


sin ВР Я, ESO co 


өмі Ў sin Fas 
in TG AE 
3* OTN A Бен S+ costi 


ARV, s 
UT Vie T 


n 


ее sn 
ты ait ® 


Е 5) 
in) 3» xd ud 
where 
ПЕСО 
ы = - У з 


rmn kd — (5 


‘fo determine the pressure distribution along the 
wali, сле obtains first, from Eq. (9), the a-cormponent 
of disturbance velocity uzat y = —b, the wall. “Thus 
with values of Aa and Bs from Eqs. (10) and (20), 


се Г 114,0) cos Ах — MB) sin АА 


The pressure change at the wall (35), can then be 
calculated as р/н (y = — 8). Now let 8 — 0 soas 
to obtain the value (Ap),* for a single corupression 
wave of deflection e The procedure of calculation is 
similar to that for the pressure distribution along the 
interface: The finat result is 


1 


PNE: 
+2 (2) / -ihg E N^ 
2 2\r/ Jo Sicosh 5 + cos 6] 


The frst integral in Eq. (36) is again an odd function of 2: and the second integral is un even funtion of è А 
given in the Appendix, for positive values of E, these integrals can be evaluated as follows: 


5. 5 
„ cosh зін 7 dS D 
Jo 2 (nw mew etm өм. 
m/e Sleosh 5 + cos0] , oe ө) (87) 
Jew rex" 2514 an 1- | 
iog > U 


596 


%0 JOURNAL OF THE AERONAUTICAL SCIENCES—SEPTEMBER, 1949 


ДЕ iei Stas n wine 
19... - сос wxm].. 0. o mmm) 


[seus credi ны БЕТТЕН ТЕК (38) 
T т 
for > 0. Then, for positive values of 5, the pressure distribution сап be written аз 
(ар»” Е 6 : 
Aem 1 - 2cos 5 F(t; 8), 0 (39) 
ар" VT z1 cos 5 PE {> ) 
where 
g Um t? + бо 

Fg) = iE. сеоздтгат ao 


Daal + Wa) 


By utilizing the symmetry properties of the falc in Bq. (36), one can immediately write down the expression 
for the pressure distribution along the wall for negative values of ё: 


аре E De" 
азат 2 cos 3 РЕ 0), E«0 (4) 
where 
hee + А 
FO = iE C» "тт (2) 


Eqs. (32), (34), (39), and (41) then give the formulas for computing the pressure distributions of interest 

For comparison with experimental observations on the shock-boundary layer interaction, it is of interest to de- 
termine the position of the displaced interface between the supersonic and the subsonic flows. Let the displace- 
ment from the undisturbed position be denoted by у. Тһе slope dy/dx of the disturbed interface is found by sub- 
stituting Eqs. (19) and (20) into Eq. (12) so that 


2 

^ НЫ г / 

ё мән т 
Jd) + 


f (шу sinh (АУТ — Mj) + wi = 


(8* + А2) fcosh (өмі өзі Mi 


Mey — 
Г КЕЗ sinh (Фут М) ay’ 
* (8° + Xn cosh (235 V/1 — МӘ) + cos 61 

Introducing ё, S and pa ssing to the limit 8 — 0, as above 


cosh $ sin 9 sin as ii sinb S cos S aS 
аа [7 So сем” E 
P Sica Sea] Signs РЕЙ 53 S feosh S + cos ó] 
It can be shown that, for £ > 0, 


“cosh 5 в#1(54/1)45 _ ж 
* $ {cosh 5 + cos#] 2(1 + cas 0) 


With Eqs. (30) and (31) and /(—1) = —1I(9, 


dy/dx = Зе sin 0 ЕКВ, t> 9 
= esin 0 АЕ 0), £«0 


Noting that the displacement vanishes far ahead of the disturbance, integration, with respect to E, of these re- 
ше gives 


K = = w cot 8 [F(E 0) — Fit; 8] 


(43) 
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с жон 


2b I Mg V "m 
E 


Since F;, Ё›— + © as EU, the interface slope is infinite at the point of incidence of the compression wave in 
the interface, However; it is easy to show that, where à is a positive quantity, 


Gb 
х-ы Хах 
Then, the limit as à — 0 is 


а Zeca 5 


This is a negative quantity. The si 
with the numerical results. 


ificanee of these calculations wil! be discussed in a later section, together 


INCLINED Watt 


In the problem of the inclined wall, the solid wall is assumed to have a small inclination efor x > 0. Forz < 0, 
the wall is parallel to the undisturbed streams of supersonic and subsonic velocities (Fig. 2). The x-axis is again 
the undisturbed interface between the semi-infinite uniform supersonic stream of Mach Number M, and the uni- 
form subsonic stream of width b and Mach Number M;. Since now tbe disturbances ail originate from the in- 


cfined wall, there are no incoming waves from the supersonic stream. The appropriate disturbance velocity po 
tential gi for the supersonic region із then 


wi J 7 а) sin Xx -VIRT 130 + 0) cos а — ММ — Ly) Id (465 


where a; and , are again the undetermined Fourier coefficients. For the disturbance velocity potential ез in the 
snbsonie region, one ean take 


= Ч G Г sinh XV/1 — Mey + b) 
И TVI ~ Ма 


d pun тее + 


Г cosh AVI М Ау + 9080) sin эх + М0) coe ја] a 


where a; and à, are the Fourier coefficients to be determined. The y-component v; of the disturbance velocity at. 
the wall, obtained by differentiating the expression in Eq. (47) with respect to y and then setting y = —8, is solely 
due to the first integral. Then, if 8 — 0, one has 


тусь = De x > 0 

=O х<0 
This means that for x > the wall is inclined at à small angle e from the free stream. Therefore the boundary 
condition at the wall is satisfied by choosing gs as given by Eq. (47). 

To determine the Fourier coefficients а, аз, b, and bs, the physical conditions at the interface as expressed by 
Eqs. (13) and (14) again have to be used. In other words, the velocity components at the interface from the 
supersonic side and from the subsonic side must be first obtained from the expressions for pı and ет, and then these 
values ase substituted into Eqs. (13) and (14). By equating the corresponding Fourier terms, the following eque- 
tions for the unknowns a;, аз, bı, and by are obtained: 


Mi'esinh AV 1 — seek Ot 
жм 


: 
m) — x cosh ОМГ M0) [eA] = ors тыу" 
— Mi 


) C 
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no) = FE cosh AVTE MA WO} = ма] d 
a + ү Д-Т am o VEA) |ы) = SORE Мы рз] € 
a0) — ү 2% вы УГ Gb ол = 9 КУТ: ) 
The solution of these equations yields the values for аз and by given by the following expressions: 
M54 me sink? 05 т оо = 
Xe xl x5) t E = TAGE | (52) 
(GE ЕТІ РМТ — Mi + КОЮУ; CU ho - 
cxlo apti en 


Similar expressions for а; and b; can be also computed. 


"With the Fourier coefficients so determined, the desired pressure distributions along the interface and the wa? 
can be easily calculated by following exactly the procedure outtixed in the problem of an incident wave, No de 
fails of calculation will be given here but only the final results, Рог the pressure distribution along the interface 


($0. 


М lcot(2). 1 е н 
hr = iet, ng ж 5 = сое ese] р> (ыу 
ші 
Aap MES ied - te бука ay + С M | 2 
ТЕН THLE Ат =" JO us Pen) eno оз 
‘The pressure distribution along the wall is given by (d — 0) 
(Арат 6 ] d 
Eco Set AG 6 
Q2». 12e; R9 E> 0 (36) 
and 
Jane еее Ps, ЕКО (80 


Чай VM-i 92 
In Eqs. (54) to (57), the functions Рі, Fs, Ға, and Fare functions defined by Eqs. (93), (35), (40), and (42) The 
variable 8 is connected with the Mach Numbers M, and M; as specified by Eus. (22) to (24). These equations 
then supply the desired informatie’: for the problem of ст inclined wali. The numerical results and the discus- 
sions of the results will be presented in the next section. 


It is seen 


NUMERICAL RESULTS AND DISCUSSION 


The parameter 6 occurs im all expressions for the 
pressure distributions. As shown by Eq. (22), it is 
connected with the Mach Numbers М, and М: and can. 
be taken to have the range from 0 to т. When 0 < 
М, < 1, the value of 8 increases to ж when the ratio 
MyM; tends to тето. When My > i but finite, 8 tends 
to 0 when Af; tends to 1. The general relationships 


between # and Mi, Ms are given by Fig. 3. 
that, if the representative Mach Numbers for the 
boundary-layer flow and the free stream are taken to 
be 0.8 und 2, then the corresponding value of @ in the 
flow model is approximately 34/4. ` This fact should be 
kept in mind when the theoretical results are compared 
with the experiments on the shock and boundary-layer 
interactions. 
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E 


The series for the functions Fs, Fa. Fa, and Ру as given 
by Eqs. (33), (35), (40), and (42) are suitable for numer- 
ical computation when 4 is large, since the convergence 
эз then extremely rapid. For small values of &, modi- 
fied series as given in the Appendix is more appropriate. 
F, and Ру have a logarithmic intinity at £ = 0, but Ру 
and Бу аге finite at £ = 0. Table 1 gives the tabulated 
values for these functions. 


‘The resuhis of computation for the case of an incom- 
ing compression wave are shown in Figs. 4, 5, 6, and 7. 
In these gfaphs, the abscissas are the characteristic 
nondimensional length t along tlie streams defined by 
Eq. (29), The physical distance ж for any value of Ẹ 
is thus proportional to БУТ — Ми. The width b of 
the undisturbed subsonic stream is then the measure of 
leugth in the problems concerned. The ordinates of 
these graphs are 


[Ap/ Q2) Url Qe Ми — D 


Since, under the general assumption of small disturb- 
ances, 2 compression wave of e deflection is associated 
with a pressure tise equal to 


(1/2) Ui Qs ME 


the ordinates of these graphs are then the ratio of pres- 
sure rise to the pressure rise caused by the simple in- 
coming cowpression wave. It is thea immediately 
сеп that the pressure rise far downstream of the point 
of incidence of the wave on the interface is twice as 
farge as the pressure rise for a simple compression wave. 
When an meorming compression wave is incident upon 
а solid wall, the compression wave is reflected as а com- 
pression wave, and the pressure rise after the reflection 
is twice as large as the pressure rise before the reflection. 
Therefore. except for the local interaction, the incom- 


D 


9%0,М,4 


^ 

Fro. 3. The Mach Number parameter 6 as function of Mach 

Numbers Mi and Ms in the supersonic and the subsonic streams, 
respectively. 


ing compression wave is reflected as if by a solid walt 
without the subsonic stream. 

Another feature of these graphs is that the pressure 
distribution along the interface has a peak at the point 
of incidence (ё = 0) of the compression wave. There- 


Tame 1 
ET — EET 
* Sa Е, Fa P5 к в ^ F, 
(0 = 0.2512 0.2512 = - 0.1940 9.3495 
0.05 0.6027 9,8937 0-2431 0.2431 0.8090. 9.6761 . 858 0.3416 
0:10 0.4825 0 4826 0.2343 0.2343 0.4010 0.8716 621771 0.3328 
0:25 0.3300 0.3368 0.2107 9.2307 10.2616 0 4335 0.1242 0.3079 
0:40 0.2620 0.2809 9.1887 -1897 0.1942 0.2611 0.1334 0.2835 
9.50 0.2975 0.2275 0.1785 0.1735 9.1027 9.3201 0.1204 0.2874 
0:75 0.1849 071640 ШЕЛ 9.1301 0.1104 012580 0.0907 0.2291 
1:00 0128 0.1248 ou 0.1121 0.0783 0.2094 0.0698 0.1982 
1:75 0.0561 0.0581 0.0548 0.0038 .0200 9.157 0.0282 0.1135 
2.30 0 0266 0-0286 0 0200 0.0280 0.0118 0.0056. 9012 9.0646 
3:00 0.0058. 0.0058. 0.0018 0.0213 0.0212 
"P A m 3r" 
L3 fe F, Р, Е № F, 
= - 9.1569. -5508 ә - 1.1776 
0 4520 0.9461 0.1486 (2754 0.4092 1.6056 1698 
0.3450. 0.8273 0.1401 5840. 0.3050 1.4595 11808 
0.2111 0.6803 9:75 MT [3771 1.8252 1.1308 
9.1405. 0.5868 0.0988. 355 0.1189 1.2821 1.1050 
03217 0.5344 0.0872 ағы 00985 11802 1087 
9:071 0.4027 0.0031 24202 0.0552 1.0872 198 
0.0513 0.3903 00448 0.0345 1.0125 99717 
9.0136 0.2076 0.0152 0.0067 0.8256 0.8200 
0.0054. 0.1891 0.0049 0.0028. 9.6020 0.6904 
0.0006. о даб 0.0002 0.4688 04688 
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Ар) for the case of incident wave 
point of incidence of the 


ter 
Pressure increment (4p)* for the case cf incident wave 
‘point of incidence of the 


Fic. 5. 
jotted against the distance x from the 
у сну Мааа = T/A. 


гайр 

Pressure increment (40) for the case o incident wave 
plis ag the distance я from the poiut of incidence ofthe 
wave upon the interface, 0 = 7/2. 


fore before the point of incidence the flow is compressed, 
but aiter the point of incidence the flow is expanded. 
Ла the supersonic stream then, there is a series of com- 
pression wavelets sloping downstream, ahead of the in- 
coming compression wave. After the incident com- 
pression wave, there is an expansion region. The pres- 
mure distribution along the wall bas no peak and is a 
Snooth rising curve. Most of the pressure rise along 
Че wall occurs, however, before the point of incidence 
af the compression wave. In fact for all points ahead 


‘Fig.7. Pressure increment ( А) 
plottcd axeiast the distance 
‘wave upon the interface. 0 = 34/4, 


Eaj 


Fig. & Incident wave case, the displacement т of the inter- 
face (or increment of the thickness os the subsonic stream) plotted 
against the distance x from the point of incidence of wave upon the 
interface. 


of the point of incidence, the wall pressure is higher than 
the pressure at the interface. The region where there 
is strong interaction between the supersonic stream 
and the subsonic stream is of the order of tens of widths 
$ of the subsonic stream. The length cf this region is 
increased as 8 approaches v. 

Fig. 8 shows the results of computations for the inter- 
face displacement, A noticeable feature of these curves 
is the rapid change from an infinite slope at Ẹ = 0 to 
small values at 6 » 0. This is especially marked for 
E 0. Eq. (45) shows that the slope for positive x is 
Jess than the slope for negative =. Therefore, as far as 
the subsonic flow is concerned, the corner at the point 
of incidence of the compression wave is a compression 
corner. This result agrees with computations for 
(A), inasmuch as it implies compression upstream 
of Ё = 0, an infinite rise in pressure at Е = 0, and ex- 
pansion downstream of Е = 0. It із also geen that the 
displacement increases as @ increases. Recalling that 
6-7 was ММ — 0, for 0 < Му < 1, this means the 
displacement increases as М, decreasea—i.e.,-as the 
disturbance propagates upstieam with greater strength 
(see Figs. 4-7), a8 would be expected. 
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One further comparison with the pressure calculations 
тау be made. For 4 < 0, the wall pressure exceeds 
interface pressure except in an extremely small region 
about the singularity. The pressure gradient is such, 
then, as to be consistent with an increasing interface 
slope аз Е =» 0. For Ё > 0 the gradient is from the 
interface to the wall, consistent with a decreasing slope 
us increases. 

When a shock occurs over a laminar boundary layer, 
the case of the so-called A-shock (Fig, 9), experiments 
show that there is a compression region in the free 
supersonic stream ahead of the shock and an expansion 
region after the shock. Furthermore, the pressure 
rise along the wall is known to be continuous. These 
features of the A-shock are then completely demon- 
strated by the incident wave case discussed above. 
It is evident that the analysis presented is not a quanti- 
tative explanation of \-shock, since the shock із a rather 
strong disturbance, while small disturbances and linear- 
ization of the differential equation are the basis of the 
present analysis. Furthermore, in the analysis, the 
viscous and the heat-conducting effects are completely 
neglected. Perhaps a more important omission is the 
velocity gradient in the boundary layer. The theoreti- 
cal calculation assumes uniform supersonic and sub- 
sonic streams, and therefore the vorticity is concen- 
trated at the interface instead of distributed throughout 
the subsonic layer, as is the case for the houndary layer. 
However, the close qualitative agreement between the 
theory and the experimental observations on the А 
shock indicates the importance of the effects of inter- 
action between the supersonic and the subsonic region 
in the shock-boundary-layer phenomenon. 

One might now ask: Why is the interaction between 
the shock and a turbulent boundary layer different 
from that of the A-shock? In the case of a turbulent 
houndary layer, one does not observe the extended 
compression region before the shock and the expansion 
region after the shock. If the theory presented is of 
any real value, it must explain this case also. The 
authors believe the solution of this paradox lies in the 
thickness of the subsonic laver im case of turbulent 
boundary layer. Because oi the much steeper velocity 
gradient resulting from the extremely intensive turbu- 
lent flow exchange, the subsonic part of the turbulent 
boundary layer is generally extremely thin. For usual 
dimensions the subsonic layer iu a turbulent bouadary 
laver is only of the order of hundreths of ax inch thick, 
while the subsonic layer in a laminar boundary laver ік 
^f the order of tenths of an inch thick, Therefore, the 
charjcteristic interaction effect between the subsonic 
oud the supersouic flows, if it occurs, will be limited to 
a region of only a few tents of ал inch for the turbulent 
boundary layer. This would be dificult to observe, 
especially if, as is usually the case, the shock is uot 
stationary but oscillates slightly in position. Further- 
more, the large velocity gradient in the turbulent Jayer 
will certainly modify the flow considerably from that 
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Fic. 0. Flow patteri of a d-shock. Interaction пі shock amd 
Taminar boundary layer 


Fic. 10. Pressure increment ( 42)" for case of inclined wall 
plotted against the distance z front the break in the wall 04 
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plotted against the distance z from € 
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Tig. 12. Pressure increment (32)4 for case of ішішей wall 
plotted against the distance x frum the break ix the wall. &» 
Bx/4, 


Eres increment (Api* for case of inclined 
the break in the wall. Pe 


на 
] d 


SURFACE PRESS. QE WITHOUT BOUNDARY LAYER 
---- SURFACE PRESSURE WITH soumuby caver 
Fre, 18. Flow pattern near the trailivg edge of а supersonic 


calculated theoretically, both because of the strong in- 
fluence of vorticity and because of the effects of vis- 
cosity and heat-conductance. "Therefore, while the 
theory presented cannot give a clear explanation for the 
interaction between shock and the turbulent bounde 
layer, the theory and the experiments are not contradic- 
tory. 

The numerical results for the second problem of tne 
inclined wall are presented in Figs. 10, 11, and 12. 
Here the general features of the pressure distributions 
are the same as for the problem of the incident wave. 
Only now the role of the wall and the interface is 
changes, The pressure distribution along the wall 
nowhas a peak at the starting point of the inclination, 
while the pressure at the interface rises steadily. At 
distances far downstream of the break in the wall, the 
pressure is equal to that due to а wedge of vertex e, the 
angle of inclination of the wail. This is, of course, ex- 
pected. But the important result is the rather large 
compression ahead of the change in flow direction 
caused by the inclination. One can compare these cal- 
culated results with the measured pressure distribution 
over the upper surface near the trailing edge of an air- 
foil in a supersonic stream (Fig. 13). At the trailing 
edge, the flow has to turn through an angle so that com- 
patibility conditions for the flows aloag the upper sur- 
face and the flow along the lower surface can be satis- 
fied. This change in the direction of flow is the same 
as that caused by the inclination of wali shown in Fig. 2. 
Therefore, from the results of the calculations, onc can 
expect a rise of pressure over the surface of airfoil ahead 
of the traiting edge above that predicted by a theory 
without taking into account the effects of the boundary 
tayer. This is actually observed.* Of course, when 
the boundary layer near the trailing edge is turbulent 
instead of laminar, the subsonic layer will be so thin as 
ty cause negligible forward propagation of pressure. 
Then the pressure rise before the trailing edge will be 
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greatly reduced, and the simple classical theory for 
pressure distribution over a supersonic airfoil will be 
more accurate. 


REFERENCES 


+ Ackeret, J., Feldmann, F., and Rott, N., Untersuchungen an 
Verdichtungsslosten und Grensschichten in schnell bevegicn болел. 
Mitteilungen aus dem Institut fur Aerodynamik, E Т. H., No. 
20 (1946); ое N.A.C.A. T. M. No, 1118, 1947. 

? Liepmann, Н. W., The Interaction Beiwen Boundary Layer 
and Shock Waves in Transonic Flow, Journal of the Aeravautical 
Sciences, Vol. 18, рр. 623-637, 1948, 

? Lees, І... Remarks on the Interaction Between Stock Wave and 
Boundary Layer in Transonic and Supersonic Flow, Report No, 
120, Aeronautical Engineering Laboratory, Princeton University 


* Lagerstrom, P. A., Cole, J. D., and Trilling, І, Viscous Ff- 
fects in Compressible Flow, Paper presented at the Institute оп 
Heat Transfer and Fluid Mechanics, June 23, 1048. 

“Howarth, L., The Propagation of Sieady Disturbances in a. 
Supersonic Stream Bounded on One Side by п Parallel Subsonic 
‘Stream, Proc, Cambridge Phitosophical Society, Vol. 34, pp, 380— 
390, 1948. 

Ferri, A, Experimentos Resuits with Airfoils Tested in the 
High Speed Tunnel at Guidonia, N.A.C.A. Т.М. No. 946, 1940. 


Appendia 


А) EVALUATION ов INTEGRAL 


‘The infinite integrals in the expressions for the pres- 
sure distributions can be evaluated by contour integra- 
For instance, 


tion. 
Ў 

зи = ds 
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O Tr J- {соза S 4 cos ê} 
а 7 La ы. 
Frid - e Sicosh 5 + eos] 
Now consider 5 as a complex variable and take the 

contour as (1) the real axis indented at the origin, and 

(2) semicircle in the upper-haif of the complex plane 

with infinite radius. It is zasy to show that the con- 


tribution to the contour integral along the semicircle is 
zero, The contour encloses the following simple potes: 
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PARALLEL STREAMS OF SUB- AND SUPERSONIC VELOCITIES 
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"This is the result given in Eq. (30). 

The other integrals can be evaluated in a similar 
way. The results are already given in Eqs. (30, (37), 
and (38). 


(1) Continerty ор WALL Pressure 


From the computed results it appears that the wall 
pressure is continuous for the incident wave case and 
the interface pressure is continuous jor the inclined 
wall ease. From Eqs. (39), (41) and (50), (52), it is 
seen that this condition implies that 

FAO} ө: + РАО; 0 = (1/2) вес (0/5; (А) 


This may be verified іш several wave. The simplest 
scems to be the following; 
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Now consider Г as a complex quantity and integrate 
cosh (é/rM/cosh £ around a rectangular contour (1) 
along the real axis from (—R, 0) to (R, 0), (2) normal 
to the rea! axis along (К, 0) to (R, ж) and (—R, =) to 
(— R, 0, and (3) parallel to the real axis from (К, x) 
to (-R, т). The only pole enclosed is at (f + бз) = 
i(x/2) and the residue is — cos (6/2). By making R > 
>, Eq. (А) can be shown to be truc. 


(HI) SERIES vor COMPUTING F-FUNCTIONS AT SMALL. 
VALUES OF ARGUMENT 

‘The series for Fi, Fa Fa and Р, as given by Eqs. 

(33), (35), (40), and (42) are suitable for numerical 

computation only when |8 is targe. When |8 is small, 

the convergence of these series is slow and computation 
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tedious. On the other hand, the physical problens re- 
quires the values of these Junctions at small values of 
|. The following series fcr these functions are thus 
more convenient. 
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The remaining integration raay he effected by a further 
change of variable. .Letl — S = x. Then one has to 


evaluate 
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where (22) is the binomial coefficient: 


Finally, 
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а form that is convenient for evaluation at small values 
of & 

In similar fashion modified series for Fa Fi, and Fy 
may be determined. Then, 
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where n, k are as above. 2xF:, 2v F, have the same forms 


as ЗжЕ,, 2xFy, respectively, except that Ё (1/2) + 
(9/27). 
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RESEARCH IN ROCKET AND JET PROPULSION* 


DR. HSUE-SHEN TSIEN 


Robert H. Goddard Professor, California Institute of Technology 


HEN considering the prob- 
lems of basic research in 
rocket and jet propulsion, it 

is profitable to keep in mind the sal 
ent features of rocket- and jet-propul- 
sion engineering. are: short 
duration of operation of the power- 
plant and extreme intensity of reaction 
in the motor. 

That the duration of operation of 
the powerplant is short stems from the 
high specific consumption of the pr 
pellant. On the other hand, the dry 
weight of the rocket engine is much 
lower than that of other engines of 
equal output. ‘Therefore, the total in- 
stallation weight (the sum of dry 
weight and propellant consumed) can 
he lower than other powerplants if the 
duration of operation is short, (See 


Ref. 1) 

urthermore, the specific consump- 
tion of rocket engines at all speeds, 
and of ramjet engines at supersonic 
speeds, in terms of Ib/hr/lbs thrust, 
is essentially independent of flight 
speed. Therefore, the propulsive work 
done by the engine on the vehicle, per 
1b of fuel or propellant consumed, will 
be larger the Bight spoed is larger- 
For this reason, it is advantageous to 
operate the rocket and the ramjet en- 
ine at large thrust and thus accelerate 
the vehicle to high speed. 

The great kinetic energy of the ve- 
hicle at the end of the “burning time” 
of the powerplant is then utilized to 
achieve range by coasting. This form 
of dynamic trajectory is demonstrated 
to be superior to steady flight with 
long-drawn-out operation of the rocket 
and ramjet. Accordingly, all applica- 
tions of these powerplants will involve 
intensive, but short-duration, opera- 
tions of the engines. 

The extreme intensity of reaction 
in the motor means high operating 
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temperatures. To find materials which 
сап withstand high stresses at high 
temperatures is the main material 
problem in rocket and jetpropulsion 
engineering, However, the problem 
here is different in one aspect from 
the material problem in turbojet and 
gas-turbine design. This is the short 
operating time of the unit. For ex- 
pendable units, such as missiles, the 
Operating time is generally of the 
order of minutes. Even for vehicles 
which are intended for repeated oper- 
ation, it still is likely that the opti- 
mum performance will be obtained by 
а design which requires replacing the 
high-temperature and highly stressed 
parts after each operation. 

By adopting this concept of design- 
ing for minutes instead of designing 
for thousands of hours as in the case 
of gas turbines, the material will be 
stressed for ultimate strength and not 
for creep. This difference is illustrated 


in fig. 1, where the stresses are plotted 
against temperature. The lower curves 
are design curves ior creep, and the 
upper curves are the ultimate stress, 
a tress which is practically inde 
pendent of the rate of strain. 

For long operating time, the uli- 
mate stress is not a design criterion, 
as the rate of strain near this stress 
is so large that the limiting strain will 
be reached long before the intended 
lifetime of the part, and the part will 
then fail. If the part is designed to 
have a life of only a few minutes, it 
can be stressed six times higher. 
fs a tremendous possibility in des 
and occurs only i rocket and je 
propulsion. engineering. 

То explore this advantage leads 
however, to complex problems in the 
stress and deflection analysis, The 
high rate of strain means constantly 
changing dimensions of the part, and 
its influence must be determined, The 
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problem is not that of plasticity where 
the stress-strain relation is non-linear, 
nor that of elasticity, because now the 
material flows. In other words, the 
material must be considered as а 
visco-elastic medium. 

As a first approximation, the stress- 
strain relation can be still considered 
as linear. To be specific, let су oy, 
Ue Tr» Tyas Tax be the six stress com- 
ponents, és буу вы yay, Ууз» Уа be the 
six strain components. "The stress. 
strain relation for isotropic, visco-clas- 
tie media can be written as 
$e + 2u«) 
$(ye + 25) 
$e + Zuen) 

Pry — фу Prys = фир» рт = 

Фе where A and p are constants and 
e= at at e 

The operators p and ф are linear time 

‘operators defined as: 
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Д 
The аз and Һө define the property of 
the material. They could be functions 
of time, but not functions of the space 
variables. Thus, a material with 
changing properties, caused by the 
drift toward thermodynamic and 
chemical equilibrium, also can be rep- 
тещей by these operators. 


Variable Stress 

An analysis (Refs. 2 and 3) of the 
mechanics of such materials reveals 
that, if the load on the part is speci- 
fied by a time factor g(t), then the 
stress distribution at any instant can 
be calculated as if the material is 
purely elastic with the same instan- 
taneous load. The deflection of the 
structure is, of course, different. But 
it is specified by а time factor h(t) 
which is independent of the particular 
value and distribution of the load and 
is only dependent on g(t) and is de- 
termined by 

Qhi) = pg(t) 

The h(t) is thus a "universal" func- 
tion in the sense that it is related only 
to g(t) and the properties of the mate- 
tial. The other characteristics of the 
problem do not enter into its deter- 
mination. In particular, the function 
hit) may be measured directly, ex- 
petimentally, on a pure tension bar 
with the tension varied with time ac- 
cording to g(t). This is then a con- 
siderable simplification of the me- 
chanics of visco-elastic media and a 
useful tool in the application of the 
idea of design for short-time flow of 
material. 

The extreme intensity of reaction in 
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the rocket motor and in the combus- 
tion chambers of ramjets and pulse- 
jets, and the high velocity of gas flow, 
lead to a very high rate of heat trans- 
fer to the walls. For instance, at the 
throat of a rocket nozzle, 


neering, this is more than 3 million 
Btu per hour per sq ft. To cope with 


this high heat flux, designers have 
pr to extrapolate the em- 
pirical Jaws of heat transfer to a cool- 
ing liquid and to seek other uncon- 
ventional methods, such as surface- 
boiling heat transfer. 


Heat Transfer 


To absorb the high heat flux by cir- 
culating a cooling liquid in a duct 
surrounding the hot chamber, one 
must use large differences between the 
wall temperature of the cooling liquid 
under turbulent-flow conditions. Here 
the problem is the lack of proper 
understanding of the basic mechan- 
ism. At present, the designer relies 
on empirical rules which are only safe 
to use within the range of variables 
of the test result. 

To extrapolate without the guidance 
of a sound understanding of the phe- 
nomena is satisfactory. ОЁ course, the 

roblem of turbulent heat transfer has 

n attacked successfully by O. na 
nolde, L. Prandtl, G. T. Taylor, Th. 
von Karmen and others. But their 
work is based upon the assumption 
that the temperature difference be- 
tween the wail and the bulk of the 
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Figure 4 


liquid is small, so that the flow is es- 
sentially isothermal. 

‘Turbulent flow in a duct—say а cir- 
cular pipe—can be divided into three 
regions (fig. 2): the turbulent central 
соте where Reynolds’ turbulent shear- 
ing stress dominates the molecular or 
viscous shearing stress, the laminar 
layer next to the wall where the vis- 
cous shearing stress dominates the 
turbulent shearing stress, and the buff- 
er layer where both shearing stresses 
are important. For the turbulent cen- 
tral core, which occupies most of the 
pipe, previous experiments with iso- 
thermal flow indicate that the flow in 
general, and the velocity profile in 
particular, are controlled by the shear 
stress т at the boundary of the tur- 
bulent core, the density p of the liquid 
and a linear dimension у. Since 
boundary of the turbulent core is very 
close to the wall, т is practically equal 
to the wall shearing stress то. Together 
with p, то can define a velocity Us by 


т 
Ut = — 


P 
Then, if U is the velocity at a point 
y from the wall, the non-dimensional 
equation for the velocity profile must 
be 


U 
— = Қу/у) 
U 


r 
Clearly, the only available Jinear di- 
mension for flow near the boundary of 
the turbulent core is the distance of 
this boundary from-the wall. Hence, 
for flow near the boundary of the 
turbulent core, y, must be the thick- 
ness of the laminar and buffer layer. 
From previous experiments with iso- 
thermal flow in smooth pipes (Ref. 4), 
it is found that 


9 y 

— = 1394 + 55 log — 

Ur У 
Since temperature differences in the 
liquid will change only the viscosity, 
and, according to experiments viscos- 
ity does not enter directly into the 
turbulent core flow, the velocity rela- 
tion given above must hold also for 
non-isothermal flow. 

‘The problem now is to determine 
the thickness ys. This thickness will 
vary with the temperature conditions. 
The work of H. Roichardt (Ref. 5) 
does not account for this variation 
and is therefore unsatisfactory. Thus, 
the main effect of higher temperature 
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differences is in the buffer and the 
leminar layers. Here the variation of 
viscosity with temperature changes the 
flow. For instance, the effective shear 
stress т is given by 


ж. dU а Bv Ou" 
н (хаа) 
p dy 
where v is the kinematic viscosity, T 
the temperature, шу? the instantaneous 
turbulent velocities in the directions 
parallel with the wall and normal to 
the wall, and T’ is the temperature 
fluctuation. The bar over the second 
and third terms means averaging with 
rente time. 
je third term does not occur for 

isothermal flows, By its appearance in 
the equation for shear and the vari- 
able v in the first term means now the 
effects of heat conduction, and the 
effects of shear are now coupled. The 
solution is thus more difficult than the 
corresponding isothermal problem, but 
the difficulty is believed to be sur- 
mountable. 

When the wall temperature is raised 
beyond that of the boiling of the 
liquid under prevailing pressure in the 
pipe, local vaporization takes place 
and bubbles are formed over the sur- 
face, But, since the main bulk of the 
liquid is still at a temperature below 
the boiling point, these bubbles cannot 
EN indefinitely. In fact, experiments 
y F. Kreith and M. Summerfield 
show that they contract again and 
have a life span of about 1/100 sec- 
ond. During its short life span, the 
bubble does not seem to move ap- 
preciably from the wall The mai 
consequence of the bubble form: 
and disappearance is the strong 
tion of the fluid near the wall. 

lt is then understandable that the 
heat flax can be increased to many 
times that of the case without local 
boiling. This fact is shown clearly in 
fig. 3, taken from the work of Kreith 
and Summerfield (Refs. 6 and 7). 
This means that a high rate of cooling 
can be achieved without high flow 
velocity in the cooling duct. The thus- 
reduced pressure drop in the cooling 
duct will decrease the necessary pump- 
ing work of the coolant. Boiling-heat 
transfer then can be used to good ad- 
vantage for many designers. The prob- 
lem for research here, of course, is a 
closer understanding of the turbulent 
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agitation due to bubble formation end 
thus better correlation of tests for 
different liquids and different test 
conditions. 

If the wall temperature is increased 
beyond a critical value over the boil- 
img point of the liquid, it has been 
found that a vapor envelope forms 
over the surface, and the heat flux is 
reduced by the insulating effect of the 
stagnant vapor. Therefore, with speci 
fied pressure and flow velocity, 
is definitely а maximum value of heat- 
flux density even with local boiling at 
the surface. If still, high heat-flux 
density is desired, then other means 
of cooling have to be used. 


Wall-Temperature Effects 


However, even before reaching this 
intrinsic limit of boiling-heat transfer, 
the wall temperature at the inside sur- 
face of the rocket motor may be too 
high for the material strength, due to 
the necessary temperature gradient 
through the wall for the heat flux. For 
instance, if the heat flux is 6 Bru per 
sec per sq in, the wall thickness is 1/16 
in, and the temperature at the cool 
side of the wall is 6009F, the tempera- 
ture at the hot side of the wall will be 
1950°F if stainless steel is used. This 
temperature is certainly too high for 
good strength. Nev, powerful cooling 
methods for extremely high heat fux 
are sweat-cooling and film-coolit 

Film cooling (fg. 4) is achieved 
by establishing a thin liquid film im 
contact with the hot gas over the sur- 
face to be cooled. Due to the shear- 
ing stress acting over the liguid-gas 
interface, the liquid flows in the down- 
stream direction. Simultaneously, the 
heating of the film by the hot gas 
evaporates the liquid. It is seen that, 
so long as there is a liquid film, the 
wall temperature is kept below the 
boiling point of the liquid. 

It is noted also that, to protect the 
wall from the hot gas, liquid film has 
to be reestablished by injection 
through holes in the wall when the 
film upstream injection is evaporated. 
OF course, the intervals of injection 
can be lengthened by injecting more 
liquid and establishing a thicker film 
cach time. However, the difficulty here 
is the instability of the film against 
the turbulent flow in the gaseous 
boundary layer. The resultant partial 
breakaway of the liquid in the form 
of droplets constitutes a loss in effec- 
tive cooling liquid. ‘The problem here 
is then the determination of the rela- 
tive cooling efficiency with respect to 
film thickness. 

From experience on one-phase tur 
bulent boundary layer, it is found that 
the laminar sublayer thickness y" is 
determined. (Continued on page 124) 
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2 
where v is the kinematic viscosity of 
the fuid, U is the freestream velocity 
and C; is the local friction coefficient. 
Н this relation holds also for two- 
phase turbulent boundary layers such 
эз exist in film cooling, y* is the lim- 
iting film thickness for perfect effi- 
ciency. If the film thickness is larger 
than y*, instability of the film and 
breakaway of droplets is likely to oc- 
cur. It is then seen that there is an 
advantage in having a higher kinemat- 
ic my » as layer thickness is 

wed, 


TEU = 1000 ft/sec, С, = 0.004, and 
+ = 0.319 X 10-5 ft/sec for water 
at 212°F, у" is only 43 X 10-* in. 
This result indicates that, for theoreti- 
cal maximum cooling efficiency, the 
film should be very thin and reestab- 
lished frequently along the wall. The 
limiting ease is sweat-cooling, where 
the coolant is forced through the por- 
ous wall and injection and evapora- 
tion occur at the same time, 

Sweat-cooling is, however, not lim- 
ited to the liquid coolant. The coolant 
may be gaseous. In fact, the most 
extensive experiments are made by P. 
Duwez and H. L. Wheeler (Ref. 8) 
with gaseous coolants. However, it is 
shown by the above investigators that 
the coolant cannot be allowed to evap- 
orate in the porous wall, as then the 
flow is essentially not stable, with wide 
fluctuations in the wall temperatures. 

Generally, then, the most efficient 
sweat-cooling system, with least ex- 
penditures of the coolant, is one that 
evaporates the liquid coolant on the 
“outside” surtace of the porous wall 
before entering the porous material 
(fig. 5). In a sense, this system is a 
combination of boiling-heat transfer 
and sweabcooling. No extensive ex- 
priment on this method of cooling 
us yet been made. 

It is evident that, with either film- 
cooling or sweat-cooling, there is no 
limit to the temperature of the com- 
bustin gas that сап be handled effec- 
tively. Therefore, one need have no 
misgivings about the high-energy fuels 
and propellants for cooling difficulties. 

more, for rocket, ramjet and 
pulsejet, there is no contact of the 
combustion gas with a delicate mov- 
ing part, such as turbine blades in a 
turbojet; and the combustion gas can 
de corrosive and can contain finely di- 
vided solid particles. These factors re- 
move practically all restriction on the 
choice of fuels and propellants. Such 
strange combinations as liquid hydro- 
gen and liquid fluorine, and diborane 
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(B; He) and air, are to be considered. 

The more urgent problems of com- 
bustion in jet propulsion are those 
connected with fluid mechanical as- 
ects, These are the auto-ignition of 
liquid jets, the evaporation of liquid 
droplets, the mixing of gaseous com- 
ponents, the mutual influence of com- 
bustion and turbulence of low com- 
bustion in the heterogeneous mixture 
etc, For ramjets, the most perplexing 
problem today is the problem of flame 
stabilization. This is a problem which 
confronts all ramjet designers, Worse 
still, the mechanism of flame stabiliza- 
tion is not yet understood. As a result, 
the flame-holder design for the com- 
bustion chamber is always done by 
ad hoc experimentation. 

Clearly, there is a need for expeti- 
ments with the simplest physical con- 
ditions, so that the parameters can be 
controlled. The work of A. S. Scur- 
lock (Rej. 9) with homogeneous gas 
stream and controlled turbulence in 
the initial stream is the most note- 
worthy effort in this direction. How- 
ever, for a true understanding of the 
mechanism, further detailed explora- 
tion of flow field is necessary. 

It seems that one of the important 

ts of flame stabilization is the 
interaction of the flame front and the 
boundary layer. To test this concept, 
a flame holder is the shape of a 
streamlined body may be tried (fig. 
6). To start the combustion, the air- 
foil has to be heated first by, say, an 
electric current, to a high tempera- 
ture. Once the flame is started, the 
airfoil aft of the flame is heated by 
the hot gas. Heat is then conducted 
through the body of the airfoil to the 
front section, where heat is given up 
to the cold gas mixture through the 
boundary layer. The cold gas mixture 
in the boundary layer being heated by 
the body will increase the concentra- 
tion of active carriers and finally 
ignite at the intersection of the flame 


front and the surface of the body. 

Tt is evident that euch a flame 
holder without turbulent and eddying 
loss has many practical applications 
despite the difficulty in starting, In 
fact, by increasing the length of the 
airfoil in the hot gas, the temperature 
at the front part can be increased, and 
thus the gas velocity can be raised 
without blowouts. 

The ultimate aim of all this basic 
research is, of course, to improve the 
performance of rocket and jetpro- 
pelled vehicles. However, even wi 
given the best powerplant, the design- 
ег still has to determine the best way 
of using it for optimum performance 
of the completed vehicle. For instance, 
what would be the optimum thrust 
programming for a sound rocket? 
What would be the gain possible by 
varying the thrust during ascent? Is 
this gain justified by the additional 
complication in the design? 

The basic variational problem of 
thrust programming was studied by 
G. Hamel (Rej. 10). However he 
made no detailed calculations to allow 
the designer to weigh the importance 
of different aspects of the problem. 


Long-Range Trajectory 
But the fundamental question in the 
performance analysis is the trajectory, 
articularly the long-range trajectory. 
Parlier in this discussion, the reason 
for favoring the dynamic trajectory 
of varying velocity was given. But 
what particular dynamic trajectory? 
To avoid the penalty of high drag at 

high velocity in the dense atmospl 
and yet to be able to accelerate the 
vehicle quickly, it is clear that the 
vehicle should be launched vertically. 
Performance of the vertical trajec- 
tory of a rocket is well-known. But 
is a rocket the only powerplant capa- 
ble of vertical trajectory? Certainly 
the ramjet—once boosted to a sul- 
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ciently high velocity—alo can produce 
enough thrust to make an accelerated verti- 
cal ight А ramjet would weigh more than 
а rocket per 16 of thrust produced, but the 
fuel consumption is very much smaller. 
Preliminary estimates by 2. H. Schindel 
(Вей. 11) show thet the advantage of low 
fuel consumption overcomes the disadvan- 
tage of heavier dry weight. Therefore, there 
is a definite gain in substituting the lowest 
stage of a multistage rocket with a ramjet. 
Of course, to boost the ramjet to operating 
speed, it has to be operated as a ducted 
Tocket in the first few second 

‘What can one say about the remainder of 
the trajectory? Since the high velocity of 
the vehicle is reached outside the atmos- 
phere by vertical or near vertical ascent, the 
first part of the trajectory has to be lifiless 
and this is elliptical. When the vehicle re- 
turns to the atmosphere at practically the 
same speed as it leaves the atmosphere, the 
ift of the body of the vehicle can be pro- 
duced by putting the body into an angle of 
attack, The question here then is one of 
programming the angle of attack of the 
body eo that the meximum range is ob- 
tained. 

‘As an example of such a dynamic tra- 
jectory, the flight of a 3000-mile rocket ve- 
hiele is studied under the assumption of 
steady glide after the initial elliptical path. 
The average lift-drag ratio in glide is taken 
to be 4 The result of this analysis is as 
follows: 


ms 
зь H 
96,600 Ihs 
72400 ibs 
24,100 15 
Propellant Іова. 
ing fraction 0.750 
Exhaust velocity 12,000 ##/see. 
Propellant liquid О, liquid Ны 
liquid F, liquid Њ 
Maximum velocity 9140 mph 
Range at conclu- 
tion of elliptic 
path 1200 miles 
Range contributed 
glide 1800 milas 
Altitude at be- 


ginning of glide 27 
Landing speed 
tanding angle 
Flight duration 


Less than one hour 


Thus it is seen that the requirements of 
а transcontinental rocket-iner are not at all 
beyond the grasp of present-day technology. 
The wings need not be large to achieve a 
reasonable landing speed, and the specific 
tions on the structural weights are not im- 
possible. When will such а rodketliner be 
realized? That is a dificult question. But 
one thing is certain: the basic research ав 
outlined in this discussion definitely will 
hasten the day of long-tange rocket travel. 


REFERENCES 
4. А. L. Lowi “A Guide to Aircraft 
Powerplant Selection,” Aeronautical 


Engineering Review, Vol. 6, No, 4, рр. 
2735 (1947) 

в. T. Атишт. "Non-Homogeneous Stresses 
in Visco-elastic Media,” Quarterly of 
Applied Mechantes, Voi. 2, pp. 113-118 
[io 

з. H. S. Temw. "A Generalization of Al- 
frey's theorem tor Visco-olaatic Media”, 
Quarterly of Applied Meohanice (1950) 

+ 1. Nucunapes, "Gesotzmiaslgkelten der 


MARCH 1950 
610 


А 


turbulenten Strömung in glatten Roh- 
ren,” Vor Deutach. Ing. Forschungsheft, 
No. 356 (1932) 

H. Rarcwanpr. “Die Warmetbertragung 
in turbulenen — Reisbungshlchton", 
25а.М.М. Vol. 20, рр. 207-818 (1940) 
Е. Ккштн and М. Зиммынетвьо. “Heat 
‘Tranafer to Water at High Flux Den- 
sities with and without Surface Boil- 
ing.” ASME Transactions. 

Also: “Investigations of Heat Transfer 
at High Heat-Flux Densities: Experi- 
mental Study with Water of Friction 
Drop and Forced Convection with and 
without Surface Bolling in Tubes,” 
Progress Report М. 4-68, Jet Propul- 
sion Laboratory, CIT (1948) 

F. Каштн and M. SUMMERFIRLD, “Heat 
‘Transfer from an Electrically Heated 
Tube ta Anine at High Heat Plu 


s 


и. 


. P. DUWIz and H. Z. 


. А, С. BEDRLDCK. 


Progr: 
sion 


dteport No. 4-88, Jot Propul- 
oratory, CFT (1949) 

Wuer, “Ee 
perimental Study of Cooling by Injac- 
tion of a Fluid through a Porous Ma- 
terlal" J. of Aero. Sciences, Vol 15, 
эр. 509-521 (1948), 

"Flame Stabilization 

‘and Propagation In High-Velocity Gus 
Streams," Metoor Report No. 19, Mass. 
Institute of Technology (1948) 
G. Hawer: “Uber elne mit dem Prob- 
lem der Rakete zusammenhängende 
Aufgabe der Veriationsrechnung,” 
LaMM. Vol T, pp. 451-453 (1927) 
Z. H. Scuxwpmu: Application of Ramjet 
fo High Altitude Sounding Vehiotes,” 
M. S, Thesis, Dept, Aeronautical Engi- 
neering, Mass. Inst. of ‘Technology 
41947). 


125 


A GENERALIZATION OF ALFREY'S THEOREM FOR VISCO-ELASTIC MEDIA* 
By H. 8. TSIEN (California Institute of Technology) 


1, Introduction. For the non-homogeneous stresses in isotropic incompressible visco- 
elastic media characterized by linear relations between the components of stress, strain 
and their derivatives with respect to time, T. Alfrey has shown (Ref. 1) that in the 
case of the first boundary value problem, the stress distribution is identical with that 
in an incompressible elastic material under the same instantaneous surface forces. A 
similar result was obtained for the second boundary value problem where the displace- 
ments at the boundary are specified. It is the purpose of the present note to generalize 
this theorem to isotropic compressible media for problems involving body forces. Only 
the first boundary value problem will be discussed, as the corresponding theorem on the 
second boundary value problem is self-evident. 

2. First boundary value problem. Let the displacements along the z, y, 2 directions 
be ш, », w. Then the typical expressions** of the six strain components can be written as: 


= 8 
«Язь, 
A (D 
Pur Ov. 
Ya Ty t ago 


Tf the six stress components are denoted by о,, оу, с, , Tey , Tys , Т, the components 


"Received Sept, 7, 1949. 
*"Throughout this note, only typical expressions are explicitly given; other expressions can be readily 
obtained by cyclic permutations, 


611 


1950] H. 8. TSIEN 105 


of body force by X, Y, Z, and the surface force per unit area by X, Y, Z, the equations 
of equilibrium are 


да, | Oty Or E 
E" + oy Teo X-0 Q) 
Here the body forces X, Y, Z are the result of external field or agent and will not be 
identified with the inertia forces of the material. The inertia forces are here considered 
to be negligible as is actually the case for a wide class of problems. If J, m, % are the 
direction cosines of the normal to the surface, then the surface conditions are: 


Х = lo, mn, nns 8) 
To determine the stress distribution completely, there are in addition six equations 
of compatibility: 
Pug бе, Pyn 4.2 ( Фу у дүн ra) 
жә) у ar \ e T ay + д © 


It remains to specify the relations between the components of stress, strain and 
their time derivatives. These relations will be assumed to be linear, corresponding to 
problems of small strain. If in addition the material is assumed to be isotropic, then 
purely on the ground of invariance under space coordinate transformation it can be 
shown that the required relations have to be of the following form: 


Po, = QOe + 2ue) 


(5) 
Pr, = Ону, 
where н and А are constants, and 
= ++ (6) 
The operators P and © are time operators defined as: 
д" ont 
P = a H inea ppi to tm 
@) 
а PE 
Qs твн 


The a’s and b’s define the characteristics of the material. They could be functions of 
time, but not functions of the space variables. Thus a material with changing properties, 
caused by the drift towards thermodynamic and chemical equilibrium, can be also 
represented by these operators. 

By eliminating the strains between the compatibility equations (4) and the stress- 
strain relations (5), one has: 


ay A+ 20 Ө ^ Е; ay 2) ax] - 
уч Ы; az + ay + ae) +? 129 


A+2% 0 (a 80] =0 
ЗА + Qu de dy ^ Vy ôr) 


(8) 


fv. + 
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where 
Ө = 0. о, + о. (9) 


The equations (8) are sufficient to solve the first boundary value problem: The surface 
forces X, Y, Z and body forces X, Y, Z are specified for all values of t. For any given f, 
these forces must be in equilibrium. The problem is to determine the distribution of 
stresses fulfilling these boundary conditions. 


Now let 


X= XD, Y= У, 2-2%0 (10) 


The starred quantities are functions of space coordinates only. Then for equilibrium the 
body foree must vary with time in a similar way. Thus: 


X = XO, Y= У, 2 = Z" (11) 
The stress components can now be written in the same manner: 
в. = otg, т, = 1100, (12) 


By substituting equations (11) and (12) into equations (8), it is easily shown that the 
starred quantities satisfy the stress equations for a purely elastic medium with Lamé's 
constants \ and р. By substituting equations (10) and (12) into the boundary conditions 
(3), it is seen that the starred quantities also satisfy their corresponding boundary 
conditions. Therefore, in the ease of the first boundary value problem, the stress dis- 
tribution is identical with that in purely clastic material under the same instantaneous 
surface forces and body forces. 

To determine the displacements u, » and w, one introduces the unknown time function 
#0 such that: 


uc uh), v=), w= wh) (13) 


where the starred quantitics are again functions of space variables only. When equations 
(13) are substituted into equations (5), w*, v*, w* are found to be the displacements of 
a purcly elastic medium under the loading X*, Y*, Z* and X*, Y*, Z*. Furthermore, 
А@) is determined by: 


Qh = Po (14) 


with the initial condition that ai t = 0, л and its first (n — 1) derivatives vanish. The 
function 41) is thus universal in the sense that it depends only on g(é) and the properties 
of the material. The other characteristics of the problem do not enter into its determina- 
tion. In particular, the function A(t) may be directly determined experimentally on a 
pure tension bar with the tension varied with time according to g(t). 

By superimposing solutions, the time dependence of the applied forces can be gen- 
eralized as shown by Alfrey (Ref. 1). 


YT, Alfrey: Non-homogeneous stresses in visco-elastic media, Q. Appl. Math. 2, 113-119 (1944). 
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at the Daniel and Florence Guggenheim 
Jet Propulsion Center 


By Hsue-shen Tsien 


Member ARS, Robert H. Goddard Professor, Daniel and Florence Guggen- 
heim Jet Propulsion Center, California Institute of Technology, Pasadena, 
Calif. 


N “America Fledges Wings" В. M. Cleveland! stated: "Despite the 

importance of the role played by the Daniel Guggenheim Fund for the 
promotion of aeronautics as a herald, as an awakener, as a quickening 
spark in the manifold fields of practical aviation, its most important and 
probably most lasting contribution lay in its implementation and its 
creation of centers of research.” 

"These centers of research are the well-known great schools of aeronautical 
engineering at the New York University, the Stanford University, the 
University of Michigan, the Massachusetts Institute of Technology, the 
California Institute of Technology, the University of Washington, and the 
Georgia School of Technology. It is a fact that a great majority of 
practicing aeronautical engineers today are either wholly educated in one 
of these centers or have had contact with one of these centers. Moreover, 
the strong influence of the Guggenheim Fund is not limited to this phase of 
aeronautical engineering. These centers of research contributed to a 
large extent to the fundamental knowledge of aeronautical science which 
forms the scientific basis of aeronautical engineering. Today we see an 
even more broadened effect exerted by the Guggenheim schools as men 
originally educated in these Guggenheim research centers establish new 
research laboratories and new schools of aeronautics in universities all 
over the world. 


Jet-Propulsion Centers 


The year 1930 marked the beginning of another phase of development 
instigated by the Guggenheim Fund. In that year Daniel Guggenheim 


Presented at the Annual Convention of the Аметасах Rocker Sociery, Hotel Stat- 
ler, New York, N. Y., Dec, 1, 1949. 
? Numbers in parentheses refer to Bibliography on page G4 
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made а special grant to the late Dr. Robert H. Goddard for liquid-pro- 
pellant rocket research, to be carried on in Roswell, N. Mex. This work 
was continued under the Daniel and Florence Guggenheim Foundation 
until the death of Dr. Goddard. Research done by Dr. Goddard opened 
up the entirely new field of rocket engineering and heralded the dawn of 
the second epoch of aeronautics. This is the epoch of hyperaviation of 
flight with tremendous speeds at extremely high altitude. To propel a 
vehicle for hyperaviation, the conventional aircraft power plants are not 
adequate, and one must rely on radical propulsion systems such as rockets 
and ramjets. Dr. Goddard’s work is among the first scientific experi- 
mentations in this field. 

With this historical background of the Guggenheim Foundation in 
mind, it is then entirely fitting that the Foundation should decide during 
1948 to establish two new centers of research to be called The Daniel and 
Florence Guggenheim Jet Propulsion Centers, one at Princeton Uni- 
versity and the other at the California Institute of Technology. The pur- 
pose of the centers is threefold: (1) To train young engineers and scientists 
in the field of rocket and jet-propulsion technology on the postgraduate 
level, thus endeavoring to breed a new generation of pioneers to push the 
frontier of aviation to the next “higher” domain; (2) to instigate research 
and advanced thinking in rocket and jet propulsion, thus endeavoring to 
contribute to the basic knowledge necessary for the sound development of 
this new field; and (3) to promote peacetime commercial and scientific 
uses of rockets and jet propulsion. To carry out this program, there are 
the chairs of Robert H. Goddard professorships in honor of Dr. Goddard. 
Each Goddard professorship will be associated with a number of younger 
staff members and postgraduate fellows. The fellowships will be known as 
The Daniel and Florence Guggenheim Jet Propulsion Fellowships. 


Instruction and Research of Jet Propulsion 


Instruction and research in jet propulsion at the California Institute of 
Technology did not start however with the establishment of the Guggen- 
heim Center; they started earlier. 

During the academic year 1943-1944, the California Institute, at the 
request of the then Air Technical Service Command, Army Air Forces, 
initiated a course in rocket and jet propulsion limited to officer personnel 
assigned to the Institute for graduate study. Lectures were prepared by 
members of the Jet Propulsion Laboratory of the Institute and the GAL- 
CIT.? Several lectures on special topics were given by invited speakers. 
"The course was planned by Theodore von Kármán, then Director of both 
the Jet Propulsion Laboratory and the GALCIT. The course covered in a 
comprehensive manner the basic principles of all jet-propulsion systems 


2 Guggenheim Aeronautical Laboratory, California Institute of Technology. 
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and the performance of jet-propelled vehicles. The lecture notes for the 
course, which was repeated during 1944-1945, were edited into the volu- 
minous “Reference Text of Jet Propulsion” (2). 

Research in rocket and jet propulsion at the California Institute started. 
even earlier (3). The so-called GALCIT Rocket Research Project was in- 
itiated more or less informally in 1936. Early phases of the research were 
financed by a gift from Weld Arnold, now Colonel Arnold (a tremendous 
sum of approximately $1000!) This modest start led to a rapid growth 
under the exigency of war from demands of the AAF Materiel Command 
and the ASF Ordnance Department. The result is the Jet Propulsion 
Laboratory with a staff now numbering more than 575 persons and facilities 
valued at approximately $7,000,000. 

Thus, it is fortunate that the newly established Guggenheim Jet Propul- 
sion Center at the California Institute of Technology could obtain help 
and guidance from these two earlier developments in rocket ard jet pro- 
pulsion at the Institute, not to mention the inspiration it receives from the 
Guggenheim Graduate School of Aeronautics and the Guggenheim Aero- 
nautical Laboratory. The center at the California Institute is a part of the 
Division of Engineering of the Institute. Its somewhat autonomous posi- 
tion is the result of the consideration that the solution of engineering 
problems in jet propulsion draws on knowledge and practice of older 
branches of engineering, particularly mechanical engineering and aero- 
nauties. Thus, the program of instruction in jet propulsion should properly 
include material from both of these engineering fields. Furthermore, it is 
expected that, in general, students entering the course work in jet propul- 
sion will have had their undergraduate preparation in mechanical engi- 
neering or aeronautics. Thus, the program of instruction in jet propulsion 
will have two separate options, allowing men from both aeronautics and 
mechanical engineering to follow their previous inclinations and develop- 
ments. Both options lead to the degree of master of science upon the 
completion of the fifth-year program. For men in the aeronautics option, 
the degree of aeronautical engineer will be given upon the completion of a 
sixth-year program. Similarly, the degree of mechanical engineer will be 
given to men upon the completion of the sixth-year program of the me- 
chanical-engineering option. More advanced study will lead to the degree 
of doctor of philosophy. Ё 

The actual courses of study in rocket and jet propulsion started Septem- 
ber, 1949. Of course, the subjects of instruction and topics studied are in a 
state of flux. As experience is gained, there will be modifications in the 
materials covered and emphasis placed. It will take a number of years 
before the program of instruction can be stabilized. 

The Guggenheim Jet Propulsion Center is not provided with large-scale 
research facilities as these are available at the Giovernment-sponsored Jet 
Propulsion Laboratory at the Institute. It is expected that if basic re- 
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search in rocket and jet propulsion requiring expensive equipment coin- 
cides with the interest and program of the Jet Propulsion Laboratory, it 
could be carried out there. 


Characteristics of Rocket and Jet-Propulsion Engineering 


But what are the problems of basic research in rocket and jet propulsion? 
Before answering this question, it is profitable to keep in mind the salient 
features of rocket and jet-propulsion engineering. These are: (a) Short 
duration of operation of the power plant; and (b) extreme intensity of re- 
action in the motor. That the duration of operation of the power plant is 
short, stems from the fact of high specific consumption of propellant for 
the rocket engine. On the other hand, the dry weight of the rocket engine 
ig much lower than that of other engines of equal output. Therefore the 
total installation weight of a rocket engine, which is the sum of dry weight 
and propellant consumed, can be lower than other power plants if the 
duration of operation is short (4). Furthermore, the specific consumption 
of rocket engines at all speeds and of ramjet engines at supersonic speeds in 
terms of Ib per hr per Ib of thrust is essentially independent of flight speed. 
Therefore the propulsive work done by the engine on the vehicle per Jb of 
fuel or propellant consumed will be larger if the flight speed is larger. 
For this reason, it is advantageous to operate the rocket and the ramjet 
engines at large thrust and thus accelerate the vehicle to high speed. 
The large kinetic energy of the vehicle at the end of the “burning time” of 
the power plant is then utilized to achieve range by coasting. This form 
of dynamic trajectory is demonstrated to be superior to steady flight with 
long drawn-out operation of the rocket and the ramjet. Therefore all ap- 
plications of these power plants will involve intensive but short duration 
operations of the engines. 


Material Problems 


The extreme intensity of reaction in the motor means high operating tem- 
perature. To find materials which can withstand high stresses at high 
temperature is then the main material problem in rocket and jet-propulsion 
engineering. However, the problem here is in one aspect characteristically 
different from the material problem in turbojet and gas-turbine design. 
This is the short operating time of the unit. For expendable units such as 
missiles, the operating time is generally of the order of minutes. Even for 
vehicles which are intended for repeated operation, it is still likely that the 
optimum performance is obtained by a design which requires replacing the 
high-temperature and highly stressed parts after each operation. 

By adopting this concept of designing for minutes instead of designing 
for thousands of hours, as in the case of turbojets and gas turbines, the 
material will be stressed for ultimate strength and not for creep. This 
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difference is illustrated in T 
Fig. 1 where the stresses 
are plotted against tem- 
perature. The lower curves 
are design curves for creep, 
and the upper curves are the 
ultimate stress, a stress 
which is practically inde- 
pendent of the rate of strain. 
For long operating time, 


Lm 


Sheer e 


the ultimate stress js nota 1 

design criterion, as the rate 8 “соло ыы, 

of strain near this stress is g "Lose Uer 

so large that the limiting $ «ponia X 

strain wil be reached long «Гру 

before the intended lifetime рах ar Sma T a 
of the part, and the part „| [у 7 1 SS E У) 
will then fail. Аз seen from Ibl" TEES 


Fig.l,ifthepartisdesigned 210.1 STRENGTH VERSUS TEMPERATURE OF INCONEL 
to have a life of only а few X HEAT-TREATED Eqs XR AT 15508, AND 
minutes, it can be stressed 
six times higher. This is a tremendous possil 
only in rocket, and jet-propulsion engineering. 
To explore this advantage leads however to complex problems in the 

stress and deflection analysis. The high rate of strain means constantly 
changing dimensions of the part, and its influence must be determined. 
The problem is not that of plasticity where the stress-strain relation is 
nonlinear, nor that of elasticity because now the material fows. In other 
words, the material must be considered as a viscoelastic medium. As a 
first approximation, the stress-strain relation can be still considered as 
linear. To be specific, let ту, су, оз, Tans Taz Taz be the six stress components, 
ез 6, 6, Yayı Ууз Үш be the six strain components. The stress-strain rela- 
tion for isotropic viscoelastic media can be written as: 

Pos = Q the + 2p e) 

Poy = %% + 2u ey) 

Ро. = Q (е + 2u e) 

Pray = Quy, Pry = Quy Рта = Que 


lity in design and occurs 


where А and р are constants and 

emer tey te 
The operators P and Q are linear time operators defined as: 
m dm- 


P=? Tea 
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The a’s and b’s define the property of the material. They could be func- 
tions of time, but not functions of the space variables. Thus a material 
with changing properties, caused by the drift toward thermodynamic and 
chemical equilibrium, can be also represented by these operators. 

An analysis (5, 6) of the mechanics of such materials reveals that if 
the load on the part is specified by a time factor g(t), then the stress distri- 
bution at any instant can be calculated as if the material is purely elastic 
with the same instantaneous load. The deflection of the structure is, of 
course, different. But 16 is specified by a time factor h(/) which is inde- 
pendent of the particular value and distribution of the load and is only de- 
pendent on g(t) and is determined by 

Q() = Роб. 

The 444) is thus a “universal” function in the sense that it is related only 
to g(t) and the properties of the material. The other characteristics of 
the problem do not enter into its determination. In particular, the func- 
tion A(t) may be directly measured experimentally on a pure tension bar 
with the tension varied with time according to g(t). This is then a con- 
siderable simplification of the mechanics of viscoelastic media and a useful 
tool in the application of the idea of design for short-time flow of material. 


Heat Transfer 


The extreme intensity of reaction in the rocket motor and in the combus- 
tion chambers of ramjet and pulsejet, and the high velocity of gas flow lead 
to a high rate of heat transfer to the walls, if the wall is to be kept at safe 
operating temperature. For instance, at the throat of a rocket nozzle, 
heat flux as high as 12 Btu per sec per sq in. has been observed. Changed 
into conventional units in other branches of engineering, this is more than 6 
million Btu per hr per sq ft. To cope with this high heat flux, designers 
have been forced to extrapolate the empirical laws of heat transfer to a 
cooling liquid and to seek other unconventional methods, such as surface 
boiling heat transfer. 

To absorb the high heat flux by circulating a cooling liquid in a duct sur- 
rounding the hot chamber, one must use large differences between the wail 
temperature of the cooling duct and the bulk temperature of the cooling 
liquid under turbulent-flow conditions. Here the problem is the lack of 
proper understanding of the basic mechanism. At present, the designer 
relies on empirical rules which are only safe to use within the range of 
variables of the test result. To extrapolate without the guidance of a 
sound understanding of the phenomena is not satisfactory. Of course the 
problem of turbulent heat transfer has been attacked successfully by O. 
Reynolds, L. Prandtl, G. I. Taylor, Theodore von Kármán, and others. But 
their work is based upon the assumption that the temperature difference 
between the wall and the bulk of the liquid is small so that the flow is es- 
sentially isothermal. 
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Turbulent flow in a duct, say а <444224444224224222440 2022202. 
circular pipe, can be divided into Ae 
three regions (Fig. 2): the tu- ^ ^? ^ PX Nou ср 
bulent central core, where Rey- , E en Sacs dt Eu NE 
nolds' turbulent shearing stress S ven ~ = 
dominates the molecular or viscous I Bie, tee oe ee D 
shearing stress; the laminar layer T M Ert "i Tu 
next to the wall where the viscous - ұла ы 

x 


ж 
shearing stress dominates the tur- ----з------і —— 
bulent shearing stress; and the 2? à 
buffer layer where both shearing LAMINAR LAYER 


stresses are important. For the pre, 2 тив maree mecrows сенен 


turbulent central core, which ов- OCCUR IN TURBULENT FLOW IN A рост 
d В р Turbulent core: 
cupies most of the pipe, previous 
experiments with isothermal flow in- E = 13.94 + 55 logy & 
dicate that the flow in general, and M : lE 
Buffer layer and laminate layer: 


the velocity profile in particular, are MU LR Ng aE ee or 
controlled by the shear stress 7 at i ac wo + 1р TIR 
the boundary of the turbulent core, 

the density p of the liquid, and a linear dimension и. Since the boundary 
of the turbulent core is very close to the wall, 7 is practically equal to 
the wall shearing stress то. Together with p, то can define a velocity U, by 


U, = V2: 
7 р 


Then if U is the velocity at a point у from the wall, the nondimensional 
equation for the velocity profile must be 


р, = fiw. 


Clearly, the only available lincar dimension for flow near the boundary 
of the turbulent core is the distance of this boundary from the wall. Hence, 
for flow near the boundary of the turbulent core, y; must be the thickness 
of the laminar and buffer layer. From previous experiments with iso- 
thermal flpw in smooth pipes (7), it is found that 


A = 18,94 + 5.6 logo Pi 

Since temperature differences in the liquid will change only the viscosity, 
and according to experiments viscosity does not enter directly into the 
turbulent core flow, the velocity relation given above must also hold for 
nonisothermal flow. 

The problem now is to determine the thickness yı. This thickness will 
vary with the temperature conditions. The work of H. Reichardt (8) 
does not account for this variation and is therefore unsatisfactory. The 
main effect of higher temperature differences therefore is in the buffer layer 
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and the laminar layer. Here the variation of viscosity with temperature 
changes the flow. For instance, the effective shear stress т is given by 

T. dU wid т /ә 1 әш 

атыла EI az + ay 
where v is the kinematic viscosity, T the temperature, w'v' the instantaneous 
turbulent velocities in the directions parallel to the wall and normal to the 
wall, and T" is the temperature fluctuation. The bar over the second and 
third terms means averaging with respect to time. The third term does 
not occur for isothermal flows. Its appearance and the appearance 
of the variable v in the first term mean the effects of heat 
conduction and the effects of shear are now coupled. The solution is 
thus more difficult than the corresponding isothermal problem, but the 
difficulty is believed to be surmountable. 

When the wall temperature is raised beyond that of the boiling of the 
liquid under prevailing pressure in the pipe, local vaporization takes place 
and bubbles are formed over the surface. But since the main bulk of the 
liquid is still at a temperature below the boiling point, these bubbles 
cannot grow indefinitely. In fact experiments by F. Kreith and M. 
Summerfield show that they contract again and have a life span of about 
1/ор sec. During its short life span, the bubble does not seem to move 
ү А appreciably from the wall. 
H ++ The main consequence of 
т i the bubble formation and 
T, ASSUMED Mot F + disappearance is then the 
sames сала TUM азат n а i strong agitation of the fluid 
Н near the wall. It is then 
understandable that the 
heat flux can be increased to 

|] many times that of the case 

Я h ТЕ without local boiling. This 
| Г th. fact is shown clearly in Fig. 
4. 3, taken from the work of 
]- Kreith and Summerfield (9, 
ж 10). Thismeansthata high 

4 rate of cooling can be 

I TORO cOWECTION achieved without high flow 
velocity in the cooling duct. 
The thus reduced pressure 
drop in the cooling duct will 
decrease the necessary 
ЕТЕКТЕРІ = ww ae ш ә pumping work of the cool- 
RAP ant. Boiling heat transfer 


FIG. 3 COMPARISON OF FORCED CONVECTION HEAT id 
TRANSFER WITH AND WITHOUT sURFACE вонама then can be used to good 
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9 — HOT GAS 
advantage for many designers. The iar 
problem for research here, of course, — ---- -- —— 


is a closer understanding of the tur- 

bulent agitation due to bubble for- ' Н $ 
mation and thus better correlation 

of tests for different liquids and dif- — COOLING LIQUIO 

ferent test conditions. FIG. 4 FILM COOLING SHOWING DOWN- 

If the wall temperature is in- TEE AM: ELO OF NE От 
creased beyond a critical value over 
the boiling point of the liquid, it has been found that a vapor envelope forms 
over the surface and the heat flux is reduced by the insulating effect of 
the stagnant vapor. Therefore, with specified pressure and flow velocity, 
there is definitely a maximum value of heat-flux density even with local 
boiling at the surface. If still high heat-flux density is desired, then other 
means of cooling have to be used. However even before reaching this 
intrinsic limit of boiling heat transfer, the wall temperature at the inside 
surface of the rocket motor may be too high for the material strength, due to 
the necessary temperature gradient through the wall for the heat flux. 
For instance, if the heat flux is 6 Btu per sec per sq in., the wall thickness is 
Ув in., and the temperature at the cool side of the wall is 600 F, the tem- 
perature at the hot side of the wall will be 1950 F if stainless steel is used. 
This temperature is certainly too high for good strength. New powerful 
cooling methods for extremely high heat flux are sweat cooling and 
film cooling. 

Film cooting (Fig. 4} is achieved by establishing a thin liquid film in 
contact with the hot gas over the surface to be cooled. Due to the shearing 
stress acting over the liquid-gas interface, the liquid flows in the down- 
stream direction. Simultaneously, the heating of the film by the hot gas 
evaporates the liquid. It is seen that so long as there is a liquid film, the 
wall temperature is kept below the boiling point of the liquid. It is also 
seen that to protect the wall from the hot gas, liquid film has to be re- 
established by injection through holes in the wall when the film from up- 
stream injection is evaporated. Of course, the intervals of injection can 
be lengthened by injecting more liquid and establishing a thicker film each 
time. However, the difficulty here is the instability of the film against 
the turbulent flow in the gaseous boundary layer. The resultant partial 
breakaway of the liquid in the form of droplets constitutes a loss in effec- 
tive cooling liquid. The problem here is then the determination of the 
relative cooling efficiency with respect to film thickness. 

From experiments on one-phase turbulent boundary layer, it is found 
that the laminar sublayer thickness y* is determined by 


= 


= 
У Пу 
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where ә is the kinematic viscosity of the fluid, U is the free stream velocity, 
and C, the local friction coefficient. If this relation also holds for two-phase 
turbulent boundary layers such as exist in film cooling, y* is the limiting 
film thickness for perfect efficiency. 1 the film thickness is larger than y*, 
instability of the film and breakaway of droplets is likely to occur. It is 
then seen that there is an advantage in having a higher kinematic viscosity 
», ав а thicker layer is then allowed. If U = 1000 ft per sec, C, = 0.004, 
and y = 0.319 X 10-* ft? per sec for water at 212 Е, y* is only 4.3 X 10-* 
in. This result indicates that for theoretical maximum cooling efficiency, 
the film should be thin and re-established frequently along the wall. The 
limiting case is then sweat cooling where the coolant is forced through the 
porous wall, and injection and evaporation occur at the same time. 

Sweat cooling is, however, not limited to the liquid coolant. The coolant 
may be gaseous. In fact, the most extensive experiments are made by P. 
Duwez and Н. L. Wheeler (11) with gaseous coolants. It is shown by the 
above investigators however that the coolant cannot be allowed to evapo- 
rate in the porous wall, as then the flow is essentially not stable with wide 
fluctuations in the wall temperatures. Generally then, the most efficient 
sweat-cooling system with least expenditures of the coolant is one that 
evaporates the liquid coolant on the “outside” surface of the porous wall 
before entering the porous material, Fig. 5. In а sense, this system is a 
combination of boiling heat transfer and sweat cooling. No extensive ex- 
periment on this method of cooling has yet been made. 


Combustion 


It is evident that with either film cooling or sweat cooling, there is no 
limit to the temperature of the combustion gas that can be effectively 
handled. One need not have therefore any misgivings about high energy 
fuels and propellants for cooling difficulties. Furthermore, for rocket, 
ramjet, and pulsejet, there is no contact of the combustion gas with a 
delicate moving part such as turbine blades in a turbjoet; and the combus- 
tion gas can be corrosive and can contain finely divided solid particles. 
These factors practically remove all restriction in the choice of fuels and 
propellants. Such strange combinations as liquid hydrogen and liquid 
fluorine, and diborane (BHs) and 
air are to be considered. То con- 
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Godine мор 


Laseno cous 
FIG. Ö SWEAT COOLING SHOWING EVAPO- 
RATION ON THE OUTSIDE OF POROUS WALL 
BEFORE LIQUID COOLANT ENTERS POROUS 

MATERIAL 


sider these combinations in com- 
bustion immediately raises two 
types of problems. The first type 
is problems in thermochemistry. 
What is the heat of combustion of 
these compounds? What are the 
thermodynamic properties of the 
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combustion products? What are the equilibrium constants of the 
reactions? Information is particularly: meager in connection with 
lithium, boron, fluorine, etc. The second type of problem concerns ques- 
tions in chemical kinetics. How are the reactions of these combinations 
carried out? What are the individual component reactions? What are 
the rates of these component reactions? How can the reactions be speeded 
up or retarded? 

A first application of this thermochemical and chemical-kinetic informa- 
tion to combustion problems is the calculation of the absolute flame speed. 
At present, it is generally accepted that the old thermal ignition theory of 
flame speed, due originally to Mallard and Le Chatelier, is unsatisfactory. 
Due to the complexity of the problem, different investigators have em- 
phasized different aspects of the problem. No simple general theory has 
yet evolved. One basic assumption of these theories however, seems to 
need a clarification. This is the assumption that the rate of reaction 
calculated on the basis of homogeneous reaction can actually be used in 
determination of reaction in a flame front where the composition of the 
gas sometimes varies greatly in a distance of only a score of mean free paths 
of the molecules. In other words, the question is whether the nonuni- 
formity involved can seriously change the reaction rate. What is needed 
then is a kinetic theory of nonuniform gas involving chemical reaction. 
For instance, to calculate the flame speed of a mixture of hydrogen gas 
and iodine vapor, one has to consider four species of molecules, На, Iz, НІ, 
and (HI) which is the activated complex of Hz and І, after a successful 
collision. The Boltzmann differential-integral equation for the distribu- 
tion functions of the molecules has to be solved by considering all possible 
collisions between these molecules. For some of the collisions the kinetic 
energy is not conserved. 

More urgent problems of combustion in jet propulsion are those con- 
nected with fluid-mechanical aspects. These are the autoignition of 
liquid jets, the evaporation of liquid droplets, the mixing of gaseous com- 
ponents, the mutual influence of combustion and turbulence of flow, 
combustion in heterogeneous mixture, ete. For ramjets, the most perplexing 
problem today is the problem of flame stabilization. This is & problem 
which confronts all ramjet designers. Worse still, the mechanism of flame 
stabilization is not yet understood. Ая а result, the flame-holder design 
for the combustion chamber is always done by ad hoc experimentation. 
Clearly, there is a need for experiments with the simplest physical condi- 
tions so that the parameters can be accurately controlled. The work of 
A, S. Scurlock (12) with homogeneous gas stream and controlled turbulence 
in the initial stream is the most noteworthy effort in this direction. Fora 
true understanding of the mechanism however, further detailed exploration 
of flow field is necessary. 

It seems that one of the important aspects of flame stabilization is the 
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interaction of the flame front and 

= the boundary layer. To test this 

concept, a flame holder in the shape 

Е. of а streamlined body may be tried 

(Fig. 6). To start the combustion, 

the airfoil has to be first heated 

лн төт by, say, electric current to a high 

temperature. Once the flame is 

ju d bum pie Б toast started, the airfoil aft of the flame 

STREAMLINED BODY is heated by the hot gas. Heat 

is then conducted through the 

body of the airfoil to the front section where heat is given up to 

the cold gas mixture through the boundary layer. The cold gas mixture 

in the boundary layer being heated by the body will increase the concentra- 

tion of active carriers and finally ignite at the intersection of the flame front 

and the surface of the body. It is evident that such a flame holder without 

turbulent and eddying loss has many practical applications in spite of the 

difficulty in starting. In fact, by increasing the length of the airfoil in the 

hot gas, the temperature at the front part can be increased, and thus, the 
gas velocity can be raised without blowouts. 


Performance of Rocket and Jet-Pzopelled Vehicles 


The ultimate aim of all this basic research is of course to improve the 
performance of rocket and jet-propelled vehicles. However even when 
given the best power plant, the designer still has to determine the best way 
of using the power plant for optimum performance of the completed vehicle. 
For instance, what would be the optimum thrust programming for a sound 
rocket? What would be the gain possible by varying the thrust during 
ascent? Is this gain justified by the additional complication in the design? 
The basic variational problem of thrust programming was studied by G. 
Hamel (13). However, he made no detailed calculations to allow the de- 
signer to weigh the importance of different aspects of the problem. 

But the fundamental question in the performance analysis is the trajec- 
tory, particularly long-range trajeetory. Earlier in this discussion the 
reason for favoring the dynamic trajectory of varying velocity was given. 
But what particular dynamic trajectory? To avoid the penalty of high 
drag at high velocity in the dense atmosphere and yet to be able to ac- 
celerate the vehicle quickly, it is clear that the vehicle should be launched 
in vertical position. Performance of the vertical trajectory of a rocket is 
well known. But is rocket the only power plant capable of vertical tra- 
jectory? Certainly the ramjet, once boosted to a. sufficiently high velocity, 
can also produce enough thrust to make an accelerated vertical flight. А 
ramjet would weigh more than a rocket per Ib of thrust produced. but the 
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fuel consumption is much smaller. Preliminary estimate by L. H. Schindel 
(14) shows that the advantage of low fuel consumption overcomes the 
disadvantage of heavier dry weight. Therefore, there is a definite gain by 
substituting the lowest stage of a multistage rocket with a ramjet. Of 
course, to boost the ramjet to operating speed, it has to be operated as a 
ducted rocket in the first few seconds. 

What can one say about the remainder of the trajectory? Since the 
high velocity of the vehicle is reached outside the atmosphere by vertical 
or near vertical ascent, the first part of the trajectory has to be liftless, and 
thus is elliptical. When the vehicle returns to the atmosphere at practi- 
cally the same speed as it leaves the atmosphere, the lift of the body of the 
vehicle can be produced by putting the body into an angle of attack. 
The question here then is one of programming the angle of attack of the 
body so that maximum range is obtained. As an example of such a dy- 
namic trajectory, the flight of a 3000-mile rocket vehicle is studied under 
the assumption of steady glide after the initial elliptical path. The average 
lift-drag ratio in glide is taken to be 4. The result of this analysis is as 
follows: 


Length 78.0 ft 
Maximum diameter of body 8.86 ft (Fig. 7) 
Gross weight 96,500 № 

Fuel load 72,400 Ib 
Weight at end of burning 24,100 Ib 
Propellant loading fraction 0.750 

Exhaust velocity 12,000 ft/sec 
Propellant Liquid О, liquid Hi; liquid Fs liquid Н, 
Maximum velocity 9140 mph 
Range at conclusion of elliptic path 1200 miles 
Range contributed by glide 1800 miles 
Altitude at beginning of glide 27 miles 
Landing speed 150 mph 
Landing angle 20 degrees 
Flight duration Less than 1 hr 


It is thus seen that the requirements of a transcontinental rocket liner is 
not at all beyond the 
grasp of present-day tech- 
nology. The wings need 
not be large to achieve a 
reasonable landing speed, 
and the specifications on 
the structural weight are 
not impossible. When 
will such a rocket liner be 
realized? That is a dif- 2 
ficult question to answer. fa 
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But one thing is certain: The basic research as outlined in this discussion 
will definitely hasten that day of long-range rocket travel. 
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Influence of Flame Front on the Flow Field 


Ву H. 5. TSIEN,! PASADENA, CALIF. 


Flame front is a region in the flow field where rapid 
change in the chemical composition of the fluid occurs 
with consequent release of chemical energy in the form of 
heat. In the majority of cases the phenomenon is a very 
complicated one involving the heat transfer by conduction 
and radiation, the changes in concentration of the differ- 
eut components by diffusion and chemical reaction. Ow- 
ing to this and the difficult problem of chemical kinetics, 
only recently the complete theory of flame front has been 
formulated, particularly by the group under J. O. Hirsch- 
felder.t Fortunately, as a result of the rapid rate of 
chemical reaction, the thickness of the flame front under 
ordinary conditions is generally very small, being less than 
1 mm. Therefore, if one is interested іп the influence of 
flame front on the flow field but not on the detailed struc- 
ture of the flame, the flame can be assumed as infinitesi 
mally thin, and only the final changes of the state of fluid 
due to combustion need be considered. This procedure is 
entirely analogous to that of treating the shock wave as 
having zero thickness in studying dynamics of compressi- 
ble fluids. This simplification will be adopted for the 
present investigation. 


EGLUCTING the change in specific heats of the gas by 
combustion and assuming perfect gas, very simple rela- 
tions for quantities hefore the combustion and after the 

combustion can be obtained. This will be determined first. 
‘With these relations, the production of vorticity due te non- 
uniform condition before the flame front will be studied. After 
these preliminary resulta, the problem of fame width in a two- 
dimensional combustion chamber of constant width with в flame 
holder at the center will be solved approximately. This prole 
lem was first solved by A. С. Seurlock.! The present caloulation 
is, however, very much simpler nnd is extended to take into : 
count the compressibility of the gus. The effect of compressi- 
bility gives an anomalous spreading of the flame in the channel, 
and ita significance in the efficiency of combustion and combur 
tion-chamber design will be discussed. 


Fiame FRONT 


Consider the flame front to be stationary, and the unburned 
gas flows into it with a normal velocity S and leaves it with a 
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velocity ws; S is then the normal flame velocity. Let p, p, and 
y be the pressure, density, and the ratio of specifie heats, respeo- 
tively. The subscript 1 will denote quantities before the com- 
bustion and the subscript 2 after the combustion, Then the 
equation of continuity is 


mS = pus. езен 
"Тһе momentum equation is 


ри? + p = рле + yn... 


If X is the ratio of the stagnation temperature after combustion to 
the stagnation temperature before the combustion, the energy 
equation is 


1 

"NP 
E 
Consider the quantities pi, S, and А as given by the detailed 
theory of flame or by exporiment. Then Equations {l}, [2] 
and [3] are three equations for the three unknowns vx, ps, and 


ps. ‘The solution corresponding to normal burning can be written 
as follows 
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The temperature ratio Ty/1 is 
1 
MA — D Mit + 


in 


In these equations, the quantity М, is the ratio of the бше ve 
locity S to the sound velocity a in gas before the combustion, or 
the Mach number of the flame. Since, under ordinary conditions, 
§ is of the order of 1 fps while e ia of the arder n? 1000 fpa, Mı 
ів very smal) and generally only the first terma i Hauations 
141, 151, and |6 are necessary. 


PRopucttox ок Vorticitr BY Рълмь 


Tt is known that in a nonviscous and nop-hrai-condueing 
fluid, if the pressure is only a function of density, then the vor 
ticity of any fluid element is в constant. These ennditions of 
flow are suiinfied- approximately hy real fluid without beat addi 
tion or combustion. Most fluid motions of practies! interest orig 
nate from a uniform state, where vorticity is sero or the motion 
ів irrotational. Then the motion will remain irmtational. Tli 
irrotationality of flow simplifica greatly the analysis of the field, 
Hence it is of interest to investigate the extent to which thie 
condition is destroyed by flame front. In other wards, the pro- 
duetion of vorticity by flame should be calculated. 

For simplicity, consider the two-dimensional How. Fet the 
gas he of uniform composition snd having a constant aum of tte 
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thalpy and the kinetic соед or oenergetie, bere combustion, 
1п view of the genrally irrotationa] Bow without combustion, 
tie flow before the flame front will be assumed to be irrotationnl 
aad thus isentropic, The problem spenifieally is then to calculate 
le vorticity w after the flame. Let c be the specific entropy and 
Ч the atream function. Then it is known‘ that for steady flows 


deos 
Ms 


where again the subscript 2 denotes quantities after the fame 
Vor perfect ies, Equatiun [7| ea be written ae 


tom eT. ТОРА TE] 


front. 


Before the ame, ei ік constant, so pi/pi* ік 
dh = Аш, Equation [8] simplifies to 


2) as 
p eV 
‘The presure ratio р/р and the density ratio p/m are given hy 
Equations M] and |8. Therefore the production of vorti 
а controlled by the voriation of she flame Mach number Mi or 
Sfarand the parameter А slong the flame front. 

Jerhape due to very intense transport. phenomena generated 
зу the large temperature rise in the fame, the normal fame 
locity S is observed to he only weakly dependent upon the 
nal conditions before combustion, According to И. Sachsse,* 
the normal flame velovity of methune-oxygen mixture ія in- 
көмей to 3 timex the value at room temperature by preheating 
the mixture to 1000 С. Later experimente by Such and Е. 
Bartholomé" indicated an increase of approximcely 30 per cent 
in fame velocity by preheating various gas mixtures from 20 to 
10 С. From this evidence, it seems that the normal fame ve- 
һейу increases roughly as the abeolute temperature of the "un- 
bumed” gae mixture. — The experiments on the influence of pres- 
sure on the flame velocity do not seem to give conclusive resulta, 
tut in any event, the influence is not large. Therefore, for the 
computation of the production of vorticity by flame front, two 
parate cases сап be considered, For the first case, the flame 
кені 8 ів taken to be в constant, For the second ease, the 
fame speed 8 is to be proportional to the absolute 
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TE AH is the beat addition per unit mast of the gas due to chemi- 
eat recetion, then from the dəfi 


1121 


Therefore А ія not a constant, in spite of the fuct thut the heat re- 
leased AH can be considered as а constant with good approxima 
tion, 

Vor the first саяс, S is a constant, and 


me = (2) 


where the subscript 0 refers to the stagnation condition before the 
fame. Then 
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For the second case, S is proportional to the temperature 7) 
ortemt. Then 


ом: 
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‘The derivative of presure ру with respect to үй can be es- 
pressed in a more convenient form: Jf q їв the magnitude of 
velocity immediately ahoad of the shock, n the normal distance 
from streamline to streamline, then 


> dji = pn du 


Furthermore, the balance of centripetal forees by pressum re- 
quires 


du 


where A is the radius of curvature of the streamline immediately 
ahead of the shock, positive when the streamline is eoneave with 
respect to positive direction of gy Prom these two relations 
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By substituting Equations [13], [14], and (17] into Equation 
11], and by using Equations [4] and [5], the vorticity w gener- 
ated by the flame front for the case of constant flame speed S 
сап be determined. By substituting Equations (15), [16], and 
17] into Equation [11], the vorticity w for the case of variable 
flame speed can be computed. 

However, it is important to note that the value of the flame 
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speed із generally so amall as to make М: negligible compared 
with unity. Then р (Мир) je negligibly small in comparison 
with р.(д\ /dp,) und the latter is approximately the same for both 
cases, іс. 


d 
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By making the same approximation for the fonctions of F aad G 
and their derivatives, the vorticity generated w is simply 


Py 
X 
It is œen from Equation |19) (hat when Ri -+ э, ш — Das cxe 
pected. Furthermore, when ano combustion occurs, ne heat ік 
added, and А = 1, then ш = 0. But when there is combustion, 


the combustion will gencrate appreciable vorticity of the order 
оа. 


1 


mE ) for MA ner 


Flame WIDTH IN a UNIFORM CHANNEL 


The problem of spreading of the flame in a homogeneous pre- 
mixed combustible from an ideslized point flame holder особей 
at the axis of н two-dimensional uniform channel, Fig. 1, was 


Fic. 1 Frame Paomacasion ін a Two-Diacweroxat, COMBUSTION 
Свлмввв or Сехатахт роц Fuow так Point Fraue Ноговя 0 


first solved by А.С. Scuvlock.* For interpreting the experimenta] 
dita, he needs the relation between. the flume with p, and the 
fraction of gas burned. 016 uesumes for simplicity of ealeulatien, 
that the fluid is à perfect incompressible fuid, The assumption 
of incompressible flow ia justified on the ground that the velocity 
of flow is small compared with the speed of sound, This means 


then the flame Mach number М, is negligibly small. From 
Equations Н), [5], and |6), itis seen that 
Parn Pæt.. 10] 


‘Therefore under the assumption of incompressible flow, the et- 
iect of combustion je to change the density by в factor of À (the 
ratio of stagnation temperatures) while tho pressure remains con- 
stant. Scurlock then observed that since he is interested in 
cases where the Bow velocities nre very much larger than the 
norma] flame velocity 8, the fame fronts will be inclined at small 
angles from the channel asis. ‘The result is that al! streamliner 
sre nearly рога] to the channel axis, ‘Then as an spprozima- 
tion, the magnitude of velocity at any point iy taken to be the 
magnitude of z-component и (parallel to the channel axis) of 
velocity, and neglect the effects of the curvature of the stream- 
lines, If curvature of the streamlines is neglected, the pressure. 
variation in the y-direction (normal to the channel axis) due to 
centrifugal: farces must be also neglected. Equation {20} fur- 
ther shows that there is no pressure change by crossiag tho flame 
front; then it js evident that the pressure p in any cross section of 
the channel must be constant, whether in the unburned gas or 
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the burned gas. ‘This means ihe pressure is continuous in the 
whole feld. Therefore the velocity ш must also be continuous 
by crossing the flune front, 

‘The entire problem is then reduced io n quasi-oue-dimensional 
calevlation: ‘Che fluid density is coustsnt in respective regions 
of unburned and burned regions. The ratio of densities is A. 
The anburved gus flows wita constant wuilor velocity u’ and 
density ру until it reaches the section containing the flame holder 
0, Fig. 1. The gas immediately after the fisme holder has still 
the same velocity u? but a density р: = gi/A. Аба section г 
downstream of the flame holder, the velocity at the channel axis 
is increased to u* and the velocity in the unburned gas, uniform 
in the unburned region of the section, is increased from u? to 
зи. The pressure p ut x is, however, emaller than the pressure 
p* of the approaching unburned gas. Ву using Beruoull’a 
theorem: 


ш 


m 


At the scetion z, the velocity и in the burned region decreases 
from the value u* at the axie to ад at the fame front y = у, 
Scurluck,* using а laborious numerical method, has computed the 

à i Fig. 2 is taken from his 
ашыгу of the result is, of course, predicated by 

That it cannot be exact is seen by using the 
result of the previous section, Along the axis, the curvature of 
streamline ін zero. From Equation [19], the vorticity {0/05 — 
du/dy) along the axis ік then elways zero. Furthermore the y- 
component of velocity в is by eymmetry zero along the sx 
‘Therefore Ov Oz is zero along the axis, The Ou/Oympst be alo 
aero long the axi». This is not so in Scurlock's result. This 
discrepancy must be, nevertheless, localized. in gros feature 
thon, Scurlock's results are accurate for the purpose of fame- 
width determinations, 

On the other hand, if gross features are the only results that 
сап be expected from the simplified quasi-one-dimensional osk 
culstion, the enleuiation could be made very much simpler: Take 
the velocity profile froin y = Oto y = p: to be linear, Then with 
Equation 122] 


ИГ 


The condjtion that the some mass must flow through өмі se 
tion thea specifies 


р fe u dy + pi (b = p buts Al 


where bis the half width of the channel, Ву subetitoting Eque 
tion [23] into {24} апа by observing pi/p; = À 


(Ne ex 


By solving for (0/5), denoted by 1, one has the simple relation 
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where 


The fraction of the gas burned fis 


j=l =l- UA- 


өт 
рб 981 


Ву combining Equation [25 with [26] 


2 EXIT 28 
QX—1)U-— АЕ Far 

Equations [25] and [27] ean be considered as the parametric 
representation of the relation between the nondimensiona! flame 
width п and the fraction burned f. Computations? using these 
equations have been curried out lor А = 4, б, and 8. The re- 
salts are compared with Seurlock’s results in Fig, 3. ‘The agree 
men’ is satisfactory. Tt seems then there ӛз no need for the com- 
plicated numerical procedure of Seurlock.* 


(pris ly 


Errecr ох Сомгакѕывилту on Fray Мрт 


Since the casos of interest are cases where the normal flame 
speed is amall compared with the gus velocity, it is reasonable to 
аргак of compressible flow of gas in gencral while still considering 
the fume Mach number M; in Equations [4], [5], and [6] to be 
negligibly small. Then the conclusions drawn in the previous 
жооп about changes of density and pressure in crossing the 
fame front stil] hold, In particular, the temperature of the gas 
is increased by a factor А in crossing the flame holder. The 
À at different points of the flame front ін not the same ав shown. 
by Equation [12]. However, А will be taken to be a constant 

7 Tho author is indebted to Mr. D. Shonerd for carrying out the 
numerical computatione in this papor. 

"Та the Appendix, a complete mathematical formulation of Seur- 
loek's problem is given. 
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as an approximation, Only here Bernoulli's equation must be 
modified for the compressibility effects. Therefore, in piace of 
Equation (211 


u de Т p + е, ATS 


Nie we 


low p 
win = ut жы” | 
where 1%, Ti, and 74 are the temperatures of the approaching 
unburned gas, the unburned gas at section z, und the burned gas 
at section т and the channel axis; с, is the specific beat at con- 
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stant pressure. Along cach streamline, the entropy of gas is a 
constant іш either the smburned region or the burned region. 
‘Therefore, in either region the corresponding isentropic relations 
hold, Equations [29] cun then be modified to 


By eliminating the pressure ratio p/p*, Equation [22] is again 
obtained. Thus the relation between the burned velocity и” 
at the axis and the unburned velocity ш is not modified by the 
compressibility, 

If the linear velocity profile through the burned region is again 
assumed, Equation |23) remains true. However, now it із neces- 
sary to distinguish the density pi of the unburned gas at section 
2 from the density р? of the approaching unburned gas This 
ratio is easily obtained as 


anfi 

” һ à 
where Ме is the Mach number of the approaching unburned gas, 
u*/a*, and U is again w/u*. By using the approximation that 
the density of fluid decreases by the constant factor 1/А after 
crowing the flame, the continuity condition іл now 


ma-n] E 


P fh udy mq) m = pbuh... R2] 
By using Equations [23] and {31 ], Equation [32] gives 
E eur 
11 ме л »] gri 
Л 


The fraction burned six thea 


ш TT 
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Fic. 4 Резы Wipra 4s Fuscrion or Fraction BURNED AT 
Dinary Ratio А м 4 көн Уушотв Ismar Macu Момын M^ 
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Equations [33] and [34] together with Equation (31) ше the 
parametric representation of ihe relation between the nondimen- 
sional flame width s and the fraction burned, f. ‘The results of 
calculation are plotted in Figs. 4, 5, and 6. 1t is seen hut the 
compremibility has little effect on the relation between the fame 
width y and the fraction burned f. The curves at different ap- 
proach Mach numbers Ме lie very close to the incompressible- 
flow curve caluulnted by using Equations [25] and [28]. There- 
fore the procedure adopted by Scurlock in using the incompres- 
sible curve for all his computations is indeed justified. Figs, 
4, 5, and 6, however, show another very important feature of the 
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poblem: Both the fame width y and the fraction burned f, 
have maximum values at higher M°. For M° = 0.4, the maxi- 
тап fame width is only 1/1 of the channel width and the maxi- 
mun amount of gas burned is only 1А of the input. At higher 
values of MY, these fractions аге evon mmaller. ‘Thi definitely 
shows that for a combustion chamber of constant width, as as- 
tuned in the present analysis, it will be difficult if aot impossible. 
о have complete combustion at high flow velocities, even with a 
qd flame holder to initiate the flame, 

What is the physical situation which causes this anomaly? 
By crossing the flamo front Ше flow velocity is maintained, but 
Me temperature of the gas is increased by А times. Therefore 
the Mach number of tho gas is reduced by combustion. In other 
words, the Mach number of the unburned gus is always higher 
(an the Mach number of the burned ав. With equal reduction 
in pressure, the stream tube will contract lese if the Mach number 
higher. In fact, for supersonic flow, the stream tubo will ex- 
өші instead of contract when the pressure ів reduced. There- 
fore the effect of compressibility of the gas is to make the width 
of the unburned gas relatively larger than the width for incom- 
кені fluid. ‘The effect is more prominent when the initial 
Mach number is higher. Therefore there will be ono initial Mach 
number М, called the critical Mach number, for а given value 
of at which 


4” 
то м ть 0-1, 851 
Ith initial Mach number Ме is greater than Мі), then E - 


фаб < 1, Then the flame width will not be able to increase 
leyond the value of 7 corresponding to that at dm/dU = 0. 
tems that for complete combustion M* should be less than 
My. 

Equations [33] and [85] give the following conditions for the 
srities} atate 


( a) E vit 1) 


ler que- „К 2 


186] 


П TR 
1 à) Un ay VAT AUS 1) 


2024 


From Kquations [86] aod [37] 
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‘This equation and Equation [30] can be used to determine the 
nition between ML, А, and U, by numerical method. The 
Mach number M, corresponding to U, at the critical state is 
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‘The resulte of calculation are given in Fig. 7 where Мул, M, И. 
are plotted against А. From the previous discussion it is seen 
that in order to have complete combustion, the approach Mach 
number Ме must be kept below the critica] value Mj For a 
heating ratio А = 8, Ми is only 0.15. Then Ше velocity for 
complete combustion ів below 200 fps. It is interesting to ob- 
serve that the local Mack number Mg for the unburned gas at 
the critical atate, is very close to unity but slightly supersonic. 

Tt in unfortunate that the results of the present theoretical 
analysis cannot be checked with Scurlock’s experimente. The 
few 1 eases recorded by Scurlock with high inlet velocity 
to the combustion chamber and small flame holder are made in a 
combustion chamber too short to ascertain whether the fame 
reached the chamber wall. This is, of course, natural as Seur- 
lock concentrated his attention on the flame-holder performance, 
but not in the flame-apreading and combustion efficiency. From 
the present investigation it would seem that the problem of flame- 
spreading and combustion efficiency is a problem by itself, apart 
from the problem of flame holding, or flame initiation. In fact, 
one should not limit, oneself only to combustion chambers of con- 
stant width, as it is evident that the way to achieve complete 
combustion at high approach Mach number is to use an expand- 
ing combustion chamber for reducing the flow Mach number as 
the combustion progresses. The present analysis is only а be- 
ginning in this problem. Tt serves to point out the general im- 
portanoe of mutual influence of flame front and the flow, and to 
show specifically the limitations of conatant-width sombustion 
chambers, 


Appendix 


FormutaTion or Scuntock’s Рковьвм as 4N INTEGRAL Eeva- 
E 


Let the flame width increase from £ to E + d£ when distance 


downstream of the flame holder inereases from t to dt, Fig. 8. 


‘The rasas of unburned gan at tis рф — £)o where v is the velocity 
of the unburned gas at t (ie, at л = & m =v). Тһе decrease in 
the mass flow of unburned gas, or the mass of gas burned dm he- 
tween tand £ + diis thus 


dm-= —pi d((b — Sv} цо 


At section 2, this fraction of burned mass ocoupies the width 
dy with а velocity и and density (р./А). From Bernoulli's equa- 
tion applied between section 4 to т, опе has, similar to Equation 
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By using the relation 
S udy = т 
and Equation |40) 
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‘The streamline passing through y = 0 corresponds to v = at 


the streamline passing through у = y corresponds tov = 1 
Therefore, by integrating Equation [42] 


nam МА Г 


Result of a partial integration of fquation [43] can be written i 
nondimensional variables as 


War 


where У = »/u? and 9(V) = £jb. 

Equation [44] ia an integral equation of the second kind for th 
unknown function "(1/). When А is large, а very accurate valu 
of т can be obtained by replacing the 7 (V) in the integral ¢ 
Equation [44] by the approxiviate value given by Equation (28 
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Optimum Thrust Programming for a Sounding Rocket 


By H. S. TSLEN' and ROBERT C. EVANS? 


The problem of optimum thrust programming for a 
sounding rocket of minimum starting weight to reach 
specified height with given final weight and propellant 
characteristics is first formulated as a problem in varia- 
tional calculus. The general solution for arbitrary drag 
function is given. The solution is then applied to two 
special cases, one with quadratic drag dependence on 
velocity and the other with linear drag dependence 
on velocity. Complete numerical data are given. The re- 
sults are then compared with the results of constant 
thrust to show the advantages of thrust programming. 
Thrust programming is shown to be able to increase ap- 
preciably the pay load of а high altitude sounding rocket. 


OR a rocket in vertical flight, the aerodynamic 

drag of the rocket body and the gravitational pull 
are in the same direction and directly opposite to the 
direction of the thrust force, The performance compu- 
tation is thus relatively simple. It was indeed carried 
out by F. J. Malina and^. М. O. Smith (1). They 
have shown that if the aerodynamic drag is absent, then 
the best way of using the propellant is to use it in the 
shortest possible time, ‘Theoretically, a rocket of given 
weight fraction of propellant will reach the highest alti- 
tude if the thrust ìs applied as a single impulse and thus 
reaches maximum. velocity immediately. This result 
сап be understood, perhaps, by considering the other 
extreme of having the thrust equal to the weight of the 
rocket at every time instant. Then the rocket, having 
zero acceleration at all times, will not be able to leave 
the ground. Long drawn-out operation of the rocket, 
therefore, is definitely unprofitable if aerodynamic drag 
can be neglected. 

When there is aerodynamic drag, the high velocity 
reached at low altitudes by an impulsive start will give 
а very high drag which tends to reduce the maximum 
altitude of the racket. In fact, the calculations made 
by Malina and Smith, and more recently by Ivey, 


Rocket Society, Hotel Statler, New York, М. Y., Dec. 1. 
“Robert, H, Goddard Professor, Daniel and Florence Guggen- 
heim Jet Propulsion Center, California Institute of Technology, 
Pasadena, Cali 
з Research Assistant, Daniel and Florence Guggenheim Jet 
Propulsion Center, California Institute of Technology’, Pasadena, 
сш. 
> Numbers in parentheses refer to bibliography on page 107. 


SEPTEMBER, 1951 


Bowen, and Oborny (2), show that, assuming constant 
thrust, the optimum initial acceleration is one to three 
о, depending on the ratio of drag and weight of the 
rocket. The more general problem, however, is that of 
optimum thrust programming, i.e., to find the optimum 
time variation of the thrust for maximum altitude. This 
is the theoretical optimum design. Practical design is 
complicated by the added weight on the power plant 
to make the thrust variable and certainly cannot reach 
the theoretical optimum condition. The theoretical 
optimum gives standard of comparison and shows 
how much could be expected by varying the thrust. 

The problem of optimum thrust programming was 
studied quite early by G. Hamel (3). He made the 
simplifying assumptions that the density of air de- 
creases exponentially with altitude, and that the ef- 
fective exhaust velocity c of the rocket motor and the 
gravitational constant g do not vary with altitude. 
Using variational calculus he gave the solution of the 
problem of optimum thrust programming. However, 
his paper is very brief and is not easy to understand, 
It is the purpose of the present authors to give а com- 
plete discussion of the problem together with more ex- 
tensive numerical data. 


Formulation of the Problem 


Let M be the mass of the rocket and s the height at 
time instant t. Following Hamel, the effective exhaust 
velocity c of the rocket motor will be taken as a constant. 
‘The velocity of the rocket is ds/dt and will be denoted as 
5 Fora specified rocket body, the aerodynamic drag D 
is a function of the altitude s, and the velocity & Ну 
is the constant value of the gravitational force per unit 
mass, thé equation of motion of the rocket during the 
powered flight is 

dat at (dt) 


БеЗ 


в Dis 
c di 


2 B 


The altitude s is measured from the point of launching, 
‘Therefore, at the beginning of powered flight, ¢ = 0, 
3 = 0, M = M°, and È = & where M"is the mass and à, is 
the velocity after boosting. At the end of the powered 
flight, t = t, M = Мува а M, is then the 
final mass. Equation [1] together with these boundary 
conditions gives the following expression for mass M°, 
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Mt = (-)х 
еее (E ar + м, exp (FAL... a 


7 

If My is the initial mass of the rocket including the 
propellant for boosting by a single impulse to the veloc- 
ity ао, then 


My моо (2) ЕСІ 


Therefore, by combining [2] and [3], 
м. OP P exp (E59) ace oe (5709 m 


Equation [1] does explicitly contain the velocity 
after boosting, or ial velocity &. И the initial 
velocity is zero, the acceleration of the rocket issmooth. 
If the initial velocity is not zero, the rocket starts with 
an impulse and then gradually accelerates. In any ease, 
however, Equation [4] gives the total initial mass in- 
cluding the boosting charge. 

Now let the problem of optimum thrust programming 
be formulated as follows: Given My, c, g, and the drag 
function Dís, 8), what should be the function s(t), such 
that Mo is a minimum? The auxiliary conditions are 
&(0) = 0 and that sı and 3, must be such as to reach (һе 
specified summit altitude 5. To reach the given sum- 
mit altitude with the specified M, апа D(s, 3), s; and & 
are related, say 


а = om). 151 


where фів а given function, For instanee, at very high 
altitudes where the aerodynamic drag is negligible due 
to the low air density, 

& © УЗИЗ — а) ы 


То find the conditions for the solution of this varia- 
tional problem, let the required s function be. 


vad. Іт! 

with s(0) = 0. 
Now let there be an arbitrary function (6 such that 
мо) =0.... КОО 


but otherwise completely unspecified. Then the "neigh- 
boring” functions to s(é) can be constructed as 


KN = ай) + UI E 


where Ё is a parameter but not a function of time. 
cause of Equation |8], 3 satisfies the initial condi 
5(0) = 0. The duration of powered flight, or the burn- 
ing time, for the optimum solution is f. For the neigh- 
boring solution, the burnmg time is В + e. Thus Fis a 
function of e For the optimum solution, and ¢ both 
vanish. Therefore, 


к) =0 


овен t Am 


By considering only terms up to first order in е, 
и = +0 = kh) + ЕК + КО) еи)... 
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ео = а) «Қа + KO) e (G). 112) 


7 However ў, and $ must satisfy Equation 


15] so that the neighboring solutions will represent 
rockets reaching the specified summit altitude, the 
stated auxiliary condition. ‘Therefore, 
* dé. 
hme e (I) aa 
(a) E 
= 0+ (9) tsa. 


3, and $ from Equations [11] and [12] can be substi- 
tated into Equation [13]. After some simplification, 
one has 


ТӨ); ath) = i] ко) = Xu) — (4) жа. un 


This equation then determines the value of 120). With 
the K^(0) so determined, the neighboring solutions will 
definitely satisfy all the auxiliary conditions. 

With (б specified, the total initial mass Mo will be 
dopendent upon e. Let 


Fos, 4 0) = Bis, i) exp (er. ЖЕГІ 


‘Then by substituting Equations [9] and [12] into [4], 


T ds Rn + Meda, 1) de + 
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The condition for 50) to correspond to the optimum 
solution can now he stated simply as 


By carrying out the required differentiation, one has. 


oneto Ea] 
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But 900) is arbitrary other than the condition (0) = 0. 
Therefore, in order for the above expression to vanish, 


dF _ d far 
€ cai) 7% E 


and 
көже (BE) + fes + 
мв o + ODE exp (7 E) опи 


Equation [18] is the familiar Euler-Lagrange differentia! 
equation, Equation [19] is the result of the auxiliary 
condition of the problem. 

By eliminating №0) between Equations |М) and 
[19], one has 
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But g(t) is arbitrary, Therefore, in order for the above 
equation to be true, the sums of quantities which 
multiply into (4) and 4(4) must he zero separately. 
‘Therefore 


iG 9), + GR), rm 
m (вкось (OS) ови 
and 


Fim hh) + М, [« + (X 41 сар (% E ") = 0...21) 


Equations [18], [20], and [21] are now the complete 
answer to the variational problem. That is, the thrust. 
programming must be such that. Equation [18] is satis- 
fed at every instant of the powered flight and, in ad- 
dition, at the end of the powered flight the conditions 
given by Equations [20] und (21 ] must be fulfilled. 
‘These conditions can be reduced to simpler forms if 
the relation im Equation [15] is reintroduced. Then 
Equation [18] becomes 
DLD, әз, 
9s T is on 
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When the drag is specified as а function of s and 5 
Equation [22] gives the differential equation for the 
he W Equations [20] and [21] now become 


k- «005, "e*t. 


(t). пане 


da, 


„(® t= 0. 19! 


and 
КИЛЕН 


where the subscript ( )ı denotes the quantities evaluated 
att = а. Equation [24] is, howover, automatically 
satisfied if Equation [5] represents the relation at the 
beginning of coasting flight. "The reason is as follows: 
During coasting, the rocket motor is stopped, and there 
is no expenditure of propellant; therefore, dM /Ш = 0. 
‘Then Equation [1] reduces to 


LCR), +o] м, + Din о. tas] 


This is the same as 


ation (247. 
By eliminating (2). between Equations [23] and 


[24], the condition at the end of the powered flight is 
finally expressed as 


ина + Die ann 102) +2 
us + Ds + Ma)O + Ma) 
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where D, = D(s, 5) is the drag at the end of burning. 
However, the factor (Mif, + D, + Mig) зв never zero, 


therefure, 
6G) 


The problem of optimum thrust. programming can now 
be discussed in more concrete terms. Since the aerody- 
namic drag D enters linearly and homogeneously into 
Equation [22], that equation is actually a second-order 
differential equation for s(t), independent of the size of 
the rocket body. However, being a second-order dif- 
ferential equation with only one initial condition s(0) 
= 0, the initial velocity or velocity after boosting & is 
yet free and undetermined. It is determined, however, 
by the condition, Equation [26], at the end of the 
powered flight, In other words, for a given size of the 
rocket and for a given final mass Mi, there is a corre- 
sponding optimum booster velocity à and subsequent 
optimum thrust programming for any specified summit 
altitude 8. In general then, the optimum solution al- 
ways involves an impulsive start from rest. This is a 
characteristic of the problem. 


=D + Мо . 0261 


Quadratic Drag Law 
To carry out the computation, the air density is as- 
sumed to decrease exponentially with respect. to alti- 
tude. As a first example, the drag is taken to vary as 
the square of the velocity. Then the aerodynamic drag 
is given by 
D = West exp (-as).. E 
"This corresponds to a constant drag coefficient, Sub- 
stituting this expression into Equation [22] yields 


Usi 


where 


ЭЛЕ 


both are nondimensional parameters. 
Equation [28] for (v) and s(t), 
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Integrating 
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where 
т = VU T BF AB [32] 


and In indicates the natural logarithm to the base е. 
By using Equations [27], |28), [30], and [31], the 
mass M at any time instant is found to be as follows: 
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x төр i = (б + ӘНЕ (ых 


fot + — йв - 280 a са 


n42 ! 
+ = Bn = 8} 
Setting v = m, t = 0 gives the mass М“ after boosting: 


M^. Ио? --( £. 
ЕЕЕ 


i^ Му 
exp (n -ь+®)...89 


The initial mass of the rocket including the booster 
change is given by Equation |3], or in terms of the non- 
dimensional velocity v, 

My = M° exp (m) 
"Therefore, 

LESE E 


The thrust at any instant can be obtained from 


M 
Equation [1] noting that Р = c ^. 
Foe 


dt 
M (Lu Р 
Мо” Мо ӘРЕ 
where the acceleration 8/4 сап be computed from Equa- 
tion [28]. 
‘The end conditions are given by Equations [5] and 
[26]. Substituting Equation [27] into Equation [26] 
gives one condition 


я exp (ав) + 


P expres) = үү, p 

After the fuel is exhausted, the equation of motion ix 

G+ Ms + Wof exp (~as) = 0. 138] 

This equation can be easily integrated. By using the 

condition that at the summit, = S, & = 0, one has the 

following equation for the velocity at the beginning of 
the coasting flight 


т (-20 FE «у om 


h = ерта) Ы = exp (—a8) 140) 


The integral in Equation [39] can be evaluated using 
the series expansion 


for (and 


With any fixed value of S and the drag parameter 
Wic*/M;g, Equations [37] and [39] determine m and 
аз. The parameter Wic*/M;g is the nondimensional 
drag and weight ratio of the rocket. 

Calculations were carried out for two sets of summit 
altitudes and exhaust velocities assuming а = 1/22,000 
ft. One case was for a summit altitude of 500,000 ft and 
an exhaust velocity of 5500 fps. ‘The other case was for 
& summit altitude of 3,000,000 ft and an exhaust ve- 


fall 


102 


638 


locity of 8000 fps. Actually, an iteration procedure was 
adopted to fit the end conditions. For any chosen 
value of the drag weight ratio Wect/Mfg, a value of t 
was first assumed and substituted in Equation [27] to 
solve for аз. This result was put into Equation [39] 
which was solved for. This process was repeated until 
the desired accuracy was obtained. А plot of ЙУ Mig 
versus vı, which was found to be almost а straight line 
on semilogarithmic graph paper, with v plotted on the 
linear scale, simplified the process by giving an excellent. 
first estimate of the velocity. The initial velocity ratio 
np was then solved for bya trial and error procedure using 
Equation [31]. 

Values of Wie? /M qr were assumed for the calculations, 
but the final results wore put in terms of Mo, This was 
done because physically the results in terms of the 
initial mass are easier to visualize. ‘The quantity 
Woe? is the drag of the rocket body at a flight velocity 
equal to the exhaust velocity с and at sca level. The 
parameter then expresses the ratio of this drag to initial 
weight. The results аге shown in Figs. 1108. The dis- 
cussion of these results is postponed until a later sec- 
tion, 


Linear Drag Law 


For supersonic flight of a rocket, perhaps, a better 
approximation of the drag is given by 


D = (48 + B) exp (as)... [7] 


"This again corresponds to an exponential air«lensty 
Jaw, but the drag coefficient deerenses as the velocity 
increases. Substituting Equation [42] into Equation 
[22] gives 
§ _ ott (B/Ac — 
Pest 


в» = |в + Вай, 


8 


where » and В are the same as the previous section and 
are defined by Equation [29]. Equation 48) can be 
integrated and gives > 

ТЕЕ АЕН Өй ү 

жле = =p Y RARE CB 

Ac) p 0 F (R: 

ж (АСТАРҒА 
2% + (В/Ас — B) +d 
в СВА Ly 


Ma 


ШЕГЕДІ ТЕЗДЕН 
— |+ BAT TB) 


(+4 


ба w 4 (Bi Ac => 
2^ Qu + (B/Ae — By РА 
e {Bide = +X us 
where 
a = VBZACE BFF ABI Ae + а).. не 
The mass M at any instant is found to he 
ARS Jovanas 


м. 
MU 
[4 Plexo в) (ми + BAe = P) — (9 + В/А41 + AIX 
i + В/Ас +1 = 
oF + „ВА. 8) B + В/Ас|1 + 8] 
nt B/Ac +1 ! n 
at + WAS 8) — (8 + В/Ас|1 BD 


СЛЕЗЕ [С + D am 


The initial mass Мэ including the boosting ean be ob- 
tained {гош the above equation and Equation [35] 


= ео (n+ @) + 


"n 
Hig 8 [le + Be + — In + B/Ae +1] x 


нё + n{B/Ae — B) — (8  B/Ad1 + gl]. 

af ки(В/де — В) — (8+ ТЕЗГЕ ыы 

The thrust can be obtained from Equation [1]. Thus 
F 


Ms a Вл) exp (~as) АС +5) мат 


‘The acceleration $/g can be determined from Equation 
38]. б 

The end condition is given by Equations [26] and 
ibl. Substituting Equations [42] and [43] into Equa- 
tion [26], one has 


Ac 
ang n В/Ае — ВАС) exp Coo) = 1... 180] 


То supply the relation indicated by Equation [5], the 
coasting flight trajectory must be determined. Ву 
using Equation [42], the equation of motion for the 
coasting flight is 


(+1) + AS e+ niano Coon = 0... 162 
This equation cannot be solved by simple quadrature. 
However, the effect of air drag is generally small. Then 
Equation |51) can be solved approximately by first 
neglecting the air drag and then making the necessary 
small correction. Let + be the value of the velocity 
ratio without air drag and v' be the small correction on 
а Then 


vmm vt. 152] 
‘The equation for v? is simply 
ae = ES 


| 
Now substitute Equation [52] into Equation [51] and 
retain only linear terms in v’, 


a 
ee me + B/Ac) exp (ав) = 0... [4] 


This is the differential equation for v^, the correction 
term. Equation [53] has the solution 

v = VBRGS — ав). 
Substitute Equation [55] into Equation [54], 


к ЫЛЕ E exp(t — aS) 


ВИ + 


Знетемвия, 1951 


where 
T= oS — ав 
Solving for v 
v de sapias f! Vi Baa 
жене 8) ftiv. + 08р )dz 1561 


To obtain a suitable series for the computation of 
the integral in Equation [56], consider 


дә- |Буғорам 
Let = p — u), then 
ДӘехр (0) = 9% (C МЇ = u exp (~ pu) du 


By expanding the radical in the integrand into a power 
series and integrating term by term, f(¢) can be shown to 
be equal to the following series 


до = Vi [ер - 1) = glow аж 


isdem - (е5). 


"Then 


1 
vas 


REOS 
v= Me 


бер = vb x 
exp (= o8)... [57] 


в {ко + niae 


Equations [50] and [57] must be solved simultaneously 
to determine the velocity and altitude at the end of 
huming for a given drag weight ratio, Ає/ Мр, for the 
rocket. The quantity Ac is now the drag of the rocket. 
body at a flight velocity equal to the exhaust velocity c 
and at sea level, if B = 0. 

Calculations were carried out for a summit altitude of 
3,000,000 ft, an exhaust velocity of 8000 fps, and no 
drag at zero velocity, assuming а = 1/22,000 ft. An 
iteration procedure identical to that used in the pre- 
vious example was used. The results are shown in Figs. 
9 to 12. The parameter here is Ac/Mog, the ratio of 
the drag of the rocket at velocity c and at sea level to 
the initial weight. 

In order to determine the gain possible by using the 
optimum thrust programming as against the conven- 
tional constant thrust rocket, a few cases of constant 
thrust were computed using the same drag laws. 
It was assumed the constant thrust rocket had no 
initial velocity and the ratio of thrust to initial 
weight P/Mig was 2.7. This was chosen to agree 
with the best initial acceleration given by Ivey, 
Bowen, and Oborny (2) for high-performance rock- 
ets. The comparisons were based on equal ratios 
of the drag at the exhaust velocity c and at sea level to 
the initiai weight Мал and summit altitude S. The mass 
ratio My/M, is now larger than the optimum value due 
to the fact that the final mass M; is now smaller. A 
step-by-step procedure was used in computing the mass 
ratio of final mass to initial mass which gave an error of 
approximately one per cent. ‘This error was always 
nonconservative and would therefore favor the con- 
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stant-thrust examples in the comparisons, ‘The results 
arc indicated by the dots in Figs. 1, 2, and 9. 


Discussion of Results 


Both the linear drag law and the quadratic drag law 
cases have certain common characteristies. Ав seen 
from Figs. 3, 4, 7, В, (0, and 12, for low values of the 
drag parameter, the average thrust and initial velocity 
were high. ‘Therefore, the rocket will burn its lul 
rapidly and less energy will be expended against gravity. 
Аз the drag parameter increases, more ебе 
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overcome the drag, and it becomes advantageous to 
have a lower velocity at low altitudes, Therefore, the 
initial velocity and thrust will be lower, and the altitude 
at the end of burning will be greater than in the ease of 
low drag parameter. But it is important to note that 
there is always a finite initial velocity iu. зо that the 
optimum thrust programming involves а boosting im- 
pulse, Another result the two drag law eases have in 
common is the effect of the drag parameters on the 
ratio of the initial mass to the final mass, Mo/ М, (Figs. 
1, 2, and 9). As the drag parameters increase, this 
ratio ЛАРА inereases for a given summit altitude, As 
the drag parameters decrease, the ratio Mo/M, asymp- 
totically approaches the no-drag value of exp з/с where 


„ 


1o} 


баз 


os 


E 


кш. З ROUSTRR-VELOGITY RATIO еі ж/қ, MAXIE VELOCITY 


RANIO, м = А ANU ALTITUDE. PARAMETER ам AT THE END OP 
тенміхе VERSUS Ила Mag, THE RATIO OP THE SEA LEVEL mia: 
AT A VELOCITY EQUAL TO тик DXHAUSP VELOCITY cy TO THK 


IH 
d 
dis 
if 
jd 
ШШ 
ШЕ 
E 
i-is 
MI 
HE 
T 
|} 


ЕРУУ 
28000 млее і 


HIG. ROOSTER-VELOCITY RATIO ғу = ВИ MAXIMUM VELOCITY 

RATIO, p = S/F AND ALTITUDE PARAMETER ов, AT THE ND OF 

BURNING укн» М7 Лад, Тик RATIO OF THEE SEA LEVEL DEAE 

AT A VELOCITY EQUAL TO THE EXHAUST VELOCITY a, Uo тик 
INtrIAC WEIGHT Mag 


ARS Jovia 


à is such that the rocket has the kinetic energy at zero 
altitude equal to the potential energy at the summit alti- 
tude, 


In general, for optimum programming, the thrust 
after the initial impulse should increase with altitude. 
Exceptions to this occur for portions ‘of the powered 
flight when the values of the drag parameter are very 
high, or when the rocket has a very high performance. 
In these cases, for a portion of the burning time, the 


TE "E thrust ean be seen to decrease. This is the result of 
" | i either a very slowly inereasing acceleration of the 
78 ; rocket or a very rapidly decreasing mass of the rocket. 
Since the accelerating force is the major fraction of the 
< | кл thrust and equal to the product of the instantaneous 
inl i mass and acceleration, the thrust can decrease. In 
general, however, the thrust should increase. For a 
constant geometry rocket motor, this is accomplished 
dL to a limited extent by the decreasing atmospheric pres- 
: sure acting on the nozzle exit. But for most cases, such 
mat ж Dre an increase is only a fraction of the ideal, as determined 
жо: / | by the present calculation. 
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‘The lincar drag low ease has a higher initial veloci 
and shorter burning time than has the quadratic drag 
Jaw case for similar muss ratios В/М. "Мін is true 
hecause the drag does nob increase ax rapidly with 
velocity in the linear drag law ease; therefore, the 
linear drag law case will favor the higher velocities and 
shorter burning times. ‘The drag in the quadratic law 
case increases ая the square of the velocity; therefor 
this ease will favor the lower velo 
ing times. 

To give an example of the magnitudes af Ue ratios 
МАР and Ae/ Mog for the drag and the initial 


ies аши longer burn- 
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weight, consider the с 


ise ot che У-2 rocket, Аби velor- 
ity of 6000 ps the d is roughly 100,000 Ib. ‘The 
initial weight of the. V proximately 25,000 Ib. 
This gives a ratio of drag at the exhaust velocity at sea 
level to tie initial weight of roughly 4 if the exhaust 
velocity is 0000 Ips. ‘Therefore, 4 might be an approxi. 
inate value of the ratio Дега. Та the quadratic drag 
estimate of Иос Мар might be 10. 
This will account for the quadratic drag law giving u 
lower value of the deur than is aetually the esse during 
the major portion of the powered flight, expecially ші the 
lower altitudes. міне the summit altitude of tbe V-2 i 
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approximately 100 mi es, Fig, 3 can be used to estimate 
the optimum booster velocity to he roughly 1500 fps, 
assuming Wact/Mog = 10. If the drag is relatively less, 
the booster velocity will increase. ‘Therefore, the opti- 
mum thrust programming involves considerable boost- 
ing. 

Several constant-thrust mass ratios were calculated 
for comparison with the ideal mass ratios. It was as- 
sumed the constant thrust rockets had no initial ve- 
locity and followed the same drag laws as the ideal 
cases, An initial acceleration of 1.79 was chosen to 
agree with the best initial acceleration given by Ivey, 
Bowen, and Oborny (2) for high performance rockets. 
‘This value might not be the optimum for the constant 
thrust cases computed because it is dependent on the 
drag laws followed by the rocket, The values for the 
constant thrust rocket calculations can be seen in Figs. 
1,2,and 9. The advantages of the ideal rocket would be 
less if the constant thrust rocket had tho best possible 
initial velocity and acceleration. In fact, it seems cer- 
tain that the initial acceleration of 1,70 is too «mall for 
the linear drag case of Fig. 9. The possible gain by 
using optimum thrust programming is thus more 
correctly represented by Fig. 2. ‘Then it is seen that 
the gain is small in terms of the initial mass My. On. 
the other hand, опо must bear in mind that the pay load. 
of a high altitude sounding rocket is only a very small 
fraction of the initial weight. "Therefore, even if the 


gain by better thrust programming may be small in 
terms of the initial weight, the gain in terms of pay load 
could be appreciable. Of course, the numerical results 
obtained by the present calculation are only qualitative. 
For any practical design, besides consideration for the 
additional weight needed for thrust variation, the 
optimum-thrust, programming has to be determined 
with a more factual drag versus velocity relation, 
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Numerical emissivity calculations at 300*K and atmospheric 
pressure for nonoverlapping rotational lines have been carried out 
for CO using a dispersion formula for the line-shape representa- 
tion. Use of the best available experimental data on integrated 
absorption and rotational line-width leads to calculated emis- 
sivities which are in excellent agreement with extrapolated em- 
pirical data published by Hottel and Ullrich. In particular, the 
theoretical dependence of emissivity on optical density, for small 
‘optical densities at 300°K, has been shown to follow experimental 
observations with satisfactory precision, 

For small optical densities the calculated emissivity is found 
to be proportional to the square root of the assumed rotational 
linewidth, thus emphasizing the need for accurate line-width 
determinations at elevated temperatures, The limits of validity 


I. INTRODUCTION 


T= general problem of emission and absorption of 
radiation involves two essentially distinct parts. 
One part of radiant heat transfer investigations is con- 
cerned with the determination of intensities if emis- 
sivities, absorptivities, and scattering coefficients are 
known. These studies are restricted to the problem of 
radiative transfer. For any defined geometric arrange- 
ment the radiative transfer problems can be formulated 
without difficulty. An exhaustive account of this work 
may be found in a recently published book by Chan- 
drasekhar.! The other part of the general problem is the 
determination of emissivities, absorptivities, and scat- 
tering coefficients, which enter into the radiative trans- 
fer calculations. Until very recently, practical applica- 
tions have been based almost entirely on the use of 
empirically determined emissivities. These emissivities 
are compiled, for instance, in McAdams’ well-known 
treatise on heat transfer? However, the problems in- 
volved in the theoretical calculation of emissivities were 
solved, in principle, a good many years ago. The results 
of these theoretical studies have been applied, to a 
limited extent, in the use of spectroscopic measurements 
for flame temperature determinations from line in- 
tensities! and for the analysis of absorption and emission 
of radiation in the atmosphere.‘ An important paper Бу 
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of the treatment utilizing nonoverlapping rotational lines are 
defined by examining overlapping between adjacent weak and 
strong rotational lines. 

The calculation of emissivities can be simplified by the use of 
approximate treatments. Thus absolute values of the emissivity 
can be predicted within 10 percent by utilizing a treatment for 
nonoverlapping, equally spaced, and equally intense lines, together 
with empirically determined values for the equivalent mean 
integrated absorption of the rotational lines of CO. А better 
analytic solution, which does not involve the assumptions of equal 
spacing and equal intensity of the rotational lines, has been ob- 
tained by utilizing asymptotic relations for large values of modified 
Bessel functions. 


Dennison,‘ written more than twenty years ago, con- 
tains many of the basic theoret relations which have 
been used for numerical emissivity calculations on CO 
in the present studies. 

In preceding publications an approximate method for 
carrying out emissivity calculations at elevated total 
pressures, leading to complete overlapping of rotational 
lines, has been described. Limited comparison of 
calculated emissivities with experimental measurements 
has shown that the approximate method is, as expected, 
not accurately valid at atmospheric pressure for a 
diatomic emitter such аз CO. In particular, the calcu- 
lated dependence of emissivity on optical density for 
nonoverlapping rotational lines is not predicted cor- 
rectly by a method based on the use of average absorp- 
tion coefficients for entire vibration-rotation bands.’ It 
is the purpose of the present investigation to demon- 
strate that the observed discrepancies between the 
previously proposed theory and the experiments can be 
removed by a more satisfactory analysis of the emission 
of radiation from vibration-rotation bands with rota- 
tional lines which do not overlap appreciably. 

In Section II we present a summary of basic relations 
which are used for calculations on diatomic molecules 
with nonoverlapping rotational lines. Numerical emis- 
sivity calculations for CO at 300°К and a comparison 
with extrapolated experimental data are presented in 
Section Ш. The limits of validity of a treatment for 
nonoverlapping rotational lines are discussed in Section 
IV. In Section V approximate methods for performing 
emissivity calculations are considered under the condi- 
tions which are of interest for the present calculations, 
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EMISSION OF RADIATION FROM DIATOMIC GASES 


П. SUMMARY OF THEORETICAL RELATIONS 


For diatomic molecules which do not possess a Q 
branch but a rotational line shape which may be repre- 
sented by a dispersion formula, the spectral absorptions 
coefficient P, at the wave number w resulting from 
energy transitions corresponding to the fundamental 
vibration-rotation band 155910 


Poe (М) Lj IS (o7 ву 
HSin), (1) 
wheret 


S=(Vrre/3ucQ)[ (w/o) 7 
X fexpl— E(0, j)/&T3] JFG(a*/a), (2a) 

бла Grré/SucQ) (oi / 9) 
XlexpL— Е(0, j— ПИТЬЕ (ыы). (2b) 


Here Nro total number of molecules рег unit volume 
per unit of total pressure; и = reduced mass of the dia- 
tomic molecule under discussion; c= velocity of light; 
erate of change of electric moment with internuclear 
distance; d= rotational half-width in cm; o, wave 
number corresponding to an infinitesimal oscillation at 
the equilibrium interatomic distance; w*=wave num- 
ber of the (forbidden) transition )-0-ә)е0 and 
n=Q-m=1, where j and я denote, respectively, rota- 
tional and vibrational quantum numbers; ау= wave 
number corresponding to the transitions j—j—1, 
= 1; wj-1= wave number corresponding to the 
ns )-1-) n=0=n=1; Eln, j)=energy of 
the ath vibrational and jth rotational level; 


Fait+8yj{l+ 37/4) — (39/4); 
F'ei-iyj[1— G3/2— (39/4); 


qe h/Sr'Ieo, where I represents the equilibrium mo- 
ment of inertia of the radiating molecule; 


G= 1—exp(—hew,/kT); 
Gl i exp(— hcaj-i/ RT 


Qe complete internal partition furiction referred to zero 
as reference state. 

At elevated temperatures the actwal value of P, must. 
be obtained by adding а small number of series of the 
type given in Eq. (1) corresponding to vibrational 
transitions of the form n—n+1. Furthermore, contri- 
butions from vibration-rotation bands for which 
я—1+2, n—n--3, etc., become important for large 
optical densities. Detailed applications are discussed in 
reference 9. 

The total equilibrium intensity of radiation emitted 
per unit surface area per unit time into a solid angle of 

38. S, Penner, J. Chem. Phys. 1,212 272, 1434 (1951). 

РЫ ж. 2% 327 (1926). 

ще (28) and (2b) differ А өй сог 
dine obtained from the treatment of B. L- Crawford, Jr, and 
{Chem m. Phys 18, 983, 1682 M (1950) through 


Чы шешке d FY, 
gei equ to uni nity forthe values off ah are porter 
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2т steradians in the wave number interval between o 
and w+dw by heated gases distributed uniformly and 
of optical density X (X= product of partial pressure p 
of emitter and radiation path length 2) is given by the 
well-known relation 


R(w) = Rw) expl- Р„Х)]. (3) 
Here R'(u) is the intensity of radiation emitted by a 
blackbody in the wave number interval between w and 
w+dw into a solid angle of 2т steradians per unit surface 
area per unit time. It is given in analytic form by the 
Planck blackbody distribution function. The engineer- 
ing emissivity E is defined by the relation 


E- І Rlw)de/oT*, [5] 


where c is the Stefan-Boltzmann constant. 

Subject to the approximations and assumptions in- 
volved in the use of Eq. (1), it is evident that the prob- 
lem of emissivity calculations reduces to the evaluation 
of integrals of the type appearing in Eq. (4). This inte- 
gration can be accomplished if the width of the rota- 
tional lines is so small that they may be treated as being 
completely separated. The results obtained for non- 
overlapping rotational lines are useful at low pres- 
sures." The integrals can also be evaluated, approxi- 
mately, if the pressures are so high that very extensive 
overlapping of the rotational lines occurs. The results 
obtained in this case are useful for emissivity calcula- 
tions at elevated pressures in rocket combustion 
chambers. Emissivity calculations at intermediate 
pressures are more difficult to carry out. 

We proceed by considering the problemi of emissivity 
calculations for nonoverlapping rotational lines. In 
order to evaluate the infinite integral 


f ET f "вые Р.Х, (9) 
A ; 


for nonoverlapping rotational lines, the approximation 
is first made that 8%) may be treated as constant in 
the wave number interval for which exp(—P,X) is 
sensibly different from unity. Replacing R%w) by an 
appropriate average value introduces negligibly small 
errors into the emissivity calculations for nonover- 
lapping rotational lines at low pressures, since the 
intervals Aw for which Р.Х is significantly different 
from zero are exceedingly small. For example, at atmos- 
pheric pressure and room temperature Aw is of the order 
of 0.3 саг! for CO. The change of Еш) in wave 
number intervals of this size is less than 1 percent. 

At low pressures the rotational lines are so narrow 
that the only term contributing to R%w), for example, 
in the vicinity of the rotational line centered at шу is 
the term 5} (ш— w) +6}. Hence we can break up the 
integration interval in such a way that each subinterval 


в R. Ladenburg and F. Reiche, Ann, Physik 42, 181 (1913). 
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Tape Г. Integrated absorption for the rotational lines 
of the fundamental of CO at 300%. 


Temi | 104) 3 PA; Si 
Е Са (cmi Transition (саба (emt, 
22091 ешек) atmos") 17 Өзі) atmos") 
1-0 5.528 2.064 9-1 5572 2.081 
2-1 071 400 12 1088 40% 
32 1528 5.705 2-3 5.64. 5.841 
4-3 1902 7.101 34 19.62 7.326 
5-4 2/9 8185 45 — 2165 8457 
5 2351 8180 5-6 жы 920 
75 2424 909 6! 2558 9551 
87 240 890 7-8 2554 9535 
948 2207 857 8-9 — 2463 919 
1029 2.2 190 9-40 2304 865 
11-10 1923 — 7180 10-11 2094 7819 
12-41 1688 6310 1—12 1853 6919 
13—12 1445 — 5307 12—13 1580 5.069 
14-13 1207 459 13214 1346 5025 
15—14 9.851 3.678 14—15 — 1106 4.131 
1-45 7.857 — 2934 1516 8889 3.319 
1716 6127 2.288 16—17 6% 2.608 
18—17 4673 1745 17-18 5.370 2005 
19—18 3400 1303 18—19 409 1.508 
20-19 251 09525 1920 2975 111 
2201 1281 04783 — 2122 — 1622 04057 
24923 094 022029 23-24 0.773 0285 
26-25 0259 0. 25-26 030 9006 
2827 0098 0093 27—28 0138 40516 
3-09 00%4 0016 29-9) 000 00195 
35—34 00021 00078 34-29 0001 00052 
40239 00001 0.00379 39-40 000 00000 


is centered about one of the wave numbers wj, оз 
‘Thus the following close approximation is obtained 


Г sen zz [eo f. i-e roe 


+R f. E~el nae], © 
Ж 


where R*(o; and R°(w;-1) denote, respectively, the 
spectral intensities of a blackbody radiator evaluated 
at the line centers corresponding to the indicated 
transitions. Similarly, P; and Р; are the characteristic 
values of the spectral absorption coefficients valid if 
only the indicated transitions occurred. The sub- 
intervals Aw; are chosen conveniently to extend from a 
wave number midway between two line centers to the 
adjacent wave numbers which are located similarly. 
For nonoverlapping lines the error involved in replacing 


s 


etc., is negligibly small. The magnitude of this error 
increases with increasing optical density X and can be 
estimated readily by numerical calculations. Equation 
(6) now becomes 


fe көшек) o) L Uiexp(—P,X) He 


ent boy зу ГГ tienpo Pao, 


+R) f Саруу). 
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For fixed values of b the infinite integrals appearing in 
Eq. (7) are readily evaluated with the гезшіреді 


І Roc 2x6 È (о) 
o e 


Xexp(— xj I3) + DG) 1+ Коле 
Xexp(- әз (а) Hn], @ 
y= SX/2vb, am S; aX/2nb, 


where 


and 1, J; denote modified Bessel functions of the first 
kind. Calculations of the emissivity E from Eqs. (4) 
and (8), which neglect contributions from upper har- 
monics, can now be carried out by utilizing intensity 
and line-width data? obtained at room temperature. 
The contribution to the emissivity E from the first over- 
tone is obtained by adding to Eq. (8) a series which is 
of the same form as Eq. (8), except that the integrated 
Absorption S; is replaced by S; and Sj, by 5) where 
the primed quantities identify appropriate values for 
the vibrational transition 0-2. 


Ш. REPRESENTATIVE EMISSIVITY CALCULATIONS 
FOR CO AT 300°K 


For the present calculations the spectroscopic con- 
stants of Sponer were used." Since these data have been 


‘Tape JI. Integrated absorption for the rotational lines 
of the first overtone of СО at 300°K. 


105 Transition 105; 
к-т) Ii (emama) 
1478 0-1 1.440 
2168 1-2 231 
3:948 2-3 400 
2914 зы 50% 
5.629 45 5.852 
6.076 55 6.367 
6263 6-7 6610 
6.201 7-48 6.598 
5935 8-9 6,365 
5.508 910 ES 
4968 10-1 E 
4.366 11242 4788 
3735 12-43 4130 
3.120 ән мп 
2545 4-15 2.899 
2030 15-16 227 
1.383 1617 1805 
1208 11-48 1388 
0.9017 18-19 1.0437 
0.6591 19—20 0.7688 
0.3310 222 04191 
0.1531 23—24 919% 
0.0683 25-26 0.0878 
0.0258 27—28 0.0357 
0.0004 29-30 0.0135 
0.0054 34—35 0.0036 
0.0028 39-40 0.0000 


(ages) ® Penner and D. Weber, J. Chen, Phys, 19, 807, 87,94 
сар Š Penner and D. Weber, J. Chem, Phys, 19, 138, I 
inte Spones, Манашев (Verlag } Springer, Bes 
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revised recently,*"* all of the wave numbers of line 
centers, as well as the values of blackbody radiation 
from the line centers, will be somewhat in error. How- 
ever, ihe over-all effect on the calculated values of 
emissivity is certainly negligibly small (less than 0.1 
percent). 

Assuming the validity of the ideal gas law and using 
recently published integrated. intensity data? for the 
fundamental vibration-rotation band of CO, it is 
found that 


(о/о) (V rr é/3ucQ) = 371.9 стг? atmos", 


The terms appearing in the large square brackets of 
Eqs. (2a) and (2b) are designated as А; and Аҙ, re- 
spectively. Numerical values of 4;, Aju and of S,, бу 
at 300°K for the fundamental vibration-rotation band 
of CO are listed in Table I. 

The integrated absorption for the rotational lines of 
the first overtone, S/ and 5; |, are obtained, in close 
approximation, from 5; and 5; в respectively, by multi- 
plying by the ratio of integrated absorption of the first 
overtone to the integrated absorption for the funda- 
mental. The experimentally observed ratio” is 1.64/237 
76.92X 10-1, Using this ratio, the results summarized 
in Table II are obtained for 5/ and 51 at 300*K. 

By utilizing the intensity data listed in Tables I 
and II, the emissivity has been calculated" from Eqs. 
(4) and (8) as a function of optical density and rota- 


Taste Ш. Calculated and extrapolated emissivities for CO 
at 300°K аз a function of optical density and rotational half- 
h, 


width, 


Er n (Extrsochted б 
E 
eam Calculated) пеене чао" 
01 КТЫ ТТІ 
05 930х104 105x 10-3 
20 192x101 22 x10» 
80 З43Х10» 3.35% 107 
T=300°K 
be 0.07 cmi 
X= pL (cm-atmos) 
01 341x107 44 жю 
05 99010 1.05% 10-3 
20 203x107 220x107 
$0 364x107 335x107 
300 324x107 $3 xi 
70.0 125x104 79 xi0* 
T=300°K 
5.0.08 ст! 
X= pL (cm-atmos) 
OL 413x107 41 x10 
05 1.08% 10-4 105x 107* 
20 221x107 22 xi 
$0 39010 335х105 
30.0 884210 59 x10? 
300 135x104 19 х10* 


зк. М, Rao, J. Chem. Phys. 18, 213 (1950). 
14 Silverman, Plyler, and Benedict, Paper presented before the 
Symposium ‘on Molecular Structure and Spectroscopy, Columbus, 


1 Further details concerning this calculation may be found in 
the thesis of М. H. Ostrander. 
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Fic. 1. Emissivity as a function of optical density at 
K and atmospheric pressure. 


tional half-width. The results of these calculations are 
summarized in Table III and plotted in Fig. 1, where 
they are.compared with extrapolated empirical data 
reported by Ullrich." 

Reference to the data listed in Table III and shown 
in Fig. 1 indicates that the calculated emissivity is 
proportional to the square root of the assumed value of 
the rotational half-width. Almost exact agreement be- 
tween calculated and obscrved emissivities, for small 
optical densities, is obtained for 5 = 0.076 сш”! at atmos- 
pheric pressure. This value is in fair agreement with 
infrared line-width measurements on CO obtained by 
standard techniques." We therefore arrive at the 
important conclusion that emissivities calculated from 
spectroscopic data are in quantitative agreement with 
empirically determined results, well within the claimed 
limits of accuracy of the latter measurements. The fact 
that the calculated emissivities appear to be too large 
for optical densities in excess of 2 cm-atmos is the result 
of failure of the assumption that no overlapping occurs 
between rotational lines. This matter will be discussed 
in Section IV. 

Reference to the data listed in Table III and plotted 
in Fig. 1 shows that the emissivity E is very accurately 
а linear function of (X)!. This result, together with the 
observation that E is proportional to the square root of 
the rotational half-width, is obviously in accord with 
Elsasser’s well-known square-root law for nonover- 
lapping, equally intense, and equally spaced rotational 
lines.* Unfortunately, the simplified treatment‘ cannot 
be used to predict quantitatively (cf. Section VA for 
details) the slope of a plot of E vs (X)! in terms of the 
known basic spectroscopic constants.$ 

The results of the present calculations are of con- 
siderable practical importance. They clearly show that, 
for small optical densities, the emissivity is a sensitive 
function of rotational half-width. Thus we must con- 
clude that not only is it not justified to extrapolate 


WW. Ullrich, Dr. Sci. thesis, M.LT., Cansbridge, Massa- 
chusetts, 1935. 


WL, A. Matheson, Phys, Rev. 40, 813 (1932). 
$ The same difficulty arises also if attempts are made to calcu- 


late the rotational half-width from experimental measurements of 
transmission. Compare reference 13, 
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Fio. 2. Spectral 


emissivity «, as a 


function of w and 


optical density for 


two adjacent intense. 
rotational lines (a= 


Onal, = =Т 
and je Taj) at 


K and atmos 
pheric pressure. 


is 2 WB Е 
LR C за шо ою E [E RE в 
Pra 


emissivities indiscriminately over temperature, pres- 
sure, or optical density intervals by using unsound 
simplified equations, but it is also essential to consider 
the problem with proper regard for the concentration 
of infrared-inert gases. 


IV. LIMITS OF VALIDITY OF THE TREATMENT FOR 
NONOVERLAPPING ROTATIONAL LINES FOR СО" 


To illustrate the effect of overlapping on Ри, repre- 
sentative calculations involving the contributions to P. 
from two adjacent rotational lines have been carried out. 
In this case the correct expression for the spectral 
emissivity is evidently 


s, 7d exp[ 7 (Pac Pus) JX, (9) 


where Pw; and Pus represent, respectively, the values of 
the spectral absorption coefficients arising from each of 
the two rotational lines separately. If the two rotational 
lines are separated sufficiently to permit neglect of 
overlapping, then the spectral emissivity is represented 
by the relation 


“-1-өр(-Р4Х--1-өкр(- РАХ). (10) 


By evaluating the differences «,'— є, from Eqs. (9) and 
(10) we can determine the error incurred in making 
numerical emissivity calculations, if overlapping be- 
tween two adjacent rotational lines is ignored. The 
resulting expression, 
вы em (Pas Pa) X? 
= (Ры?Ры + РР?) (Ш) 
is useful for small values of РАХ and РАХ. 
Emissivity calculations for two rotational lines based 
on the correct expression given in Eq. (9) can be used 
as a qualitative guide in ascertaining the limits of 
validity of theoretical calculations based on a treatment 
for nonoverlapping rotational lines. Representative 
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values of e, calculated from Eq. (9) are shown in Figs. 2 
and 3 as a function of w with X treated as a variable 
parameter. Reference to Fig. 2 indicates that the emis- 
sivity at a point midway between the rotational line 
centers which are characterized by the transitions 
я=0—и=1, j=8-9j=7, and )-ғ7-э)-б, respectively, 
remains very small (i.e, «,«0.2) for X2 cm-atmos. 
Since the indicated transitions correspond to the two 
most intense rotational lines, it appears justifiable to 
conclude that emissivity calculations based on the use 
of Eq. (8) will yield valid results at least for Х<2 cm- 
atmos. Calculations similar to those shown in Fig. 2 for 
intense adjacent rotational lines are shown in Fig. 3 for 
weak rotational lines, namely, for the lines correspond- 
ing to the transitions n=0>n=1, )19-ә «18, and 
j=18—>j=17. As is to be expected, the emissivity e, 
is represented more adequately by Eq. (10) for larger 
values of X than it was for the more intense rotational 
lines described in Fig. 2. 

Although the precise evaluation of errors arising from. 
the use of Eq. (8) is difficult to carry out, it is evident. 
from the data described in Figs. 2 and 3 that the calcu- 
lated values of the emissivity are reliable at least to 
X=2 cm-atmos and probably to somewhat larger 
values. This conclusion is borne out by the comparison 
between calculated and observed emissivities described 
in Section III. 


V. APPROXIMATE EMISSIVITY CALCULATIONS FOR 

DIATOMIC MOLECULES WITH NONOVERLAPPING 

ROTATIONAL LINES 

The numerical work involved in the emigsivity calcu- 
lations indicated in Section III is very heavy. It is thus 
worthwhile to consider the possibility of developing 
approximate analytical expressions which avoid much 
of the tedious computations. In this section we shall 
present two such approximations, in the order of in- 
creasing accuracy. 
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3. Spectral 


emissivity ew as 8 


function of w and 


optical density for 


two adjacent weak , 
rotational lines (n. «0 


mm 1,719) 18 


|= 18 = 17) 
xL 


pheric pressure. 


УА, Emissivity Calculations for CO at 300°K for 
Nonoverlapping Rotational Lines, Assuming 
Equal Spacing and Intensity of Lines 


From Eqs. (3) and (4) it is apparent that 
E fite) f [-ep(-P.X)Me, (102) 


where Re represents an average value for Жоо) in the 
wave number interval for which P. is sensibly different 
from zero. The principal contribution to radiant heat 
transfer arises in the present problem from the funda- 
mental vibration-rotation band. For moderate values of 
the optical density and nonoverlapping, equally spaced, 
and equally intense rotational lines it is well-known 
that! 


f "fice Руан due A8. (13) 
, 


Here Aor is the effective bandwidth,! 3, represents the 
integrated absorption of the equally intense rotational 
lines! for the fundamental vibration-rotation band of 
CO, and q is the spacing of the equally spaced rotational 
lines. Combining Eqs. (12) and (13) leads to the result 


Е-2( РА ,/-Т (8 bX)/q. (14) 


As is known from the known limits of validity of the- 


assumption that the lines are equally spaced and 
equally intense, Eq. (14) predicts accurately all of the 
qualitative features of an exact numerical solution for 
small values of X. Thus 


8E/0(X)i— constant for fixed b, 


ӘЕ/д(ф)\= constant for fixed X. 
Actually, we can do better than predict the functional 


pou 


form of E. Thus it has been shown" that for CO at 
300°К. 
Sp=1,9 cm atmos, 


(15) 


Also 4002250 сп”! extending from 2000 to 2250 сті, 
24 cm, and 6=0.08 cm~. Hence, Eq. (12) becomes 
at 300°K 

Ec A8X 103(X), 


where X is in cm-atmos, 5=0.08 cm. 

The emissivity E calculated for CO at 300°K for a 
rotational half-width of 0.08 стг! (cf. Table Ш) is 
plotted as a function of (X)! in Fig. 4. Reference to 
Fig. 4 shows that 


E=1.64X10-7(X)! 
(5=0.08 cm", 01<Х<2 cm-atmos). (16b) 


Comparison of Eqs. (162) and (16b) shows that we.can 
predict absolute emissivity values with an accuracy 
of about 10 percent without performing numerical 
calculations. 

Considering that the objective of the present investi- 
gations is the theoretical calculation of emissivities from 
spectroscopic data, the following objections may be 
raised to the use of Eq. (14): (1) the absolute error 
involved in the use of Eq. (14) cannot be estimated 
without performing accurate numerical calculations; 
(2) Eq. (15) is an empirical relation whence it follows 
that the dependence of Sp on temperature and total 
pressure cannot be predicted accurately. Nevertheless, 
particularly in view of the fact that Elsasser* has ob- 
tained an integral representation for partial over- 
lapping between equally spaced and equally intense 
rotational lines, the use of simplified treatments of the 
type given in Eq. (14) may be indicated in some cases. 
Thus we note that as the temperature is increased Pp 
must approach the ratio of integrated absorption to 
bandwidth? a quantity which can be calculated* with- 
out difficulty. 


(16a) 
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Fio. 4. Calculated emissivity Е as a function of the square 
root of the optical density at 300*K and atmospheric pressure 
oor ст}. 


VB. Emissivity Calculations for CO at 300°K for 
Nonoverlapping Rotational Lines Using 
Asymptotic Expressions for the 
Modified Bessel Functions 


"The emission functions 


JG) x exp(— 3 [hG)4-13G)1, an 


appearing in Eq. (8) have been studied and evaluated 
by Elsasser* who has emphasized the fact that, even 
far moderate numerical values of z, asymptotic expres- 
sions for the modified Bessel functions yield very good 
approximations to the value of f(z). However, this 
result has not heretofore been utilized in connection 
with accurate treatments on nonoverlapping rotational 
lines in which proper allowance is made for the change 
in intensity from one rotational line to another. It is the 
purpose of the present discussion to evaluate the inte- 
gral appearing in Eq. (8) and to determine the value of 
the emissivity E from Eq. (4) under conditions where 
the asymptotic expressions for the modified Bessel furic- 
tions can be used. 

Before describing the details of the integration it may 
be in order to emphasize the fact that the results of the 
present approximate treatment must be used with cau- 
tion since the analysis rests on two seemingly contra- 
dictory assumptions. Thus overlapping between rota- 
tional lines is minimized by small values of z (compare 
Section IV), whereas the asymptotic expressions for the 
modified Bessel functions apply most accurately for large 
values of x. Fortunately a range of values of x exists 
(particularly at low pressures where the rotational half- 
width js small) for diatomic, molecules with relatively 
distant rotational spacing, where both restrictive condi- 
tions are satisfied closely. In particular, for the problem 
under discussion, it has already been shown that over- 
lapping between rotational lines is unimportant for 
optical densities smaller than about 2 cm-atmos (com- 
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pare Sections III and IV). Furthermore, the range of 
values of integrated absorption for the rotational lines 
of the fundamental vibration-rotation band (cf. Table I) 
is such that the error made by setting! 


Ка) = 2(х/2т)+ (18) 


is small for most of the rotational lines, provided the 
optical density is greater than about 0.25 cm-atmos.|| 
Hence, it is to be expected that a useful approximate 
solution will be obtained at least for 0.25 cm-atmos 
SpLS2.0cm-atmos. The approximate treatment utiliz- 
ing asymptotic expressions for the modified Bessel 
functions is, of course, not applicable to calculations on 
the first overtone because of the small values of S/, 
5;-/ (cf. Table II). However, as was noted in Sections 
III and VA, the contribution to the emissivity E from 
the first overtone is negligibly small in the present 
problem. 

Utilizing the approximation expressed by Eq. (18) in 
Ед. (8) it is found from Eq. (4) that. 


ajo (fet Н 
Ba Xue È tino! 


(oot 
[ехр(иш,_/ш*)]—1 


where explicit relations have been introduced for the 
Stefan-Boltzmann constant and, by using the well 
known Planck distribution law, for the spectral radia- 
tion intensity emitted from a blackbody. Here we have 
adopted the notation of Mayer and Mayer?! with 


u= hco*/ T = h*/ AT. 


In terms of the customary notation for the spectroscopic 
constants? we now introduce the following close ap- 
proximations, neglecting terms involving (yj) and 


higher, 
ejut 1-2yj- (8/9) ур, 00) 
В\=1+4уј- Зр, (21) 


GiCexp(uoj/u*) - 1]71 
1-69) by ju Re (07 e)7] 
+P Lulut 8/7) + ue (1 77)" But 8/2) 
B/D e], (22) 


| By utilizing the known values of f(z) and of 5, Sy- it i 
readily shown that the error involved in using asymptotic forms 
for the Bessel functions is 


less than $ percent for 1<j< I8 for X «2 cm-atmos, 
less than 5 percent for 257516 for X «1 cm-atmos, 
less than 15 percent for 2: for X — 025 cm-atmos, etc. 


Since most of the contributions to E result from the оао] 
lines with 1</<16, the preceding statement suggests the range 
of validity of the present treatment. 

з]. E. Mayer and М. G. Mayer, Statistical Mechanics (John 
Wiley and Sons, Inc., New Vork, 1940). 

а А compilation of numerical values may be found on p. 46 
of reference 20, 


DSX н, (19) 
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expl - LEQ, j)— E(0, 0) 2T] 
=[exp(— 4/2) 11 — Qju/2)-- (P fut/8)], Q3) 
and 


QexpLE(O, 0/ЕГ1 
= (н) (1-65) 1 v(u/ 34-8/w) 
EEG Do 2s ре —1)7). (24) 
The relations corresponding to Eqs. (20) to (23) for the 
transitions j— 1j are obtained by replacing j by — j. 
Because of this symmetry, the sum of terms from the 
transitions 7—1 and j— 17 for every j isa function 
of ў only, and the linear- terms in j will cancel. Hence 
the following result is obtained from Ед. (19), Eqs. (2a), 
(20) to (23), and Eq. (2b) together with the relations 
corresponding to Eqs. (20) to (23) for the transitions 
jo 
БЕ-де “еу, 2%, ui) Cb] (AX J 
Харет gl, 8, 43, 


where the temperature-independent quantity 4 is given 
by the relation 


A= (Vrré/3ucu)(o*/a,). (26) 


The function f(y, ô, a*, н), which is obtained from 
Eq, (24), 


fer a, и)= 


(25) 


—y(u/6+4/u) 
Sale pi atu 1), (27) 
is evidently close to unity. The function (у, 5, и) is 
Ely, è, u) = (3/2) (ue (1779)? 
Eu *(01 67) (u/24-8/25—3) 
+4(8/у—9/24-9и/8)--27/2— 18/1. (28) 


The Euler-Maclaurin summation formula® can now 
be employed to evaluate the summation over j appear- 
ing in Eq. (25). Details are given in the Appendix. The 
result is 


Ez 30i ate (трон) (AX /uf*) 
Хуб, 8, x, u){1.225(2/yu)t 
X[1+ Gy/2u)e(y, ё, )]-0417].. (29) 


Since f(y, 8, ж", u) is close to unity and, at room 
temperature, 


(3y/2u)g(y, 5, 41, 0.417«1.255(2/ум):, 
the following close approximation is obtained: 
Е=0.6345ие- yu) IL (yb/u*) (AX /u*),— (80) 
Utilizing the spectroscopic constants of Sponer* for 


= See, for example, reference 20, р. 431. 
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CO and setting? 
А=22.95 cm atmos", 
it is found from Eq. (29) for В= 0.08 стг! that 
Ec L6TX 10-08 
(X in cm-atmos, $0.08 em). (16c) 


Тһе expression for E given in Eq. (16c) is seen to be in 
excellent agreement with the result of numerical calcu- 
lations given in Eq. (16b).? Hence, we conclude that 
Eqs. (29) and (30) represent useful approximations for 
nonoverlapping rotational lines under appropriate con- 
ditions. It is evident from the previous discussion that 
Ед. (16c) cannot apply, even approximately, for values 
of X much smaller than 0.25 cm-atmos. This conclusion 
is in agreement with the well-known fact that the ab- 
sorption of radiation is not proportional to the square 
toot of the optical density for very small values of the 
optical density. 

‘The expression given for E in Eq. (29) represents a 
significant improvement over Eq. (14) (which was de- 
rived from Elsasser’s treatment for equally spaced and 
equally intense rotational lines). Thus the parameters 
appearing in Eq. (29) are, in most cases, well-known 
molecular constants. However, Eq. (29) must be used 
with discretion, particularly as regards the calculation 
of emissivity as a function of temperature. 


APPENDIX 


Application of the Euler-Maclaurin summation for- 
mula? to the sum appearing in Eq. (25) leads to the 
relation 


2 > ie PL үрүү, 8, uy 2 Í детей 
я A 


XEY Pet, 9, и) jr 01/12). 


‘The integral from 1 to « can be expressed as the differ- 
ence between the integral from 0 to œ and from 0 to 1. 
The integral from 0 to 1 can be evaluated approximately 
as 4/3. Therefore, 


(A1) 


2È jemeni + ately, 5,10] 
= 


етар vA PCy, 5, )]йў—5/12 


й 
= P34) (2/7) [1+ Gy/2:)e(y, 5, )]— 5/12. (A2). 


H The fact that the present analysis leads to emissivities which 
are somewhat too large is a necessary consequence of the use of 
‘the asymptotic relation given in Eq. (18), which overestimates ft) 
for every finite value of x. 

* Compare Section IV of reference 9. 
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The Transfer Functions of Rocket Nozzles 


H. S. TSIEN: 


Daniel and Florence Guggenheim Jet Propulsi 
in Institute of Technology, Pasadena, Calif. 


Cal 


The transfer function is defined as the fractional oscil- 
lating mass flow rate divided hy the fractional sinusoidal 
preseure oscillation in the rocket combustion chamber. 
This is calculated ав a function of the frequency of ascill: 
tion, For very small frequencies, the transfer function ія 
approximately 1 with a small “lead component.” For 
very large frequencies, the transfer function is considera- 
bly larger than 1, and is approximately 1 + (ҮМ)! 
where y is the ratio of specific heats of the gus, and Mi is 
the Mach number at entrance to the nozzle. 


ECENTLY, the problem of combustion instability 

of rocket motor has been studied by several 
authors (1, 2, and 3)? In these investigations, it is 
assumed that the percentage increase of the mass rate 
of flow through the nozzle is equal to the percentage 
increase of pressure in the rocket cylinder. It is, how- 
ever, not certain whether this assumption is correct, 
Since this flow condition enters in a direct manner into 
the instability calculation, the relation between flow 
iations and the pressure variations should be deter- 
mined more carefully. It is the purpose of this paper 
го до this. The result of the present study is expressed 
us the transfer function of the rocket nozzle, i.e., the 
ratio of the fractional increases in mass flow and the 
chamber pressure as function of the frequency of the 
oscillation. It indicates that the transfer function is 
rather a complex function of the nozzle geometry and 
the frequency of oscillation, and that the previous very 
simple assumption is only justified for very small 
frequencies of oscillation, 


Flow Conditions: 


The flow in the nozzle will be considered as one- 
dimensional, i.e., at each nozzle section the conditions 
are taken to be uniform and the independent variables 
of the problem are then the time 2 and the distance 2 
along the nozzle axis in the direction of flow (Fig. 1). 

p the density, and u the velocity. 
ies are the oscillating quantities; 
thus p’ is the density oscillation. Similarly, the un- 
primed quantities are the steady-state or undisturbed 
quantities. Therefore p'/p is the oscillating pressure 
at т expressed аз fraction of the steady-state pressure at 
z. These fractional quantities are assumed to be 
small so that only first order terms need to be con- 
sidered. Since the mass rate of flow per unit area is 


Received January 2, 1952. A 
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Center, 


ENTRANCE 


THROAT eur 


мо, 1 ROCKET нови WITH LINEAR VELOCITY DISTRIBUTION 


equal to the produet of density and velocity, the frac- 


* х) 
а 
Hence the purpose of this paper сап now be stated as 
simply to compute the ratio E + ) / (=) at the en- 

" 


trance to the nozzle as a function of the oscillation fre- 
quency e. ‘This ratio will be called the transfer function. 
of the rocket nozsle. 

The conditions at the entrance to the nozzle are fixed 
by the plausible assumption that the temperature of 
the combustion gas is not changed by variations in 
pressure. Let the gas be considered as a perfect gas, 
and let the subscript 1 denote the entrance to the 


nozzle; then 
C= Queen 


Since the flow in the divergent part of the rocket 
nozzle ix supersonic, the obvious additional condition 
for the complete determination of the flow is simply 
that the propagation of oscillations must be toward 
the downstream direction. For instance, if U(z) is the 
velocity of the propagation of density oscillations at the 
section z, then for an observer who travels with 
the speed U, the density is stationary, i.e., 


nal 


“| 


This is the equation for determining the velocity of 
130 


propagation. ‘The condition of downstream propaga- 
tion means positive U. Thus, іп the nozzle the signs 


of ala and 4”) ox must be opposite. Similarly, 


the signs of «(t “уы and д E P must also be op- 
posite in the nozzle. 


Formulation of the Problem in Nozzle 


In the nozzle, if A is the cross section of the nozzle 
at z, then the continuity equation is 
" 
Iu 


+ ZU + ou tw} = 0. 


The steady-state flow or the undisturbed flow satisfies, 
however, the simpler continuity equation 

Ари = const 
By eliminating A from Equation [3] by this equation, 
and by retaining only the first-order terms of the 
oscillating quantities, one obtains the linearized con- 
tinuity equation as 


ОСЕ 


Similarly, the dynamic equation is 


ROR 
cA 


For any fluid mass, the entropy is maintained. There- 
fore, if y is the ratio of specific heats of the gas, 


(© + «3I C >) exe isl 


Equations [4], |51, and [6] are three equations for the 
three dependent variables (p'/g), (p'/p), and (u'/u). 

It is convenient in the following calculations to intro- 
duce a specifie nozzle shape such that the steady veloc- 
ity in the nozzle increase simply linearly with = 
(Fig. 1). The simplest way to specify this is 


Ш 


where the subscript 1 denotes again quantities at the en- 
trance to the nozzle. 2; is thus the z-coordinate at the 
entrance to the nozzle. Therefore, the origin of the 
z-axis is not generally at the entrance to the nozzle; it 
is there only if the steady velocity at entrance is equal 
tozero. With Equation [7], Equation [6] becomes 


Сы ДОЛЫ Ы 


е. if the entropy oscillations at the entrance 
to the nozzle is cc", i.e., 


Qa @ 
then, aecording to Equation [B] in general 
ООБА 
Ву eliminating (p'/p) between Equations (51 and [10], 
140 


ИЛ 


the resultant equation together with Equation [4] 
constitute a aystem of two equations for the two un- 
knowns (р/р) and (u'/u). 

Now let ту be the z-coordinate at the exit of the 
nozzle, or if Lis the length of the nozzle, 


nenti ші 


Define в nondimensional independent variable £ as 


Then 
bean manto (ez) паз 


The oscillating quantities with frequency ш can now 
be written as 


EY = дем на: 
io 


(E) - ане EI 


By introducing these expressions into the differential 
equations for p’/p and u'/u, equations for f and g are 
derived. The results can be, however, written more 
compactly if one uses the reduced frequency £, defined 
as 


(16) 


where v, is the exit velocity of the nozzle. В is then 
the ratio of the angular frequency w and the velocity 
gradient w/z, along the nozzle axis, ‘Then from Equa- 
tions [4], [5], and [10] the equations for the f and g are 
obtained as 


[2+2] жау = 0. ра 
and 
Giy +O- iAy EF 


wd e D +]. 


where M is the local Mach number of the undisturbed 
flow at z ог Ё. In fact, for the assumed linear velocity 
distribution in the nozzle, 


M; is the Mach number at the entrance to the nozzle. 
By eliminating g(¢) from Equations [17] and [18], a 
single second-order equation for Л is obtained. 
The result can, however, be reduced to more con- 
venient form by using a new independent variable 

2 defined as 

iti 

2 


Мела 
ш] 
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propagation. The condition of downstream propaga- 
tion means positive U. Thus, in the nozzle the signs 


«ғуы and 4” [де must be opposite. Similarly, 


the signs of © (“уа andò (Be must also be op- 
posite in the nozzle. 


Formulation of the РгоЫет in Nozzle 


In the nozzle, if A is the cross section of the nozzle 
at z, then the continuity equation is 


А + фло + ра же = Oo BI 


The steady-state flow or the undisturbed flow satisfies, 
however, the simpler continuity equation 
Apu = const 
By eliminating 4 from Equation [3] by this equation, 
and by retaining only the first-order terms of the 
oscillating quantities, one obtains the linearized con- 
tinuity equation as 
Pre (ен 
ны ++ 
Similarly, the dynamic equation is 
зу (f Lay ү „әүшү a 
они tral) 
күш _ р a(r" 
(5) - а) аы 


For any Ёш mass, the entropy is maintained. There- 
fore, if y is the ratio of specific heats of the gas, 


a Q5 (P^ 
(вы) 0) 

Equations [4], [5], and [6] are three equations for the. 

three dependent variables (р’/р), (p'/p), and (u'/u). 

It is convenient in the following calculations to intro- 
duce a specific nozzle shape such that the steady veloc- 
ity in the nozzle increase simply linearly with = 
(Fig. 1). The simplest way to specify this is 


[DI 


" 


Bie nm 


where the subscript 1 denotes again quantities at the en- 
trance to the nozzle. т, is thus the z-coordinate at the 
entrance to the nozzle. Therefore, the origin of the 
z-axis is not generally at the entrance to the пова 
is there only if the steady velocity at entrance is equal 
tozero. With Equation [7], Equation [6] becomes 


Gs) 00] -9 м 
Therefore, if the entropy oscillations at the entrance 
tothe nozzle is e^ i.e., 


(E), (D rmm 
then, according to Equation [B] in general 
О-о-о m 
By eliminating (p'/p) between Equations [5] and [10], 
140 


the resultant equation together with Equation [4] 
constitute a system of two equations for the two un- 
knowns (p'/p) and (ш/а). 

Now let z, be the z-coordinate at the exit of the 
nozzle, or if lis the length of the nozale, 


ЕГЕН ood 
Define а nondimensional independent variable £ as 

E= r/m.. 12) 
Then 


b m а/а айа D mo E) om 


‘The oscillating quantities with frequency o can now 
be written as 


(2) - два. ET 


(5) - «кө NT 


By introducing these expressions into the differential 
equations for p'/p and u’/u, equations for f and g are 
derived. The results can be, however, written more 
compactly if one uses the reduced frequency В, defined 
эв 


ne] 


where ш is the exit velocity of the nozzle. is then 
the ratio of the angular frequency w and the velocity 
gradient ш/а, along the nozzle axis. Then from Equs- 
tions [4], [5], and [10] the equations for the f and g are 


obtained as 
QU ны - 


and 
@ + ip + (1 iy tig = 


у + (8) MILES MENT 


where M is the local Mach number of the undisturbed 
flow at х ог Е. In fast, for the assumed linear velocity 
distribution in the nozzle, 


LS 


М, is the Mach number at the entrance to the nozzle. 

By eliminating 0(9 from Equations [17] and [18], a 
single second-order equation for /() is obtained 
The result can, however, be reduced to more con- 
venient form by using а new independent variable 
z defined as 


+1 


АЕ) 


120) 
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It is easy to show that z is actually the square of the 
ratio of u to the so-called critical sound speed. ‘Thus 
2 = L at the throat of the nozzle. In terms af z, the 
differential equation for. гі id 

Di Ші? кіп), 


-әШш-і 
а-ә 24 жұғу; 


GED 


С 1 — 378 ЕЩ! 
es Беда + ы. [m 


Тһе relation between f(z) and g(2) is 


(2 + 82) = Ку — 1) + eB) ~ G +101— ag дк 


HB = 1) i +1)1` 
ОНО: |... ра 


2 E 


а, is, of course, the value of z corresponding to & as 
given by Equation [13]; їе, 


EI 


1+7 


The initial condition needed to solve Equation [21] 
is specified by Equations [1] and [9]. That is, at 
= nore = 2, 


fa) = E 


Ү-1 


The complete solution requires the cognizance of the 
fact that the propagation of oscillations must be toward 
the downstream direction as discussed in the previous 
section, 

When Де) is determined, one ean compute g(z) by 
Equation [22]. ^ Then the density oscillations and 
the velocity oscillations are determined as functions 
proportional to the amplitude of entropy oscillation є. 
Since the point of interest is the ratio of the oscillations, 
the arbitrary « does not really enter into the final 
result. In fact, according to Equation [1], the ratio 
of the fractional inerease in mass rate of flow and that 
of pressure, or the transfer function G() is 


s- [(5). +) /G), - 
^ Du ) а 

ГС), (0.6). <1 +@ = 
Therefore G(8) is unity as assumed by previous in- 
vestigators of combustion instability only if there 
is no velocity oscillation at the entrance, or (u'/u), = 
It is perhaps worthwhile to point out the fact that. ue 
present definition of transfer function G(8) corresponds 
to the practice of servomechanism analysis, if the 
pressure oscillation (р’/р), is taken as the "input" and 
the mass flow oscillation as the “output.” Hence the 
transfer function С(8) will be useful also in the syn- 


thesis of the systems for servocontrol or servostabiliza- 
tion of the rocket motor, as suggested by W. Bollay (4). 


Solution for Small Frequency 


The baste differential equation with linear velocity 
distribution in the nozzle as given by Equation [21] can 
be reduced to the hypergeometric differential equation 
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by the substitution f(z) = z-w(z). ш(г) is then the 
hypergeometric function. However, the calculation is 
rather difficult. For a first discussion, only cases of 
either very small frequency or very large frequency 
will be considered here. 

1f the frequency 8 is very small, the functions f(e) 
and g(z) can be expanded in terms of this parameter 


Де; BY = F(Z) + aro) +... 128] 
Жа В) = уг) + вра) + eem 


"These expressions are appropriate if the interval of z 
concerned does not include z = 0. Fortunately, the 
physical problem generally specifies nonvanishing u at 
the entrance to the nozzle. Therefore, Ё » 0 and thus 
а 0. The restriction on the validity of the ex- 
pansions is thus generally complied. Ву substituting 
Equations [26] and |27) into the basic Equations [21] 
and [22], and then equating terms of same powers in 8, 
one has 


а-о -n ^ o sss 
and 
apo ае 2 d. 1 x 
ce cup rider 


Purthermore 


293) = Cy — YM) уч = БЕА ШК 
200020) = (y = Df) - (y DU — ao cfi - 


181 


wen- 5 Го (2) +2 
The initial condition of Equation [24] now becomes 


ег) = — — % 1821 


ча) [7] 
A straightforward calculation will give the following 
relation for the propagation velocity U for the density 
fluctuation defined by Equation |2), 


igi) _ 1819) + ae) sd m 
s ur EL 
2 PLE 


а 


where и is, of course, the undisturbed flow velocity at 
the section concerned. ‘Therefore, in order that the 
Propagation speed be finite even for small 8, f() 
must be a constant. Hence the appropriate solution 
of Equation [28] together with the condition of Equa- 
tion [32] is 


Ма)-- (35) 


E 
Then Equation [30] gives immediately 
Т) 


Up to this order of approximation then, Œ = 1, ав 
shown by Equation [25] Therefore the assumption 
of the previous investigators of the combustion in- 


м 


stability of rocket motor is indeed correct if the fre- 
quency is vanishingly small. 

With f™() given by Equation (35], the equation for 
J(@), Equation (99), сап be written as 


i - »t]- 


Therefore the solution is 
qo 
м. 


1 їй: 1 1 
стаз gnats 

P 1 с 

E EDITED. 
The quantity inside the square bracket 18 finite and 
positive for z > 0, while the last term is infinite at the 
throat of the nozzle where z = 1. Hence, according to 
Equation [34], the condition for finite positive propaga- 
tion speed U requires C = 0. Therefore? 


amodo log 2 а e 
аг а-а а 

11 

Sar 137] 


This equation together with Equations (31] and (831 
then gives 


isjrdllgs 
Ayiy-1l-5 


"Therefore, up to the first order in £, the transfer function 


G(B) ін 
w(i) 


Ta 


ga) = +0 [38 


asa + Ж!) „ idm LIE +1 


PES 
ЕҢ, eros 


Therefore, when the frequency В is not exactly zero, 
the transfer function has & small “lead component," 
proportional to the frequency. 


Solution for Large Frequencies 


If the value of В is very large, one must find the 
asymptotic solution of Equation [21]. The dominating 
terms in Equation [2}] are 


mas go m 


«-әШ- Bade Say 

e PEH] 
For the particular integral f*, take 

ле = жи (2) 
where 2(2) is a function of z not involving 8. There- 


fore, by retaining only the highest order term, 


6} = Gsm 
а 


ж-е гу» 
бы 4 £a 


* Professor L. Crocco has very kindly pointed out that the 


to the suppression of all singularities at the sonic: point. * Thi 
ohrervation may simplify the analysis for general values of 2. 
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By substituting these derivatives into Equation [40], 
it is found that 


20) = – 3 
thus 
ЕСІ 
ле = - (2) 9h ип 
To find the complementary function, let 
Қа) = ню) 
then 
ЕГ 
af Jt eic) 7 
fece (2) 


By substituting these into the homogeneous equntion 
corresponding to Equation [40], one has 


LEE EE 
Thus 
мә = i ee а 11 IE 
and 
м2; ї ж [ - NE 4t 
Madbe-0. 2. H2] 


The complete solution for large 8 is thus 
NEM Tm 
Kei = ~ ter еге (1, „+ “1, 


ка 

lem ea 
‘The first term is the particular integral; i! satisfies (he 
condition of downstream propagation of disturbanves, 
The same condition requires, however, that. A(z) be 
negative and increasingly negative as z increases from 
а. №2) does not satisfy this condition and hence has 
to be rejected. Therefore, В = 0. D ix fixed hy the 
initial condition of Equation [24], and is — e/y(y — 1). 
Therefore, finally 


Да) = [Ey e A 


where д» (2) is given Equation (42] 
By taking the dominating terms of Equation [22] 
for large В, one has 


Oe): di 


кодо (rtm ois 


Oe 


with f(z) as given Equation [44], then g(z) is deter- 
mined as 


8291... 5 
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Therefore, the transfer function G(&) for large В is 


1 
Gia) = 1 + Qo 75 в»! 


But z is specified by Equation [23], therefore 
CORTES TEA ны 


Therefore, for large frequencies the transfer function 
is again real and positive, i.e., the mass flow oscillations 
and the pressure oscillations at the entrance to the 

„подаде are again in phase. However, the mass flow 
oscillations are considerably larger than the pressure 
oscillations; the ratio is given by Equation [46]. 


Concluding Remarks 


In the previous section the calculation of the transfer 
function of the rocket nozzle is considered as a problem 
in nonsteüdy one-dimensional flow. For very small 
frequencies of oscillations, the transfer function is 
indeed approximately equal to unity, as assumed by 
Previous investigators of combustion instability, How- 
ever, the present calculation also shows that the transfer 
funetion is a complex number and has a lead component. 
increasing with increase in frequency. For very large 
frequencies, the analyses give results indicating larger 
mass flow oscillations than supposed before, But the 
transfer function for infinite frequency 8 is again а 
positive real number. Therefore, the Nyquist diagram 
of the transfer function G(8) is а curve, not a line. Аз 
an example, for y = 1.22, and M, = 0.2, according to 
Equations [39] and [46] 

A) 1+ 14388, for вт 
d. ЕЗІ 

The accuracy of the present results is limited by the 
underlying assumptions. First of all, the nozzle shape 
is such as to give a linear velocity distribution in the 
nozzle, Then the gas is assumed to be perfect and 
nonreacting. In reality, viscosity, heat conduction, 
and residual chemical reactions in the exhaust gas will 
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modify the result, At large frequencies or for very 
short nozzles, the wave length may be small in com- 
parison with the nozzle length, then the one-dimensional 
flow assumption may introduce appreciable error. For 
these reasons, it is desirable to measure the transfer 
function of the rocket nozzle experimentally. Here, 
however, one must remember that the flow phenomenon 
in connection with the combustion stability is pro- 
foundly influenced by the entropy oscillations gener- 
ated in the combustion processes. Direct stability 
measurements on rocket motor with artificially oscil- 
lated propellant flow will be necessary. The present 
analysis indicates, however, that the nozzle could be 
cut short with practically no divergent part as the 
transfer function is not influenced by the particular 
exit velocity so long as the exit velocity is supersonic. 
"The propellant flow rate will then be smaller than a full- 
length nozzle, a desirable saving in experimentation. 
"The present investigation also gives the characteristic 
nondimensional frequency as the angular frequency 
w divided by the velocity gradient along the nozzle. 
The transfer funetions for rocket nozzles of different 
sizes can be correlated through this nondimensional 
frequency or reduced frequency. 

In conclusion then, it is certain that the present 
paper gives only a general outline of the problem of 
transfer function of rocket nozzles. The complete 
detail has yet to be filled in by further studies. 
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A Similarity Law for Stressing Rapidly Heated 
Thin-Walled Cylinders 


Н. $. TSIEN! and С. M. CHENG? 


Daniel and Florence Guggenheim Jet Propulsion Center, 
California Institute of Technology, Pasadena, Calif. 


When a thin cylindrical shell of uniform thickness is 
very rapidly heated by hot high-pressure gas flowing inside 
the shell, the temperature of material decreases steeply 
from a high temperature at the inside surface to ambient 
temperatures at the outside surface. Young's modu- 
Ius of material thus varies. The purpose of the present 
paper is to reduce the problem of stress analysis of such а 
eylinder to an equivalent problem in conventional cylindsi- 

j| shell without temperature gradient in the wall. The 
equivalence concept is expressed as a series of relations be- 
tween the quantities for the hot cylinder and the qu 
ties for the cold cylinder. These relations give the si 


ity law whereby strains for the hot cylinder can be simply 
deduced from measured strains on the cold cylinder and 


НЕ cylinder of a solid propellant rocket is sub- 

jected to very rapid heating during its short dura- 
tion of operation. ‘The temperature distribution across 
the thin cylindrical wall, although approximately the 
same in every section, is not linear, This condition is 
most severe at the end of the combustion of the pro- 
pellant grain. From the point of view of a materials 
engineer, this case is distinguished from others by the 
time rate of beating, which is so large as to not allow 
sufficient time for appreciable change in the structure 
of the material. The strength of the wall material 
under this operating condition is quite different. from 
that under slow heating. ‘This fact is clearly and con- 
clusively shown by R. L. Noland in а recent paper 
(94 From the point of view of a stress analyst, the 
rational design of а solid propellant rocket cylinder is 
thus complicated by the very large thermal stress and 
variable Young's modulus of the material across the 
wall as а result of the large temperature gradient. 
Furthermore, experimental stress determination under 
actual firing tests is rather difficult due to the short test 
time available and the high temperature. 

Tt is believed that for these reasons the only case 
which has been analyzed by reliable rational method is 
the case of rocket cylinder under uniform internal pres- 
sure. The bending stresses due to canted nozzles, the 
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stresses due to end enclosures, mounting lugs, ete., are 
only estimated by very rough methods. The purpose 
of this paper is to improve this situation by suggesting 
an approach which will reduce the general stress prob- 
lem of hot cylinder to a problem of an equivalent cold 
cylinder, The equivalent problem can then be solved 
either analytically by the conventional method or di- 
rectly by experimental stress determination, In either 
choice, the problem is believed to be greatly simplified. 
This law of equivalence between hot cylinder and cold 
cylinder can be called the similarity law. 


Stresses and Strains of a Thin-Walled Cylinder 


‘The fact that the thickness of the cylinder is small in 
comparison to its radius and length allows a great sim- 
plification in the strain analysis. То wit, Ше deforma- 
tion of every point of the cylinder can be described suf- 
ficiently accurately by the displacements of the points 
оп а single surface within the wall of the cylinder. This 
surface is the so-called median surface. The position 
of the median surface is so determined that a bending of 
the median surface will not induce net extensional forces 
in the plane of the median surface, across the thickness 
of the wall. When Young’s modulus is a constant, 
as is the case for a cold cylinder, the median surface lies 
midway between the outer and the inner boundary sur- 
faces of the cylinder. When Young’s modulus is 
not à constant but decreases with increase in tempera- 
ture, the median surface is displaced toward the cold 
side, as will be seen presently. 

Let z, 6, z be the coordinate system with origin on 
the cylindrical median surface such that z points in 
the axial direction of the cylinder, 0 is in the cireumfer- 
ential direction, measured on the median surface, and 
г is normal to the median surface, pointing toward the 
axis of the cylinder. Let U, V, and W be displacements 
of a point (z, 8) on the median surface in the directions 
т, 8, and z, respectively. They are thus functions of г 
and 9; but not of 2. Then the above-mentioned fun- 
damental simplification of thin shells ean be stated as 
follows: If the direct strains in the z and 6 directions 
are е, and ee, and the shear strain Y,» then. 
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where R is the radius of the median cylindrical surface, 
or the “radius of the cylinder.” This result is some- 
times described as the Kirchhoff bending assumption: 
Plane normal to the median surface before bending re- 
mains so after bending, 

The significant stresses in a thin shell are the direct 
stresses 2, and oy in z and 6, and the shear stress rey. 
All other stresses are small in comparison to these three. 
Now let T be the temperature of wall above a reference 
temperature, say the room temperature. Т is assumed 
to be only a funetion of thickness ordinate z, but not of 
rand 8. Thus the heating of the cylinder is assumed 
to be uniform over the entire surface of the cylinder. 
This is generally very closely approximated in reality. 
Tf а is the coefficient of thermal expansion, the thermal 
expansion strain is then «Т. By Hooke's law one has 
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where Æ is Young's modulus, and > is Poisson's ratio. 

? is, of course, a funtion of temperature or a funetion 
oz. v, however, will be assumed to be constant for 
lack of definite information. By solving for the stresses, 
‘one obtains from Equation [2], 
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For thin-wailed cylinders, the equilibrium equations 
are expressed in terms of "sectional averages" of the 
stresses given in Equation [3]. That is, one speaks of 
the normal forces N, and No, the shearing force Nyy, the 
bending moments М,, Мь and the twisting moment 
М.» They are related to о, ов, and т, by the following 
equations 


№, = Ло № = Хо Na = frugis 
М = fex; M=- fopi My = — Гс 
ы 


Тһе integrals in the above equations all extend across 
the thickness of the wall. By substituting Equations 
[t] and [3] into Equations [4] and [5], one has for ex- 
ample 


xL im 


where. 
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EI 
Di = ту Бі 
Dom plo Ват 
and 
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Тһе integrals again extend avross the thickness of the 
wall. It is evident from the above expressions for 
М, and М, that considerable simplification can be 
achieved by choosing the median surface in such a way 
that 


10] 


Di = гр S Euh = 0.. 


This is actually the condition to locate the median sur- 
face. Since Young's modulus E decreases with in- 
crease in temperature, it is seen from Equation [10] 
that the median surface is nearer to the cold boundary 
surface than to the hot boundary surface. For a rocket, 
cylinder, hot inside but cold outside, the median sur- 
face is near to the outside surface. With this choice of 
the median surface, the forces and the moments are re- 
lated to the displacements by the following simpler 
equations: 
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It is worthwhile to point out two facts: Firstly, the 
choice of reference temperature is quite arbitrary. 
Changing the reference temperature will change the 
value of Nr, Equation [8]. But a corresponding ad- 
justment in the normal strain will leave the normal 
forces N, Мә given by Equation [11] unchanged, 
Therefore the physical problem is quite independent of 
the choice of reference temperature, Mr is independent 
of the reference temperature due to Equation [I0]. 
Secondly, the present system of equations reduces to 
those of the conventional thin shell theory if tempera- 
ture gradient is absent, or if Young's modulus is 
independent of the temperature of material. In that 
case the median surface is midway between the bound- 
ary surfaces, and D, is simply the usual flexural rigidity 
of the shell. 
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Nondimensional Quantities and Equations of 
Equilibrium 


It is useful to introduce nondimensional quantities 
by taking Æ as the reference length. ‘Thus 
EU 


и = UR, а 
а = ND, "LEM 

ap = Nr/Ds 115] 
and 


m= МВ, my = МИД Meg = M RID 


Мт = MsR/D:...|16] 


Therefore Equations [11] and [12] become now 
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‘The equations of equilibrium in terms of forces and 
moments are here exactly the same as the conventional 
theory (2). The only innovation is to write them in 
nondimensional form. For this purpose, one has to 
define the nondimensional quantities д, 42, and p of the 
dimensional sectional shearing forces @„, Qe and normal 
pressure loading P, against z-direction as follows: 


q 04D. y= Ф, p= РИЛА... 0181 
‘Then the equilibrium equations of forces are 
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The equations for the equilibrium of moments are 
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fis thus а quantity of the order of (R/0)*, b the thiek- 
ness of the wall. There are eleven individual equations 
in the system of Equations [17], [18], (20), and [21] 
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With specified loading p, there are also eleven un- 
knowns, u, 0, 10, Tt, ле, Pus, My Mo, Mes, qand 4» The 
system of equations is thus complete. 


inder Under Uniform Internal 
Pressure 


Infinite € 


The simplest special case in the present general prob- 
lem is the case of very long cylinder under uniform in- 
ternal pressure. If the rocket cylinder is long in com- 
parison with its diameter, the actual stress system dur- 
ing operation is approximated by this idealized simple 
case. In this problem of infinitely long uniformly 
loaded cylinder, the forces 4, пе, and moments me, me 
are constants independent of and 6. "The shearing 
force my and the twisting moment mg vanish, и ік 


ы; 
= is a constant, say ki 
or id 


ishes. wis a constant, and is negative in the present 
coordinate system, suy —hs "Then Equations (171, 
[18], and [20] give 


ng = Reb rhe = nay 
ks + k = "f 128] 


mmn = mie 


proportional to £ or » van- 


where the superscript 0 denote the quantities in the 
present simple stress system. When the temperature 
distribution and the material properties are specified, 
Equation [23] gives the strains kı and fz in terms of the 
internal pressure p, and the axial load nj If the axial 
load is produced by the same intemal pressure, then it 
can easily be shown that 


(24) 


И is of interest to note that the bending moment. т, 
and ms are equal to nt; and are independent of the con 
ditions of loading, 

By solving Equation [23] for ki and А, one has 
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If the design condition is the maximum strain of the 
material, then Equation [25] gives the criterion directly: 
from the pressure and temperature loading. 


Linearized Theory for General Secondary Loading 


As stated in the previous section, the actual stress 
system in а rocket chamber is approximately that of 
infinitely long cylinder under uniform internal pres- 
sure, This stress system can be called the primary 
stresses, The deviations from the primary stress system. 
are results of bending due to canted nozzle, to end en- 
closures, to mounting lugs, ete, These additional 
stresses or the secondary stresses are, however, only à 
fraction of the primary stresses, Therefore it is justified 
to consider the second order terms of additional stresses 
and deformations as small in comparison to the first 
order terms, and thus negligible. In other words, 
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[Eu ds = Ge рРр= +p 
where kı and ks are given by Equation [25]. The 
primed quantities are then the secondary deformations 
and the secondary stresses, they are considered to be 
small in comparison to the primary deformations and 
stresses. From Equations |17) and [18], one has the 
following relations between the deformations and the 
stresses, 
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By substituting Equation [26] into the equilibrium 


equations, Equations [20], and dropping out the second 
order terms of the primed quantities, a system of lin- 
earized equations is obtained. This system can be 
further reduced by substituting the дү and де obtained 
from the last two equations of bending moment equilib- 
rium into the third equation. ‘The finat result is the 
following system of three equations: "The first is the 
equilibrium of forces in the axial direction; the second 
is the equilibrium of forees in the circumferential di- 
rection; and the third is the equilibrium of forces in 
the radial direction: 

ate ем y ltro 
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-am + a (ue OR а ae | 
“These equations have been simplified on the basis that 
8 is a large quantity of the order of the square of the 
radius-thickness ratio. 

In the latter equation, p’ is the secondary loud im- 
posed on the cylinder expressed as а distributed pressure 
over the surfare of the cylinder, directed radially out- 
ward. If the load а concentrated load, then it has to 
be expanded into а product of Fourier series and Fourier 
intergral as done by S. W. Yuan (3) in his treatment of 
concentrated load on a cold cylindrical shell. Other 
types of loads ean be similarly expanded. Then Equa- 
tion [28] is a system of three equations for three un- 
knowns u’, r^, and w’. The forces and moments are 
related to these displacements by Equation [27] 

"The problem uf general secondury loading as expressed 
by Equations [27] and [28] is very similar to the 
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problem of general loading on a cold cylindrical shell, 
and can thus be treated by the known methods de- 
veloped for this conventional problem. In fact, the only 
difference between the hot cylinder and the cold cylinder 
is the appearance of the term mr in Equation [28]. 
However, even this difference is trivial: The reason is 
the very large magnitude of В as showo by Equations 
16], [7], and [22]. In fact, if, as is generally the case, 
Nr is of the same order of magnitude as №, then the 
above-cited equations show that the ratio of mz/8 and 
ng is at most of the order of b/R, where b is the thick- 
mess of the shell. Since the shell is considered to be 
thin, or Б/Е < 1, the terms involving mz in Equation 
[28] can be dropped without impairing the accuracy of 
the present theory. When this is done, then in the 
system of equations given by Equations [27] and [28], 
the effects of thermal stresses and variable Young's 
modulus are not explicit. As far as the nondimensional 
equations are concerned, the problem of hot cylinder is 
identical to the problem of cold cylinder, and the basie 
equations are now essentially the same as that adopted 
by L. H. Donnell for his study of the stability of thin 
cylindrical shells (4). This is the basis of the similarity 
law discussed in the following section. 


Similarity Law for General Loading 


If the problem of secondary loading i« to be solved 
analytically, the results of the previous section show 
that it can be reduced to an equivalent problem of cold 
cylinder and solved accordingly. However, a more use- 
ful application of the equivalence concept lies in the 
possibility of experimentally determining the stress and 
the strain on the equivalent cold cylinder and then 
using the similarity law to determine the stress and the 
strain in the hot cylinder. ‘There are mainly two ad- 
vantages of this semi-experimental approach: (d) 
‘The experiments on a cold cylinder can һе done more 
easily and much more accurately than possible on a hot 
cylinder. The test period ean be as long as desired and 
not limited to the short burning time of the rocket. 
(b) The stresses induced by mounting lugs, ete., are very 
difficult to approximate by simple load systems amens- 
ble to theoretical calculations. For instance, the londe 
from u mounting lug are not really a concentrated force 
and a concentrated moment. To take them as a eon- 
ventrated force and а concentrated moment would 
grossly overestimate the actual stress. Such difficulties 
disappear if the loading is done experimentally. 


With such experimental stress determination in mind, 
it will be convenient to have the hot cylinder and the 
equivalent. cold cylinder of same general sizes, Thus 
the radius R and the length L will be the same for both 
cylinders. In order that the nondimensional differen- 
tial equations, Equation [28], be the same for the hot 
cylinder as for the cold cylinder, the parameters in these 
differential equations must be the same. That is, Ға 
quantity of the cold cylinder is denoted by a bar over 
the quantity 
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The condition of Equation [29] can be satisfied by mak- 
ing the thickness P of the cold cylinder smaller than the 
thickness b of the hot cylinder. This is of course to be 
expected, since Young's modulus of the hot material 
is smaller and hence material is “softer” than the cold 
material, When the thickness 5 is determined from b 
by using Equation [29], D сап be computed. Then 
Equation [30] gives the internal pressure P" and the 
axial load A, from the specified P" and М, for the 
hot cylinder. ‘These steps then fix the geometry of the 
cold cylinder and the primary system of loads. 

For the additional secondary loads, the fact that 
Equations [27] and [28] are linear equations can be 
utilized to introduce an added freedom in specifying the 
loads. Linear relations are not altered by multiplying 
the variable by a constant. ‘Therefore for additional 
loads and additional displacements, the nondimensionat 
quantities for the cold cylinder and the nondimen- 
sional quantities for the hot cylinder need not be 
identical, but differ by a factor e. Thus 

[P 
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Then 


18а] 


P = аф'........... . 
Bat the nondimensional pressure loading p is related to 
the actual pressure loading by Equation 119). There- 
ore the secondary pressure loadings P" for the cold 
cylinder and the secondary pressure loading P" for the 
hot cylinder are related through 
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‘The ratio of the pressure load is then Dye/D». Since. 
the radius Ё and the length L of both cylinders are the 
same, other types of loads such as concentrated force, 
or moment for the cold cylinder and for the hot cylinder 
must also bear the same ratio. Needless to say, the 
loads for the cold cylinder must be applied at corre- 
sponding points for loads in the hot. cylinder. 

"The additional forces №,', №, the additional shear 
Q’, and the additional moments N,’, М,” at the ends 
of the cylinder are controlled by Equations [15], [16], 
and [19]. It is easily seen that because of Equation 
19], the ratio of these quantities for the cold cylinder 
and the hot cylinder is again Dye/Do. 

Therefore, knowing the load system on the hot cylin- 
der, one can find the corresponding load system for the 
cold cylinder. The factor e for the secondary loads can 
be chosen at convenience of the experimenter. For 
instance, є might be so chosen ая to make the ratio 
DD; equal to unity. Then the secondary load sys- 
tem for the cold cylinder is exactly the same as the hot 
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cylinder. When the proper load for the cold eylinder 
is selected and the corresponding strain on the cold 
cylinder determined by strain gages, the inverse equiva- 
lence problem is then to find thé strain in the hot cylin- 
der from the test data on cold cylinder. 

Take for instance, the axial strain e(z). For the 
cold eylinder, according to Equations [1] and [25], 
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where 2 is the value of z measured from the median sur- 
face of the cold cylinder, midway between the boundary 
surfaces. Now let 2, be the average of the measured 
axial strains on the outer surface and on the inner sur- 
face of the cold cylinder, and let Ac, be the difference 
of the measured axial strains on the outer surface and 


on the inner surface of the cold eylinder. Then from 
Equation [34] 
ч, t òa’ 1 ди" " 
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For the hot eylinder, the axial strain is given by 
Qué а Dus 


eda} = ht enu ees 136) 
jr aay 
By eliminating E and A from Equations [35] and 


[36], one has 
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The value of 2 is measured radially inward from the 
median surface of the hot cylinder and thus is larger in 
magnitude for the inside surface than for the outside 
surface. 

Similarly, 


«o = (1 ut 


and 
POLHOTIESI ea 


where ё, is the average of the measured circumferential 
strain on the outer surface and the inner surface of the 
cold cylinder, Aé is the difference of these strains; 
+ and Avy are the corresponding quantities for the 
shearing strain, In Equations [37] and [38], № and 
ks und пт are the primary strains computed from Equa- 
tions [25] and 18]. ‘Therefore these equations allow the 
calculation of the strains in the hot cylinder from test. 
results from cold cylinder, and thus complete the de- 
sired similarity law. 

For a stress analyst, the next step is perhaps the cal- 
culation of the principle strains at each value of г in the 
shell, and examine whether the larger of these principal 

= strains exceeds the design limit of the material at the 
temperature prevailing at that point. 
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Example of Dimensioning the Equivalent Cold 
Cylinder 


As an example of the procedure outline in the previous 
section, the data given by Noland (1) will be used to 
find the equivalent cold cylinder. "The temperature dis- 
tribution in the wall is taken from Fig. 2 of that paper 
and is reproduced as Fig. 1 here. The material is as- 
sumed to be 19-9 DL, and the variation of Young's 
modulus with temperature is plotted in Fig. 2, again 
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using Noland’s data. First, the position of the median 
surface will be determined, using Equation 10]. This 
is found to be 0.588 6 from the inside surface, Next, 
hy taking the cold cylinder to be at 100? F, the ratio of. 
the thicknesses of the hot cylinder and the equivalent 
cold eylinder is computed by using Equations [6}, [7], 
and [29]. Itis found that 
b = 0.036) 


Thus the equivalent cold cylinder of the same material 
is 98.6 per cent as thick as the hot cylinder. 

The ratio of the loads on the cold cylinder and the hot 
cylinder is controlled by Dy/Ds. This is computed as 
Def Dy = 129 

By taking а = 10-*/°F, and b = 0.095 in., the values 
of thermal stresses are 


Nr = 22400 Ib/in., 
Mp = 192 Ib, 
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np = 0.958 x 10-* 
тт = —0.121 


If the radius of the cylinder is 2.25 in., and if the internal 
pressure P? is 1500 psi, then 


PP = 1.44 X 107 


If the axial tension N,’ is due to the same internal pres- 
sure, then 


ng ~ B= 072 x 107 


Now 


zr) 


Therefore the ratio of mr/ 8 and ng is 
mran’ = —0.0224 


‘This is indeed smaller than the thickness-radius ratio 
b/R = 0.0422. Hence the surmise that mr/8 is negli- 
gible against n; is now justified by numerical caleula- 
tion. 


Junction Stress Between Cylinder and Head 


The previous formulation of the similarity law for 
stresses in the hot cylinder and the cold cylinder is 
based upon the assumption that the secondary load 
system is specified. This is not true for the junction 
stresses induced by fitting, say, a hemispherical head 
to the cylinder. Such stresses are determined by the 
equality of deformations of the head and the cylinder 
at the junction, If the semi-spherical shell has the same 
thickness as the cylindrical shell, then the temperature 
distribution in the spherical shell will be the same as in 
the eylindrieal sbell An analysis shows that the 
“similar” cold test specimen can be made also of uni- 
form thickness 5, determined by Equation [29]. How- 
ever, the similarity of both the primary loading and 
secondary loading now requires an additional restric- 
tion: emust now be unity. When these conditions are 
fulfilled, the similarity of junction stresses in the hot 
cylinder and the cold eylinder will be assured, and the 
relations previously developed for computing the 
stresses in the hot cylinder from test data on the cold 
cylinder remain valid. 


Ring Stiffener Around Cylinder 


To strengthen the thin cylindrical shell against con- 
centrated loads from the mounting luge, a ring stiffener 
is often attached to the outside surface. Tt- mains cold. 
Young's modulus of the ring material thus 1s that 
of cold material. To determine the dimensions of a 
“similar” ring for the cold cylinder, the conditions to 
be satisfied are those of Equations [31]. Га other words, 
for a ratio є of deformation of the ring on the cold eylin- 
der to that on the hot cylinder, the force required must 
bear the ratio <Da/Ds. This means that the ratio of 
the stiffness of the ring for the cold cylinder to that on 
the hot cylinder is Do/Dp. И the ring is rectangular in 
section, the correct ratio of the width of the two rings 
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for complete similarity is then БГ. The ring on the 
told cylinder is thus wider than on the hot cylinder. 
When this condition on the ring dimension is satisfied. 
the simple similarity relations for the stresses in the 
shell are again correct 
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A simple closed-form expression is obtained for the fractional intensity of radiation absorbed by vibration- 
rotation bands with collision-broadened spectral lines. The resulting expressions greatly reduced the labor 
involved in obtaining apparent rotational half-widths from experimental measurements, 


1. INTRODUCTION 


А" room temperature the integrated absorption of 
rotational lines is given, in adequate approxima- 
tion, by the relations? 
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Here ар and ае represent, respectively, the integrated 
absorption of the fundamental and first overtone; 
шер is the wave number corresponding to the rota- 
tional transition j—7' and the vibrational transition 
wave number for the transition j0—7— 0, 

= quantum number measuring the com- 
ponent of electronic angular momentum about the 
internuclear axis; E(0, j) - energy of the zeroth vibra- 
tional and j'th rotationa] level; k= Boltzmann con- 
Stant; T=absolute temperature; Q= complete parti- 
tion function. 

Tn an absorption experiment with a source of spectral 
radiant intensity Кү, the fractional absorbed intensity 
К/К, integrated over an entire vibration-rotation 
band of width Awp, is 
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where Pa represents the spectral absorption coefficient 
and X is the optical density. For collision-broadened 
spectral lines which do not overlapt 
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where 
20у уму] 

cS; ә jap? IX) for large values of xj! (5a) 
and 


20у ЧГ (ху учу] 
Say Х for small values of хур", (Sb) 


The symbol bj," denotes one-half of the spectral 
half-width for the indicated transition, Equations (ба) 
and (5b) represent asymptotic limiting forms in which 
the right-hand sides exceed the value of 2xb;.):'-? 
ХГ ау Мог every value of ху, Equation (5а) 
constitutes a better approximation for xj- (2/т), 
whereas Eq. (5b) is preferable for ху. 97 « (2/ x). Since, 
at room temperature, ær Y.;5;.. у ®”!, it is evident from 
Eqs. (4) and (5b) that 


f (Ru Rus) do ap X, for small values орлу, (6) 
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Equation (6) is an illustration of the well-known result 
that accurate measurements of ay can be obtained for 
very small values of the optical density. It is evident 
that under these conditions the experimental results are 
independent of the line width. 
Ш. CALCULATION OF ROTATIONAL HALF-WIDTHS 
FROM EXPERIMENTAL DATA 

In order to obtain a useful procedure for the calcula- 
tion of rotational half-widths, it is necessary to assume 
that буу"! br, bjp? bo and to evaluate the right- 
hand side of Eq. (4) by using Eqs. (3a) and (1a) to (2). 
We shall outline the procedure for the fundamental 
vibration-rotation band. 

Equations (1а) to (1c), (4), and (5а) lead to the 
relation 
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Equation (7) is the basic equation from which useful 
results can be obtained for two special cases. 


А. Diatomic Molecules Without Q-Branch (4-0) 


For diatomic molecules without Q-branch (A=0) 
Eq. (7) becomes 


Г [3S 


=а%Х/0 exp E(0, 0)/5T)* 
KEGN fat 
Xexp-- LEO, j)— E(0, 0) Y 2RT-F (аулы) 
Xexp-LE(0, j—1)—E(0,0)Y2kT). (7а) 
Utilizing customary spectroscopic notation* and ex- 


ponding the various terms in Eq. (7а) in powers of yj, 
it is found that, correct to powers of 7277 


(Ros/ Rowdee Дату X/Q expLE(0, 0)/kT ]]* 
aur 
ху Гехр—{үнў/2)][1+ Щу, 8,9) ], 


те 
Ky, 8, м) = бё/8)+ (u/2) -L/)H-1/2. 


‘The sum over j can be evaluated readily by use of the 
Euler-Maclaurin summation formula. In this manner it 
is found that, in good approximation, 


whet 


f (Ra / Rodas 410) (ање), (8) 
"m 


where a suitable expansion has been introduced” foi 
(QexpLE(0, 0/&T])*. The error in Eq. (8) is esti- 
mated to be of the order of (үнді. It is evident that 
Eq. (8) holds for the first overtone with ар and by re- 
placed by oy and bs, respectively. 

B. Dietomic Molecules With Q-Branch (4540) 

In the general case №760 we must proceed from Eq. (7) 
directly. After suitable expansion of various quantities 
appearing in Eq. (7) it is found that 


Qui Rida Hehe XN) 
METEO 
X[expC — 42/2) UY! Ph $, 9] 
FOL VIGED Cep C- 3/2 
xlii DHATI. СЫ) 
к Mayer and М. б. Mayer, Stofisticul Mechanics (John 
Wiley and Sons, Inc. New Vork, 1940). 


TFor details, describing в similar evaluation, өсе Penner, 
Ostrander, and Tsien, J. Appt. Phys. 23, 256 (19521. 
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Since A is generally а small integer and since the con- 
tributions made to the value of the sum by rotational 
lines with small values of j are relatively small, we may 
approximate [(— A) (4-3)/j] by Л, whence it follows 
that the first brace of the sum in Eq. (7b) again leads 
to the result given in Eq. (8). Thus it is only necessary to 
estimate the total contributions made by the Q-branch. 
An adequate approximation is obtained by utilizing 
again the Euler-Maclaurin summation formula. The 
result is 


(К/К) 


aer 
=4.1(2)(arbeX) Qni) -HLAS (9) 


The error in Eq. (9) is also of the order of (yu). Equa- 
tion (9) applies to the first overtone if ағ and by are 
replaced by ao and by, respectively. 

Because of very close spacing of the rotational lines 
in the Q-branch, the right-hand side of Eq. (9) will 
generally be too large. For this reason it may be indi- 
cated to use Eq. (9) in the form 


(К/К 4% 


aer А 
=4.1(2) apbeX)y Cr) CHE LAG)MQnOY], (92) 


where 8 is an empirically determined correction factor 
which is less than or equal to unity. ‘The contribution of 
the Q-branch is usually so small that it may be neglected 
in the treatment of experimental data. 

In conclusion, we wish to emphasize again that the 
results which we have obtained are useful only if the 
Lorentz dispersion formula is adequate to describe the 
experimental measurements. ‘This condition seems to 
apply to simple diatomic molecules such as CO and NO 
but not to HCl and HBr.** If the empirical data ob- 
tained cannot be correlated quantitatively by expres- 
sions of the form given in Eqs. (8) and (9), then it is 
generally safe to assume that an oversimplified descrip- 
tion of spectral line-shape has been used.” 


3$. S. Penner and D, Weber, paper presented before the 
Symposium on Molecular Structure and Spectroscopy (Ohio State 
University, Columbus, Ohio, 1951), 

* [n this connection reference should be made to the extensive 
iterature on pressure Lroadeni 
H. А. Lorentz, Proc. Amst. 
Physik 80, 423 (1 
E. Lindholm, Arkiv. 

а 


‘of spectral lines, for 

ЖАЗ kopi Ph COR 
; V. F. Weis „ 34, i 
‘Mat. Astron. Тук. 32, 17 (945); J. Hi 
Van Vieck and V. P. Weisskopf, Revs. Modem Phys, 17, 227 
(1945); J. H, Van Vleck and H. Margenau, Phys. Rev. 76, 1211 
(1949); P. W. Anderson, Phys, Rev. 76, 647 (1949); H. Margenau, 
Phys. Rev. 82, 156 (1981). 
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Automatic Navigation of a Long Range Rocket Vehicle 


Н. S. TSIEN,' T. C. ADAMSON,? and E. L, KNUTH? 


Daniel and Florence Guggenheim Jet Propulsion Center, California Institute of Technology, Pasadena, Calif. 


‘The flight of a rocket vehicle in the equatorial plane of a 
rotating earth is considered with possible disturbances in 
the atmosphere due to changes in density, in temperature, 
and in wind speed. These atmospheric disturbances to- 
aether with possible deviations in weight and in moment 
of inertia of the vehicle tend to change the flight path away 
from the normal flight path. The paper gives the condi- 
tion for the proper cut-off time for the rocket power, and 
the proper corrections in the elevator angle so that the 
vehicle will land at the chosen destination in spite of such 
disturbances. A scheme of tracking and automatic navi- 
zation involving a high-speed computer and elevator servo 
is suggested for this purpose. 


T= behavior of a vehicle flying through air is 
closely dependent upon the aerodynamic forces 
acting upon the vehicle. 1f, during one period of oseil- 
lation of the vehicle, there is appreviable variation of 
the response of aerodynamic forces to the attitude of 
the vehicle through variations in speed, in aerodynamic 
coefficients, in uir density, ete., then the behavior of the 
disturbed flight path cannot. be described by a linear 
differential equation of constant coefficients. In fact, 
the basic differential equation actually has coefficients 
that are specified functions of time, A very simple ex- 
ample of such motion is that of an artillery rocket dur- 
ing burning of the propellant grain, As shown by J. В 
Rosser, R. R. Newton, and G. L. Gross (1),* the basie 
differential equation for this particular ease can be 
written as Bessel’s differential equation for the 
order 1/2. The general character of the solutions of 
such differential equations is quite different from the 
character of solutions of differential equations with 
constant coefficients. For instance, while for equations 
with constant. coefficients the stability of solutions for 
the homogeneous equation is generally sufficient to 
insure the stability of solutions with reasonable forcing 
junctions, this simple state of affairs no longer prevails 
for equations with variable coefficients. The present 
theory of control and stability is built almost exclusively 
upon the theory of differential equations with constant 
coefficients. Therefore to study the disturbed motion 
of rockets, new methods have to be used.” 

В. Drenick in a recent paper (2) demonstrated the 
usefulness of ballistic disturbance theory in solving 
the control and guidance problem of ballistic trajec- 
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tories described by equations with time-varying coef- 
ficients, His theory is based upon the method of 
adjoint funetions, first introduced by G. А. Bliss (3) 
during World War I. . The purpose of the present paper 
is to make Drenick’s theory more complete and definite 
and to apply it to the problem of automatic navigation 
of a long-range winged rocket vehicle. A system of con- 
trol involving a fast computer is suggested, whereby the 
range errors due to changing atmospheric conditions 
and deviation from the standard weight of the vehicle 
are mitomatieally corrected, The main objective here 

not, however, to give the final design of such an auto- 
matic navigation system, but rather to show the power 
of the ballistie disturbance theory for solving such prob- 
lems and the various elements necessary for such a 
navigational system. 


Equations of Motion 


In order not to complicate matters, the vehicle is 
assumed to move in the equatorial plane of the rotating 
earth (Fig. 1). The planar motion is possible due to 
the ubsence of cross Coriolis force in the equatorial 
plane. ‘The co-ordinate system is fixed with respect to 
the rotating earth, ie, actually it rotates with the 
angular velocity 9, the speed of earth rotation. Тһе 
value of 2 is as follows: 

Я 7.2921 X 1075 rad/sec. ............. |I] 


In the equatorial plane, the position of the vehicle at 
any time instant £ is specified by the radius and angle 6 
from the starting point of the vehicle. 7, is the mean 
earth radius, its value is 


т = 2088 X 100 ft. И 


If g is the gravitational constant at the surface of the 
earth without the centrifugal force due to rotation, then 

4 = 32.2577 It/sec*. eB) 
Let В and Ө be the force per unit mass acting on the 
vehicle in the radial and the cireumferential directions, 


respectively. Then the equations of motion of the 
center of gravity of the vehicle are 


dure cay М 


ө - 200) 


? Numbers in parentheses refer to the References on page 190. 
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where the plus sign in the second terms to the right will 
be valid for flights toward the east, and the minus sign 
for flights toward the west. 

The forces acting on the center of gravity of the ve- 
hicle are the thrust f, the lift L, and the drag D (Fig. 1). 
Let W be the instantaneous weight of the vehicle with 
respect to g, and V the magnitude of air velocity rela- 
tive to the vehicle. Then it is convenient to introduce 
the parameters V, A, and A as follows: 


lor 


It will be assumed that the natural wind velocity w is 
in the horizontal direction, positive if it is a head wind. 
wis considered as a function of altitude т. If v, is the 
radial velocity and г» the circumferential velocity, i-e., 


pout LI 


then relative air velocity V is computed as 
Pie Аы РСЕНІ Bu 


If f is the angle between the thrust line and the hori 
zontal direction, then the components of forces В and Ө 
per unit mass are 


Rosin 8 + (00 + А — vA) 


Ө = Yeon 8 — vA (е + ма Із 


ИМ is the moment of forces about the center of 
gravity, divided by the moment of inertia of the vehicle, 
the equation for the angular acceleration is 


dà _ dè 
ята EI 


То completely specify the motion of the vehicle, the 
lift Z, the drag D, and the moment m about the center 
of gravity have to be given as functions of time. Ac- 
cording to the aerodynamic convention, the L and D 
will be expressed in terms of the lift coefficient C, 
and the drag coefficient C» as follows: 


1 
1 = рус: 
1 | egens по] 


NT 
D = УСЫ 


where p is the air density, a function of the altitude r, 
and S is в fixed reference area, say the wing area of the 
vehicle. In the present problem, since the motion of 
the vehicle is restricted to the equatorial plane, the 
attitude of the vehicle essential for aerodynamic cal- 
culations is determined by the angle of attack* а, ie., 
the angle between the thrust line, or body axis and the 
relative aic velocity vector (Fig. 1). ‘The control on the 
mation of the vehicle is affected, however, through the 
elevator angle « The parameters which will affect Cz 
and Ср are thus aand е, In addition, the aerodynamic 
coefficients are functions of the Reynolds number Re 
and the Mach number M. Thus 

Ci = Cila, « М, 1 

Съ = Cola, e М, Re)V 


* Drenick (Ref, 2) seeras to take the sense of the angle of attack 
а opposite to the convention of aerodynamicista. 
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It will be assumed that the thrust line passes through 
the center of gravity of the vehicle; thus the thrust gives 
no moment. Since the angular motion of the vehicle 
during the powered fight is expected to be slow, the 
jet damping moment of the rocket is negligible. The 
only moment acting on the vehicle is then the aero- 
dynamic moment m. m can be also expressed as a coef- 
ficient Сы as follows: 


112] 


m= Сы 


where ! is a reference length. The moment coefficient 
См is again a function of the four parameters a, є, М, 
and Re, or 

Cu = Cula, e M, Re). ЕЕ) 

If Г is the moment of inertia of the vehicle, then the 

magnitude of N in Equation [9] is 

N = mil. 

With the rotations defined above, the system of equa- 
tions of motion is as follows; 


ET] 


de, 


AC An + (ода na +r 


y =e ШІ 
SH = eon a эл c (He twa coe (en) + 


ET 


dà 
di 


Hw cosg = ord — (в wai — 


"m 
2t ауамен 


This system of equations is a set of first order equations 
for the six unknowns 7, 8, В, v., v, and В. To solve it, 


Fig. 1 FLIOHP PATR OF д LONG RANGE WINGED ROCKET 
(The size of the vehicle is greatly magnified for clear graphical 
representation.) 
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the six initial values at the start, ¢ = 0, for the un- 
knowns must be specified. In addition, the thrust f, the 
weight W, the moment of inertia Z must be given for 
every time instant. To determine the aerodynamic 
forces, the elevator angle е must be specified as a func- 
tion of time. The properties of the atmosphere must be 
known; i.e., wind velocity w, air density p, air viscosity 
and air velocity of sound must be given as functions 
of the altitude г. ‘The angle of attack æ of the vehicle 
cannot be specified; it is a quantity to be computed 
from the angle В and the rolative air velocity veetor V. 


Normai Flight Path 


Let the properties of the atmosphere be standardized 
and known as the properties of the normal atmosphere. 
The average characteristics of the vehicle and its 
power plant can be taken to be representative. Then 
if the elevator angle eis given as a function of time, the 
flight path of the vehicle is determined and can be cal- 
culated by integrating the system of Equation [15]. 
Тһе actual execution of this computation wil! be proh- 
ably done on an cleetro-mechanical computer. This 
flight path of a standardized vehicle in normal atmos- 
phere can be called the normal flight path. 

The dominating feature of the normal flight path is 
its range. This range is the distance between the take- 
off point and the landing point. The problem of naviga- 
tion is then to calculate the proper time for cut-off of the 
rocket and the proper variation of the elevator angle 
during flight so that the range is that desired. ‘This 
problem of navigation for the standardized vehicle in 
normal atmosphere can be solved mathematically 
before the actual take-off of the vehicle, since all ir 
formation for the normal flight path is known or speci- 
fied beforehand. 


Disturbance Equations 


Natural atmospheric characteristics do not, of course, 
coincide with those assumed for the atmosphere. 
The wind velocity at each altitude changes according 
to the weather conditions; the temperature T is also 
a varying quantity, Therefore one should expect 
variations from the normal flight path due to changes in 
atmospheric conditions. The actual vehicle also may 
he somewhat different from the standardized vchicle, 
in weight, rocket performance, ete. Therefore actual 
flight path will he different from the normal flight path 
if the same elevator angle programming is used. The 
problem of navigation of an actual vehicle is that of 
correcting the elevator angle programming so that the 
range of the actual flight will be the same as the normal 
flight path and the destination is reached without error. 
Due to the rapidity of flight, this navigational prob- 
lem cannot be solved by conventional method; but 
should be solved hy an automatie computing system, 
which responds to every deviation from the normal 
conditions with a speed approaching instant action. 
‘The general problem of automatic navigation is very 
difficult indeed. However, the deviations from the 


194 


668 


normal conditions are expected to be small, since the 
normal flight path is, after all, a good representation 
of the average situation. This fact immediately sug- 
gests that only first order quantities in deviations need 
Бе considered. This “linearization” is the basis of the 
ballistic disturbance theory and the present theory of 
automatic navigation. 

Let quantities of the normal flight path be denoted 
by a bar over them and deviations by the 8 sign. Thus 
for the actual flight path, 

r= +h, 


вы b= 
5448. - 


woche B 
The deviations of the actual atmosphere from the nor- 
mal atmosphere are expressed as the deviation of den- 
sity бр, the deviation of temperature 87, and the devia- 
tion of wind velocity би; thus 


pcd Te Pear, waa + ow Un 
The deviation of the actual vehicle from the normal ve- 
hicle is assumed to be limited only to deviation of 


weight ôW and the moment of inertia 62, "That is 


ЖЕ IEPES. MS 


The rate of propellant flow and the effective exhaust 
velocity of the rocket is assumed to be standard. The 
wing arca S and the aerodynamic characteristics of the 
vehicle as expressed by Equations [11] and [13] are 
also assumed to be invariant. 

By substituting Equations [16], [17], and [18] into 
the equations of motion, Equation [15], and retaining 
only first term deviations, one has 


dor 

qct 

de Mil X 
Жолик jae ия 
ба a pag 


= mår + 88 + adv, + adto + asde + | 


ado + asl + де + aa | 
tbat + bha + hir, + bdeg + debe + | Р 
boo + ҺӘ + Буда ВНУ | 


abr + ева + сайп, + обо + ве + | 

Cdo + ОТ + обр + OW + cyl 
The coefficients a's, b's, und c's are partial derivatives 
of P, 6, and Н defined by Equations [15], evaluated on 


the normal flight path. hat is, for example, 


0 e ent 


с 
-0 9 | 


"These cocfficienés are calculated in detail and given in 
the Appendix. 

‘The system of Equations [19] and [20] is the system 
of disturbance equations. They are linear. The сові. 
ficients when evaluated on the normal flight path are 
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finally specified functions of time. If the deviations 
of the atmospheric properties бр, 87, and ёш are known, 
and if де, ôW, and af аге specified, then this system of 
differential equations determines the deviations д>, 50, 
46, до, бю, and 88 from the normal trajectory. This is 
the direct problem in the ballistic disturbance theory. 
The problem of automatic navigation is however differ- 
ent from this, What is required is the function бе, 
correction to the elevator angle, such that the range 
error is zero. As suggested by Drenick (2), this naviga- 
tional problem can hest be solved by the method of 
adjoint functions of Bliss. 


Adjoint Functions for Range Correction 


The principle of the method of adjoint functions is as 
~- п, be determined by 


follows (3): Let yd), i = 1... 
a system of linear equations 


where ауу are given coefficients which may be functions 
of the time £, and У, are specified functions of time. 
Now introduce а new set of functions А}, called the 
adjoint functions to 9,00) which satisfy the following 
system of differential equations 


E 2; 

“= -5 ао узбе Ізі 
By multiplying Equation [22] by X and Equation [23] 
by уь and then adding the resultant equations, it can 
be shown that. 


Equation [24] can be integrated from ¢ = f to t = ta 


КЕ + fe È мш 1251 


Bliss named Equation [25] the "Fundamental For- 
mula,” 

For the present problem, the y; are the disturbance 
quantities, i.e.; 


Ean 


A lren 


= pE 


ш 0, һа 
жы азм А A 


n 


Then, according to Equation (201, the adjoint functions 
A, satisfy the following differential equations 


a + bide + ods 


) 
Фу 
| 


-%= тм + ЫМ H өм 
127] 
H ам H Bake + ма 


Жад + bas + ce 


-o - м 


The Р, are then 
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Y= У = Ү,=@ 

Y. аде + adp + am T + аш + ab | 28] 
де + bdp 4 ЫТ + іе + БВ’ 

ede + сәр + GT + edw + AW. + exl. 

‘The Equations [27] do not determine the \-functions 
completely. To do that, a set of values for А must be 
specified at a certain instant. For the problem of auto- 
matic navigation, the requirement is vanishing range 
error; then the required boundary conditions for 
Equations [27] сап be determined as follows: H t is 
the time instant of landing of the actual vehicle, Б, the 
time instant of landing of the normal flight path, then 


ата +оо 109] 


Similarly with the subscript 2 denoting the quantities 
at the landing instant 


te het in 
% = + 4%, е; 1801 


But 


[31] 


ӛз = (Gunite + Gren | 


dh = T (emis Sle + (89e = R 


br is, however, zero by definition, because landing 
means contact with the surface of earth, 7% = re = ть. 
By eliminating fz from the Equations [31], 


в - [Цен „в 


Therefore if the magnitudes of А, at the landing instant 
t = hare specified as 


133] 


Qmd 
м =м=м=м=@ 


then the error in range is given by 


за = Хош 
[ae 4240 + XB + бо, + мб Midi ntes 124] 


When the normal flight path is determined, the coef- 
ficients in Equation [27] are specified as functions of 
time. ‘These equations together with the end conditions 
of Equation [33] then determine the adjoint functions 
Ae The integration has to be performed “backwards” 
for t < h, by perhaps an clectro-mechanical computer. 
With the adjoint funetions so determined, one can use 
the Fundamental Formula of Equation [25] to modify 
the equation for the range error given by Equation [34]: 
Let h denote the time instant for the power cut-off. 
Then the condition for the error 36; in range to be zero 
can be expressed as 


[hir + M58 + МАВ Rady H Mos + “ч 
185] 


ГА PMY, + У, + Mel dat 
a 


This is the basic equation for automatic navigation, It 
will be exploited presently. 


Cut-Off Condition 
The condition of Equation [35] for arbitrary dis- 
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turbances сап be broken down into two parts: Тһе 
sum and the integral to be set to zero separately. 
‘Therefore the condition to be satisfied at the normal 
cut-off instant А is 

[ме + NM + NBB 4 де, + Astos + MiB = 0. 1861 
Since the normal cut-off instant } is а standard time 
instant, but not necessarily the actual cut-off instant 
шік, 

hom hob а ВИ 

Equation [36] should be converted into a more useful 
form involving the quantities at the actual cut-off 
instant. This is easily done, because up to the first 
order quantities, according to Equation [16] 


Gran (ren — 
Or 
(rent = (а — Drab Grati 
Similarly, 
Coan = на боа (у%),_„% 
(Ayan = (Beat — E 
Gest = (ook =. 
Gres = (oben = = 


Göst = (Bron — Bras — (Ayan dt 
where А, G, and Й, are the values of these quanti 
given by Equation [15] evaluated on the normal flight 
path, In fact, they should be evaluated at an instant 
just before the normal cut-off time? so that the accelera- 
ting foree of the rocket is included and the rates of 
change of velocities are those of a powered flight. Now 
define J and J as follows, 


J S N лие EMIS Mtr + No H Ble 1881 


and 
J= N MDN HN D, + toa H Malih 


where №" are the values of A; evaluated at the normal 
cut-off timet. Then the condition to be satisfied at the 
actual cut-off instant 4 is 


Jatt iM, 


жәен EFE OM] 
(h =h). £89] 


ion to determine the proper instant of 


This is the equa 
power ent-off. 
When the normal flight path is known, J and the 
quantity within the bracket to the right of Equation 
[39] are fixed. Then the whole right-hand side of 
Equation [39] can be considered as и linearly increasing 
function of time 4, if t is substituted for 4. Simul- 
taneously J can be computed at every instant before 
cut-off by using the predetermined A;* and values of 
position and velocity of the actual vehicle obtained by 
tracking stations. The magnitudes of the quantities 
оп the two sides of Equation [39] ean then be continu- 
ously compared, When they are equal to cach other, 
condition [30] is satisfied — Then the power cut-off 


196 d 
670 


signal is given and the rocket power is shut ой.” 


Condition for Automatic Navigation 


When the rocket power is shut off earlier or later 
than the normal cut-off instant %, the propellant left. 
in the tank, if not dumped, will alter the weight W and 
the moment of inertia Г of the vehicle. It is also pos- 
sible that the pay load of the vehicle is not that speci- 
fied for the standard vehicle. Then after power-off, 
there is a fixed ôW and 51, fixed in the sense that they 
do not change with time, and are known once the power 
cut-off is affected. Of different character are the devia- 
tions ёр, 87, dw of the actual atmosphere from the 
standard atmosphere. These are not known unless 
they are measured. In the following, it is proposed to 
use the vehicle itself as a measuring instrument, and 
proceed as follows: 

After the cut-off condition is satisfied, the condition 
for zero range error is that the integral in Equation [35] 
should vanish. Now since the У, in that integrand in- 
volving arbitrary disturbances ёр, ôT, and ow is not 
known beforehand, this condition can be satisfied only 
if the integrand itself vanishes. That is, according to 
Equations [28], 

Оча, + Aas + моде + Qut мн + Mucio + 


ТАМАК Qus + Айу d Quir Омь de 
ХЫ МОР + tll 


Or, with the following notation 


d, = ма + М F dees 


масла 
Ха Ме Ма E 
ds ras + М + 
$5 “б PNE Pasar = мым 
this condition ean be written as 
die + do + dT + аш = D..........[4l] 
Equation £20] ean be rewritten as 
ade + ade + mT + adw = A 
bide + bio + МӘТ + baw = B Л 
сфе + сёр + oT + cw = 
where 
4 — аз add — айе. — айн — азу 
Bm б вы — һай — ым, — bá — БУ NT 


€ s oir — сай — olo — аме — oM ~ cabl 
If the tracking stations for the vehicle will measure the 
quantities A, B, and C, then the atmospheric disturb- 
ances dp, Т, and бо can be determined by solving for 
these variations using Equation [42]. ‘This is essentially 
using the vehicle itself аз a measuring instrument for 
áp, ôT, and іс. When &p, 67, and bv are known, Equs- 
tion [41] gives the proper elevator angle correction Зе. 
A mathematically equivalent way to caleulate à 


* Dreniek's cut-off condition (Ref, 2) differs from that of 
Equation [89] in that the second term to the right is not present. 
10 seems thut this neglect is not justified and will intzuduee 
first order range error. 
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would be to directly solve for бє using the system of 
Equations [41] and |42). Thus 
moa m ај JA me m a 
ы“. ^| "HEN 
ааа а Саа а 
шаа раға 


‘This equation specifies the necessary change in the 
elevator angle at every instant to be calculated from 
the quantities a's, b's, c's, and А, В, C, D at the same 
instant. These quantities consist partly of predeter- 
mined information from the normal flight path, and 
partly of measured information on the position and the 
velocities of vehicle obtained by tracking the vehicle. 
At high altitudes where the air density is very small, 
the aerodynamic forces will be almost negligible in 
comparison with the gravitational and inertia forces. 
Then the quantities A, B, and C of Equation [13] will 
be the small difference of large magnitudes. These are 
then the quantities most difficult to determine aceu- 
rately. If the actual elevator angle is made to con- 
form with the one calculated by Equation HH], then in 
conjunction with the proper power cut-off as specified 
in the last section the vehicle will be navigated to the 
chosen landing point in spite of the atmospheric dis- 
turbances. 


|... 


Discussion 


When the general character of the flight path is 
chosen from the over-all engineering considerations, 
the first step is the calculation of the normal flight path 
using the properties of the standard atmosphere and the 
expected performance of the vehicle with normal weight. 
The knowledge of the normal flight path then deter- 
mines the ав, b's, and c's. The Equation [27 | together 
with the end conditions of Equation [33] alfows the 
calculation of the adjoint functions A. All this in- 
formation should be on hand before the actual flight of 
the vehicle, and may be called the "stored data.” 

Before the power cut-off, the elevator angle may be 
programmed aecording to that for the normal flight 
path, and the stability of the vehicle is supplied by the 
jet vanes or by the auxiliary rockets. ‘The tracking 
stations, however, go immediately into action and sup- 
ply the vehicle with information on its positions and 
velocities. This information goes first into the cut- 
off computer which, using the stored information, eon- 
tinuously compares the magnitudes of quantities on the 
two sides of Equation [39], the cut-off condition. When 
that condition is satisfied, the power cut-off ix affected. 

At the instant of power cut-off, the tracking informa- 
tion is switched to the computer for automatic naviga- 
tion. The instant of power cut-off also fixes the 
amount of propellant in the tank and thus determines 
the variations of weight ôW and inertia moment 87 from. 
the standard. This information together with the 
stored data on the normal flight path then allows the 
computer to generate the elevator correction angle де 
according to Equations [40], 43], and [44]. Theoreti- 
cally the value of $e must be obtained without time 
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delay from the instant when the information is received, 
because Equation [44] is a condition of equality of two 
quantities evaluated at identical time instants. Prac- 
tically there will be time delay due to the finite comput- 
ing time. However, it is now clear that this eomputing 
time must be made very short in order to satisfy the 
condition of automatic navigation as accurately аз pos- 
sible. The computed correction е combined with the 
elevator angle e determined for the normal flight path 
then gives the actual elevator angle setting © "Ihe 
design of the control mechanism for the elevator from 
here on follows the conventional feed-back servo- 
mechanism, with the usual eriteria of quick action, 
stability, and accuracy. The general scheme of the 
automatic navigation of the vehicle then can be repre- 
sented by the sketch in Fig. 2. 


— er or 


PER 
FIG. 2. SYSTEM OF AUTOMATIC NAVIGATION 


Тһе primary purpose or the “duty” of the computer 
is then to properly digest the dynamic and the acro- 
dynamic information of the vehicle and thus to decide 
the right flight path correction that will insure landing 
at the chosen destination. The purpose or the duty of 
the elevator servo is now simply to follow the command 
of the computer. If the servo is considered to be 
internal to the vehicle, then the computer can be con- 
sidered to be a mechanism to account for the external 
conditions of the vehicle. This separation of the in- 
ternal trom the external is not necessary for the controt 
of conventional aircraft. For conventional aireraft, the 
basie disturbance dynamie equations have constant 
coefficients and the computer can be merged with the 
servo through a single “amplifier” of essentially RC- 
cireuits. 

The computers envisaged here are carried in the 
vehi and receive the information on positions and 
velocities from the fixed ground tracking stations (4). 
Tt will be beyond the scope of the present paper to dis- 
cuss their design. But the required accuracy and speed 
to generate proper signal almost instantly would indi- 
cate that they should be of the electronic digital type. 
If this is indeed the proper type to be used, then the 
separation of cut-off computer and the navigation 
computer is not necessary. All could be done in one 
computer by proper programming. 


Appendix 
Caleulation of Coefficients 


The quantities F, б, and H are defined by Equation 
15]. They contain the parameters V, А, A, and №. 
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According to their definition as given by Equations [5] For A, the partial derivatives are obtained from the 


and [14}, they can be written as follows: above equations by substituting A for А, and C» for C. 
i \ For N, 
vy 
E жы, ON Ly [Ede fy 4 Be Ou) de 
A m dp СМ oo ew) "ES Е t REX | 
1 A M Cu | Re Cy 
a = ypg oSCo VEF F бә Ға | [CT + Gs ba +2) х 
1 Cy 
N = рси o? + Qe + wit} | өзе а Ы = 
AM Сы 1да _ Re 2Cu 1 | 
where the aerodynamic coefficients Сі, Co, См are Cu OM a dr Cu dRe p dr) | 
functions of angle of attack а, elevator angle «, Mach мы [М ӘСу | Ке асу | 
У: (Са OM См ole 


number M, and the Reynolds number Re. These aero- — 9% 
dynamic parameters are related to quantities immedi- 
ately connected with the flight path as follows: ағ, yy pe) [AC осу, желу, 
te 5 ET vr iy OM + Cy dRe 
= М = V/a(r), Re = pVl/u() E TA: асы _ te | NT 
E Ск Qe wu 


where a(r) is the sound velocity in atmosphere, and a(r} а 
is the coefficient of viscosity of sir, both functions of 
altitude ғ. In the following calculation, the thrust f а =N cy oe 
will be considered to he ш function of altitude only. Tt АВ 
is also assumed that the composition of atmosphere at Жо Е +e эк] 
different altitudes remains the same аз that of the 
standard atmosphere, only the density p and the tem- 
perature T change. ‘Thus the variations of a and y at 
any altitude are variations due to temperature 7. 

For У 


eg — tan 


1 
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All other partial derivatives are zero, With these partial derivatives, the coefficients a's, 


Td b's, and c's can be easily calculated: 
әв [аруа NS 1 В 
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After the power cut-off, the thrust f vanishes, Thus 
for > 1, Y and its derivatives are zero. 
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A Method for Comparing the Performance of Power 
Plants for Vertical Flight 


Н. S. TSIEN! 
Daniel and Florence Guggenheim Jet Propulsion Center, California Institute of Technology, Pasadena, Calif, 


A new method of power plant selection for vertical flight 
in proposed. It can be used to determine whether the per- 
formance of a rocket design can be improved by substitut- 
ing for the rocket motor a different power plant such as a 
ramjet. Caleulations indicate that there are advantages 
in using the ramjet provided the power plant can be made 
to operate under rapid acceleration and at high altitudes. 


PROBLEM constantly facing engineers who use 

jet propulsion power plants is to determine the 
best power plant among a multitude of possible power 
plants for a particular design application. А very 
general method of power plant selection was proposed, 
perhaps for the first time, by W. Bollay and E. Redding, 
based upon the concept of lowest total installation 
weight. The total installation weight for a specified 
thrust at given altitude and speed of flight is the sum. 
of dry power plant weight plus the weight of fuel and 
fuel tank for a given duration of flight at that altitude 
and speed, ‘The fuel and fuel tank weight increase 
with the inerease in flight duration. Thus, a light 
power plant with large fuel consumption, such as a 
rocket, is competitive with a heavier power plant with 
smaller fuel consumption only at short flight durations. 
‘This concept was extensively developed by Th. von 
Kármán in his general analysis of jet propulsion power 
plants (1).? This method of power plant selection was 
also described by A. L. Lowell (2). 

However, no actual vehicle will fly at constant speed 
and constant altitude. There is always a definite flight 
plan describing the speed and altitude as functions of 
time. Hence, true power plant selection must depend 
upon a sort of weighted average of different. speeds, and 
altitudes aecording to the particular flight plan of the 
vehicle under consideration. If the speed and altitude 
of the vehicle are rapidly varying, as in the case of ac- 
celerated vertical flight, then the selection based upon. 
total installation weight, at a fixed speed and a fixed 
altitude would be quite wrong, The purpose of the 
present note is to give a different method of power 
plant selection for vehicles in vertical flight. A me- 
teorologieal sounding vehicle is a direct example of such. 
an application. For other types of vehicle, the vertical 
powered flight is often a good approximation to the true 
flight trajectory during the application of propulsive 
power. Therefore the proposed method is believed 
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to have a wider range of usefulness than is, perhaps. 
first apparent. 


General Relat 


It will be assumed in this analysis that the gravita- 
tional acceleration and the effective exhaust velocity 
of the power plant are constants. For moderate alti- 
tudes, the decrease of the gravitational acceleration 
from its sea-level value is very small and thus negligible. 
The effective exhaust velocity of the power plant, 
defined as ratio of thrust generated by the power plant 
to the mass rate of consumption of fuel or propellant 
carried within the vehicle, is of course a variable, not a 
constant, even for a given power plant using a given 
fuel or propellant, For a rocket, this variation is 
caused by the change in atmospheric pressure with 
altitude, and is usually small enough to be neglected. 
For a ramjet, the effective exhaust velocity increases 
very rapidly with speed of the vehicle in the subsonic 
range, but in the supersonic range the exhaust velocity 
is again almost constant with respect to the speed of 
the vehicle, within the useful speed range of the engine 
(3). For other power plants, the variation of the effec- 
tive exhaust velocity may be more complicated; but 
ава first approximation, it is generally possible to use 
an average value as the assumed constant exhaust 
velocity. 

For a rocket vehicle, the air drag is proportional to 
the cross-sectional area of the body, but the mass of the 
vehicle is proportional to the volume of the body. 
‘Therefore for vehicles of similar design, the air drag is 
proportional to the square of the body diameter, while 
the mass of the vehicle is proportional to the cube of the 
body diameter. For large rocket vehicles the drag 
force is then negligible with respect to the gravitational 
foree. Calculations seem to show that for a high 
performance rocket of 50 tons gross weight, the oir 
drag reduces the velocity at the end of powered flight 
by only 5 per cent. Hence for a lange rocket vehicle, 
the effects of air drag on the performance can be neg- 
lected in the approximate analysis attempted here. 
When another power plant is used, the design cannot 
perhaps be made as compact as the rocket. For in- 
stance, the ramjet requires a rather large duci to 
produce a sizable thrust. Then the air drag may not 
be negligible even for a large vehicle. However, in 
such cases the air drag of the power plant installation 
can be charged against the thrust produced. As an 
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example, the air drag of the outside surfaces of the 
ramjet duct can be deducted from the thrust, pro- 
duced by the ramjet, and the power plant is considered 
to produce a smaller “net thrust” while the body drag 
is considered to remain at the same magnitude without 
the ramjet duct. ‘Therefore if one takes the effective, 
exhaust velocity as that based upon the net thrust, 
then the same argument for a large rocket applies and 
the drag of the body can be neglected for large vehicles. 

For vehicles that are not so large, neglect of the 
air drag will certainly introduce an error. But the 
emphasis here is the comparison of the performance 
obtainable from different power plants rather than the 
absolute value of performance, Therefore the error 
made in this way is believed to be not large, and the 
method given below is useful even for moderate-sized 
vehicles. 

Let m be the mass of the vehicle at time instant ¢ 
when the vertical position and vertical velocity of the 
vehicle are y(f) and 300), respectively. Denote by c 
and g the constant exhaust velocity aud the gravita- 
tional acceleration, Then the balance of inertia force 
and gravitational against the thrust (Fig. 1) gives 
Qon 

di 


а 
t +s) - ul 
Jf the initial velocity at £ = 0 
is zero, as is usually the case, 
Equation [1] integrates to 


м = i athe al 


Jf the subscript 1 denotes con- 
disons at the end of the 
powered flight, then Equation 
Pl gives 

ӘНГЕ) B) 
This is the fundamental per- 
formance equation for vertical 
flight. It has been derived 
previously by many authors 
(4), but the present deviation 
clearly shows that it is quite 
general and independent of the 
particular way tho thrust is 
programmed during — tho 
powered flight, 

For a vehicle intended for 
obtaining long range but 
having a vertical powered 
trajectory, the performance 
is essentially determined by 
the velocity at the end of 
powered flight or ў. For an. 
atmospheric sounding vehicle, 
the summit altitude is deter- 
mined by yı and ўз. The two 
vehicles having the similar 
thrust programming during 


me 1. 
FORCES ON A VEHICLE IN 
VERTICAL ASCENT 


BALANCE OF 
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powered flight and the same j, and h will have 
the same зд and 4. To simplify the calculation, 
the performances of two vehicles with different power 
plants are made to be the same by specifying that 
the values of yi, jh, and & at end of the powered flight 
are the same for the two vehicles. This condition will 
be satisfied if the acceleration programs of the two 
vehicles are the same. The thrust programs of the 
two vehicles are different, however, due to the different 
fuel consumption of the two power plants. Therefore, 
one of the criteria for equal performance is the value of 
ў + gh, occurring on the right of Equation [3]. Ac- 
cording to Equation [3], then, to have the same per- 
formance, с log (ms/mi) must be the same for vehicles. 
This conditions will be used to compare the performance 
of different, power plants. 

Now let wp, шу, we, and w, denote the gross weight, 
the weight of structures and pay load, the engine 
weight, and the weight of the vehicle, respectively, at 
the end of powered flight. Then 


[rr и 


Equation [8] сап be written as 
w 

elg pu аы 008] 

Consider now two vehicles, both having the same gross 


weight ws; one is а rocket with c = e*, w, = в", 
a = we”, and 


ы 


Du 


where { is the so-called propellant loading ratio or the 
fraction of propellant weight in the gross weight, 
The other vehicle with ux = w”, w, = w,", but with c 
and ш, different from c* and w,*. This means that 
the structural weight and pay load of the vehicle with 
the alternate power plant remain the same as the 
rocket, but the engine weight is different. To compare 
the performance of the power plants, the maximum 
allowable engine weight w, for equal performance should. 
be calculated. If the actual engine weight ix less than 
this calculated maximum, then the pay load сап be 
increased over that possible for the rocket. In other 
words, the rocket motor ean be substituted by the new 
power plant with a net gain in performance. If the 
actual engine weight is higher than the calculated 
maximum, then the alternate power plant will give а 
poorer performance than the rocket engine. 

"The conditions to determine the maximum allowable 
engine weight w, are 


б; 
ti 


ат 


а и 


‘Therefore Бу eliminating jy and 4, one has 
a apo 
ШЕ jos 


If instead of the effective exhaust velocity, the engine 
consumption is specified by the specific consumption s 
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jn Ib of fuel per Ib of thrust per unit time, then, since s 
is inversely proportional to c, Equation [8] can be 
written as 

&-i-(E)m-act-em ш... 


where s is the specific consumption of the engine under 
investigation and s* the specific consumption of the 
comparison rocket engine. The left sides of Equations 
[8] and [9] are the maximum allowed increase in engine 
weight over the rocket engine weight divided by the 
rocket engine weight. The first factors on the right 
sides of Equations {8] and |9) are the ratio for the rocket 
vehicle of the weight at end of powered flight or burn- 
out and the engine weight. The second factor on the 
right sides of Equations [8] and [9] are plotted in Fig. 2 

Fig. 2 shows that as the propellant loading ratio $ 
for the rocket vehicle increases, the allowable increase 
in engine weight for a fixed reduction in specific соп- 
sumption s ig extended. ‘Thus there is wider latitude 
in the choice of power plant for high performance 
vehicles than there is for a low-performance vehicle. 
‘This iscertainly an encouraging fact for design engineers. 
Tt also points out the fact that the choice of power 
plant cannot be made independent of the performance 
of the vehicle but rather is intimately related to the 
performance of the vehicle. 


Applications 
As a first example, consider the possibility of using 
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FIG. 2. ENGINE WEIGHT FACTOR AS FUNCTIONS OF ROCKET PRO- 
PELLANT LOADING RATIO [ AND SPECIFIC FUEL CONSUMPTION 3. 
св. Equations [8] x» [9] 
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a ramjet as the propulsive power plant for a vehicle of 
the performance of a V-2 rocket. The weight break- 
down of a V-2 is given in Table 1 (5): 


Тавые 1 V-2 Roexer 


Pay load: 
Explosive charge 
Auxiliary devices 


980 ke 
300 ke 


Structural Engine 
Pumping unit 
Rocket motor 


LI 
560 kk 


Weight at burn-out 
Propellant and Fuel: 
Propellant 
Fuel for turbine 


4,030 kg. 


8,950 kg 
Gross weight 1 12,980 kg 


"Therefore $ = 8950/12,980 = 0.69. The ratio ш/а,” 
= 4030/1000 = 4.03. The effect exhaust velocity 
including the fuel for turbine drive can be taken as 
c* = 7000 ft/sec or s* = 16.56 Ib per Ib thrust per hr. 

For a ramjet, the fuel consumption based upon net 
thrust ean be taken as з = 4 Ib per № thrust per hr 
(8). ‘Then, by using Fig. 2, the maximum allowable 
increase in engine weight is given by 


This means that the substitute ramjet engine could 
weigh as much as 14,900 Ib without impairing the per- 
formance of the V-2. ‘The V-2 rocket has s thrust of 
55,000 Ib. This is also the average thrust to be pro- 
duced by the ramjet. ‘Then the maximum allowable 
ramjet weight is 0.271 Ib per Ib of thrust. ‘The actual 
ramjet weight is probably less than this value. There- 
fore if the ramjet can be made to operate properly under 
conditions of rapid vertical acceleration and altitude 
variation up to high altitude, then there is advantage in. 
substituting the ramjet for the rocket engine, This 
possibility has motivated more accurate calculations of 
а ramjet in vertical flights by L. H. Schindel (6) and 
4. V. Rowny (7). A ramjet as the power plant for the 
first stage of а high performance seems particularly 
attractive. 

There are studies (8, 9) on the possibility of using the 
nuclear reactor as an energy source for rocket propul- 
sion. In such в nuclear rocket the reactor may take 
the form of porous material through which the working 
fluid, say hydrogen, is passed and heated. А recent 
investigation by L. Green (10) indicated the feasibility 
of such a scheme. Now one of the difficulties of using 
nuclear reactor is the heavy weight of the reactor, par- 
ticularly when a radiation shield is required. Counter 
acting the weight is the higher effective exhaust velocity 
possible. For instance, if hydrogen could be heated to 
6000 F, then the data given by F. J. Malina and M. 
Summerfield (11) point to a value of c equal to 26,000 
ft/sec or s = 4.46 Ib per Ib of thrust per hr. "his 
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aspect of the problem of a nuclear rocket can, however, 
be analyzed by using the present method. For ex- 
ample, if the high performance rocket with energetic 
chemical propellant has the following specifications. 


ғ = 0 90 
at = 10 lb per Ib of thrust per hr 
wt = 2.7 


Then according to Equation (91, a nuclear rocket engine 
giving performance equal to the chemical rocket can 
have an engine weight 4.89 times the chemical rocket. 
motor. In other words, if the nuclear reactor together 
with its necessary auxiliary construction increases the 
engine weight by more than 389 per cent, then the 
nuclear rocket is not feasible for the performance 
studied. If the increase іп weight is not so much, then 
the nuclear rocket is worth while. 


Detail Improvement of Rocket Engine 


A rocket designer is often confronted with the 
problem of improving a. given design at the expense of 
increasing the engine weight. For example, the effec 
tive exhaust. velocity of a propellant can be generally 
inereased by inerensing the combustion chamber pres- 
sure, But increasing the chamber pressure would 
require heavier construction and an increase in the feed 
pressure for the propellant. Increasing the feed pres- 
sure would in turn inerease the weight of the feed 


system. Therefore the improvement in propellant 
consumption is to be achieved only with higher engine 
weight. The present analysis ean be used to determine 
whether such a change will or will not improve the over- 
all performance of the vehicle 

For small changes in effective exhaust velocity or 
specific consumption, Equations |8) and [9] can be 
simplified to relate the allowable fractional inerease in 
engine weight Aw,/w,* to fractional increase in effective 
exhaust velocity Ac/c* or specifie consumption 4s/s*. 
Thus, taking only the first order terms, one has from 
Equations (8] and i9]. 


ж-зее( p 
and 
x -H(E)mo-n Іш 


These equations give the allowable fractional increase 
in engine weight for equal performance. If the actual 
increase in engine weight is less, then the modification 
in design improves performance, and is thus desirable. 
If the actual increase is more, the modification is not 
practical. 

By taking the V-2 as an example, it сап be easily 
calculated that 1 per cent improvement in consumption 
is worth 4.72 per cent increase in engine weight. 
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Servo-Stabilization of Combustion in Rocket Motors 


H. S. TSIEN! 


Daniel and Florence Guggenheim Jet Propulsion Center, California Institute of Technology, Pasadena, Calif, 


This paper shows that the combustion in the rocket 
motor can be stabilized against any value of time lag in 
combustion by a feedback servo link from a chamber 
pressure pickup, through an appropriately designed ampli- 
fier, to a control capacitance on the propellant feed line. 
The technique of stability analysis is based upon a com- 
bination of the Satche diagram and the Nyquist diagram. 
For simplicity of calculation, only low-frequency oscil 
tions in monopropellant rocket motors aro considered. 
However, the concept of servo-stabilization and method 
of analysis are believed to be generally applicable to other 
cases. 


\НЕ phenomenon of rough burning in liquid-pro- 

pellant rocket motor has been interpreted as the 
instability of the coupled system of propellant feed and 
combustion chamber by D. F. Gunder and D. R. Friant 
(2,2 M. Yachter (2), M. Summerfield (3), and L. Crocco 
(4). The essential feature of these theories is the time 
lag between the instant of injection of the propellant, 
and the instant when the propellant is burned into hot 
gas. Crocco has further improved on this concept by 
considering the time lag ав an integrated effect of con- 
secutive stages, each of which is controlled by the ргеуай- 
ing pressure in the combustion chamber. As a result 
of this new concept, Crocco showed the possibility of in- 
trinsic instability with constant injection rate not in- 
fluenced by the chamber pressure. 

‘The present paper will first give a slightly more gen- 
eral formulation of Crocco's concept of time lag, allow- 
ing arbitrary pressure dependence of lag. Then the 
problem of intrinsic stability is diseuased by applying a 
method suggested by M. Satche (5). This method is 
based upon a modification of the Nyquist diagram and is 
particularly useful for systems having time lag. For 
easy reference, this néw diagram will be called the 
Satche diagram. The later sections of the paper will 
show the possibility of stabilizing the combustion by 
means of a feedback servo for all values of time lag. 
Such possibility of servo-stabilization was first men- 
tioned by W. Bollay in his admirable paper (б) on the 
application of servomechanisms to aeronautics. ‘The 
present study definitely shows the power of this idea. 


Time Lag in Combustion 


Let ri (i) be the mass rate of generation of hot gas by 
combustion at time instant /. Consider, for simplicity, 
а monopropellant motor. ‘Then the mass rate of injec- 
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tion at х can be denoted Бу m(t). Let r(f) be the time 
lag for that parcel of propellant which is burned at the 
instant |. Then the mass burned during the interval 
from t to £ + dt must be equal to the mass injected dur- 
ing the time from! — rtot— r + d(t — т). Thus 


(dt щш ME тШ 


The mass of hot gas generated is either used to fill the 
combustion chamber by raising its pressure p(t), or is 
discharged through the rocket nozzle. If the frequency 
of the possible oscillations in the chamber is small, then 
the pressure in the chamber can be considered as uni- 
form, and as a first approximation (7) the rate of flow 
through the nozzle can be taken as proportional to the 
instantaneous chamber pressure р(). ‘Thus 
steady mass rate flow through the system, M, is the av- 
erage mass of hot gas in the chamber, and if the volume 
occupied by the unburned liquid propellant is neglected 


ња = (BY a d(H 5). 


where р is the steady state pressure in the combustion 


- chamber. 


By following Crocco, the nondimensional variables 
for the chamber pressure and the rate of injection are 
defined as 


әз 


and и are then the fractional deviation of pressure and 
injection rate from the average. With Equation |3), 
‘ny can be eliminated from Equations [1] and [2], and 

d. 


tetra (1-9) ME- ott 


5 di 


To calculate the quantity de/di, Croceo’s concept af 
pressure dependence of time lag has to be introduced. 
If the rate at which the liquid propellant is prepared for 
the final rapid transformation into hot gas is a function 
(p), then the lag т is determined by 


[оч = conse я 


By differentiating Equation (5] with respect to, 
Vah = k=» (1 — 1) =0 


The concept of small perturbation from the steady state 
will now be explicitly introduced: Assume that the de- 
viation of the pressure p from the steady state value Б 
is small. Then Др} at the instant ¢ and Др) at the in- 
stant 1 — т can be expanded as Taylor's series around f. 
By taking only the first order terms, 
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tor = р » ( 0 
Woes =) +0 (4), etn 


Here 7 is the Jag at the average pressure ф, a constant 
mov. Then 


а Dogs 
La Gat + FRE), AO- EE 


By combining Equations |4) and [6], the following 
equation is obtained 


К poma — 8) nl — de — Dose] 
where 
ч 
ЖЫ. cee Bl 
and 


fed, =) 


Ш 
If n is a constant independent of $, then Др) is propor- 
tional to p". This is the form of f(p) assumed by 
Crocco. The present formulation of the problem is 
slightly more general in that f(p) is arbitrary and the 
value oí n is to be computed by using Equation [8], and 
isa tunetion of $. 8, is, of course, the gas transit time. 


Intrinsic Instability 


Crocco called the instability of combustion with 
constant rate of injection the intrinsic instability. If 
the injection rate is constant and not influenced by the 
chamber pressure p, then и == 0. Therefore the sta- 
bility problem is controlled by the following simple 
equation obtained from Equation [7], 


Ze + (1 = mole) + nele ~ 5) = 0. no 
Now let 
oe) wet 
Then 
SR — n) + nen = 0. ny 


This is the equation for the exponent s. 

Crocco determined the value of the complex number s 
by studying the set of two equations for the real and the 
imaginary parts of Equation [11]. However, if the 
point of interest is whether the system is stable or not, 
one can use the well-known Cauchy theorem with ad- 
vantage. Let 


qn = ow — [- bgt 


‘Then the question of stability is determined by whether 
Gis) has zeros in the right half of the complex s-plane. 
This question itself can be in turn answered by watching 
the argument of G(s) when в traces a contour enclosing 
the right half s-plane. Specifically, let в trace clockwise 
the contour consisting of the imaginary axis and a large 
half circle to the right of the imaginary axis (Fig. 1). 
T the vector G(s) makes a number of complete clockwise 
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FU. |. CONTOUR THACED BY THE VARIABLE $ FOR THE SATCHE 
DIAGRAM он THE NYQUIST DIAGRAM 


revolutions, then that number is, according to Cauchy’s 
theorem, the difference between the number of zeros and 
the number of poles of G(s) in the right half s-plane. 
Since G(*) evidently has no poles in the s-plane, the 
number of revolutions of G(s) is the number of zeros. 
Hence for stability, the veetor G(s) must not make any 
complete revolutions, as s traces the specified contour. 
Therefore the stability question can be answered by 
plotting graphically G(s) on the complex plane. This 
graph is, of course, the well-known Nyquist diagram, 

А direct application of this method to G(s) given by 
Equation [12] is, however, inconvenient for the com- 
plication caused by lag term e^" (8). M. atehe (5), 
however, proposed a very elegant and ingenious method 
of treating such a system with time lag: Instead of 
G(s), break it into two parts, 

Gie) = ats) — ma). .. H3] 
where 
as) = ети 


ae) = — 


a FEE ELI 


The vector G(s) is thus a vector with vertex in (з) and 
its tail on (5). The graph of (18) is the unit circle for 
з оп the imaginary axis. For s on the large half circle, 
өк) is within the unit circle. The graph of g.(s) 
is the straight line (Fig. 2) paralleled to the imag- 
inary axis when в is on the imaginary axis. When 
s is on the large half circle, g(a) is a half of а large 
circle closing the contour on the left. A moment's re- 
flection will show that in order for the vector G(s) not 
iormake complete revolutions for any value of à, the 


FIG, 2. STABLE SATCHE DIAGRAM FOR INTRINSIC OSCILLATIONS; 
0«n«Á 
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(s) contour must lie completely out of the gi(s) con- 
tour. That is, for unconditional intrinsic stability 


or (j»a»9...08 


When л > !/,, the (в) contour and the g(a) contour 
intersect. Stability is still possible, however, if for g:(s) 


то. 3. UNSTABLE EATCHE DIAGRAM FOR 
INTRINSIC OSCILLATIONS; п > fs 


within the unit circle (Fig. 3), (з) is to the right of 
069). This condition is satisfied if 


cos (МЗ = 1) > - L 


When ô = 8*, then with 

ot = Ум EI 
Glia*) = 0. Therefore when 8 = à*, p has the oscilla- 
tory solution with the angular frequency w*. 

‘These results on intrinsic stability were obtained by 
Crocco. The present discussion with the Satehe dia- 
gram, however, seems to be simpler. For the more 
complicated stability problem treated below with feed 
system and servo control, the solution is hardly practical 
without the Satche diagram. 


System Dynamics with Servo Control 


Consider now a system including the propellant feed 
and a servo control represented by Fig. 4. In order to 
approximate the elasticity of the feed line, a spring load 
capacitance is put at the midway point between the 
propellant pump and the injector. The spring constant. 
is to be computed from the feed-line dimensions.? 
Near the injector there is another capacitance controlled 


? See the Appendix for det 
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by the servo. ‘The servo receives its signal from the 
chamber pressure pickup through an amplifier. If the 
feed system and the motor design are fixed by the de- 
signer, the question is whether it is possible to design 
an appropriate amplifier so that the whole system will 
be stable, Because there is no accurate information on. 
the time lag of combustion, 2 practical design should 
specify unconditional stability, ie., stability for any 
value of 6. 

Let 9 be the instantaneous mass flow rate out of the 
propellant pump, and po be the instantaneous pressure 
At the outlet of pump. The average flow rate must be 
wh. The average pressure is д. “Тһе pump character- 
isties сап be represented by the following equation, 


Bia Be 


т тұрлы 


и 


17 the time rate of change of mass flow is small, a is sim- 
ply related to the slope of the head-volume curve of the 
pump at constant speed near the steady-state operating 
point. For constant pressure pump or the simple pres- 
sure feed, a is zero, For conventional centrifugal 
pumps, ais approximately 1. For displacement pumps, 
ais very large. 

Let sh be the instantaneous mass rate of flow after 
the spring loaded capacitance, x the spring constant 
of the capacitance, and р, the instantaneous pressure at 
the capacitance. Then 

LII LT MK 
where р is the density of the propellant, a constant. 

Tn the following calculation, the pressure drop in the 
line hy frictional forces will be neglected. Then the 
pressure difference рь — piis due to the acceleration of 
the flow only. That is 


1 ањ 


кср ара " 


where А is the cross-sectional area of the feed line, a 
constant, and Lis the total length of the feed line. Simi- 
larly, if p; is the instantaneous pressure at the control 
capacitance. 

пр n. (ay 
If the mass capacity of the control capacitance is C, then 


Thom ho E 12) 


m 


o 


FIG. 4. SBRVO-CONTROLLED LIQUID MONOPAOPELLANT ROCKET 
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Since the control capacitance is very close to the injec- 
tor, the inertia of the mass of propellant between the 
control capacitance and the injector is negligible. Then 


123] 


where A; is the effective orifice arca of the injector. At 
сап be eliminated from the calculation by noting that 
at steady state, the difference of pressures ё, and $, 
or AB is 


Pp apm, T4) 

Equations [18] to [24] describe the dynamics of the 
feed system. Ву a straightforward process of elimina- 
tion of variables, a relation between m, p, and C is ob- 
tained. To express this relation in nondimensional 
form, the following quantities are introduced, following 
the notation of Croeco: 


P= 1251 


and 
km Css 126) 
where б, is the gas transit time given by Equation [9]. 
‘Then the nondimensional equation relating e, is, and « is 
phe (г) + 
Ni 7 £ d 
+ (е) +в (Pah) rat 1+ 
SE (p41) Ере Ba 
еж + Fb dae Ы 


[Cim (Ра) + 


where гіз the nondimensional time variable defined by 
Equation [9]. 


PE , JE 


+ = aem, A = bers, ТЫ [29] 
By substituting Equation [29] into Equations (7,] [27], 
and [28], three homogeneous equations for a, 8, and с 
are obtained. In order for a, б, с to be nonzero, the 
determinant formed by their coefficients must vanish. 


‘This condition can be written as follows: 


вна [Swe herpes 


ав (2+5) кле + (++ 


ір 
f 
НЕТЕР “+ 


Е 5154. 


(е) ево РЕ ез 


oem eos С 


his is the equation for determining the exponent s. 
F(9) is now recognized as the over-all transfer function 
of the servo-control link. The complete system stabil- 
ity depends upon whether Equation (30] gives roots 
that have positive real parts. 


Instability Without Servo Control 


‘The system characteristics without the servo control 
can be simply obtained from the basic Equation [30] 
by setting F(s) = 0. Let it be assumed that the poly- 
nomial multiplied into e has no zero in the positive 
half plane, as is usually the case. Then Equation 
[80] ean be divided by that polynomial without intro- 
ducing poles in the positive half s-plane into the result- 
ant function. That is, for the Satche diagram, one has 
again 

Gla) = ale) — p. 
2465) is thus again the "unit circle.” g(s) is now much 
more complicated: 


ots) ene 


E sep fia (P+) је (Pap) ste fi ta (P+ a)i 


oo) -[ + ! 


The dynamics of the servo control are specified by 
the composite of the instrument characteristics of the 
pressure pickup, the response of the amplifier, and the 
properties of the servo. Since it is not the purpose of 
the present paper to discuss the detailed design of the 
servo control, the over-all dynamics of the servo control 
are represented by the following operator equation: 

P(E) eee 
where F is the ratio of two polynomials with the denomi- 
nator of higher order than the numerator. 

Equations [7], [27], and [28] are the three equations 
for the three variables e, и, and к. Since they are equa- 
tions with constant coefficients, the appropriate forms 
for the variables are 
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Lat fae (P +30 +2) me HEGDE 


BY 


The intercept of g(s), when s is pure imaginary, is given 
by setting в = 0 in Equation [31], ie, 
1+ e(P+3) 


та) +" 182] 


900) = — 


ce all the parameters n, o, P are positive, the mag- 
nitude of go(0) is now smaller than the magnitude of 
900) given by Equation [14] for the intrinsic stability 
problem. Thus the effect of the feed system is to move 
the gí(s) curve toward the unit circle of gi(s) in the 
Satche diagram. For instance, for = '/2, ga(s) is just 
tangent to the unit circle for the intrinsic system with- 
out considering the propellant feed. But with the 
propellant feed system, g(s) contour will intersect the 
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unit circle and the system will become unstable, for time 
lag 8 exceeds a certain finite value. The influence of 
the feed system is thus always destabilizing. This is 
further confirmed by considering the asymptote of 0:8) 
for large imaginary s, obtained from Equation [31]. 
That is 


TERRE: 
м [ERI 
"3 wefore, for large imaginary s, ga(s) approaches 
io vtotically a line parallel to the imaginary axis at a 
зеге 


1.93) 


dome BR 
ля 


to the left of the imaginary axis. The effect of the 
feed system is again to move ges) toward the unit eir- 
cle. 

It is thus evident that for the parameter n near !/; 
or larger than 1, it would be impossible to design the 
system for unconditional stability, In the Satche dia- 
gram, (г) contour and gy(s) will always intersect with- 
out a servo control. 


Complete Stability with Servo Control 
If the polynomiat H(s) 
УЕ; 


espere 
[ow (r +5) +28" o» 
Г (ва) Ла әр н 
E (+3) вал «(р 2) ва 


which multiplies into е7“ in Equation ;30], has no poles 
and zeros in the right half s-plano, then the occurrence 
zeros of the expression in Equation [30] in the right 
half s-plane can be determined from the Satche diagram 
with 


gifs) = ect 


өө-- е i 
«(rit sd іш (+2) tater 


fit a (P+ DU/mo зы 


As s traces the contour of Fig. 1, (9) is again a unit eir- 
е. Therefore, if simultaneously the (5) contour is 
completely outside the unit circle, there can be ne root 
of Equation [30] in the right half s-plane. In other 
words, if the transfer function F(s) of the servo-control 
link is so designed as to place the gs(s) contour com- 
pletely out of the unit cirele (Fig. 5), then the system is 
stabilized for all-time tags. 
Asan example, take 


WITH SERVO—| 


\ 


WITHOUT SERVO ^ 


Pi, б. SATCHE DIAGRAM FOR THE ORIGINAL AND FOR 
THE SERVO-STABILIZED SYSTEM 


"Then without the servo control, the g(s) is 
poe) = — 1 2841) et + Bet + Me +6) 
2 ep 37 + 6+6 
Of primary interest is the behavior of go(s) when sis a 
pure imaginary number iw, real, Thus 
mu) = 


16 — Bot + de!) (6 — Bo!) + {21 — R6 = on 
2 46 р + XG = uth? 


piggy Gla Bent 
НЯ 


^) — (6 — Ble? + 6 - un) 
[DOES — ы 


This contour for w > 03s plotted in Fig. 6. It is evident 
that for sufficiently large values of time lag, the system 
will be unstable. On the other hand, if the д(8) eon- 
tour can be changed by the servo control to, say, 
--246%2% +4) 

G+ 
"Then, as plotted in Fig. 6, the new g, contour is com- 
pletely outside of the unit circle of g(s). Therefore 


E 


the system is now unconditionally stable. А straight- 
forward calculation from Equations [31] and [35] shows 
that the required transfer function F(s) for the servo 
link is 


.0528X* + 0.71645 + 2.6304) 
Зз + 0283325087 + 0,1668 + 37511) 


The servo link has thus the character of an integrating 
cireuit. If, with given response of the chamber pres- 
sure pickup and of the servo for the control capacitance, 
an amplifier could be designed to give an over-all trans- 
fer function close to that specified above, the com- 
bustion can be stabilized by such a servo control. 
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тїс. 6. SATCHE DIAGRAM FON THE ORIGINAL AND 
TOR THE SERVO-STABILIZED SYSTEM 
Pei = Е = thant 
(даф) without servo intersects the unit circle; 
шь) with servo is outside the unit circle, Num- 
bers beside points ате the value of ш.) 


As the second = take 


ae УНЕ Нан 


Since a = 0, the feed pressure ру is thus constant. with 
even variable flow of propellant. The case then corre- 
sponds to that of a simple pressure feed. Without the 
servo control, 

ain - шламнан аша 2) 

à арата а 


When $ is pure imaginary, 


gii) = 
18-22-1745 + dut) + od — X12 — dot) _ 


the analytic treatment of the stability condition by 
Crocco, and yet such possible instability should not. be 
dismissed. This, perhaps, indicates the superiority of 
the present graphical method. 

For unconditional stability, g, should be displaced 
out of the unit circle, to, say, the same "stable" contour 
as in the first example. The required transfer function 
(5) is calculated to be 
4 grp + 0.81261 — 0.043375 + 2,6506) 

e+ ZXs 087 4 4) 

‘The required servo link must then have the character 
of double integrating circuit. Furthermore, the trans- 
fer function has two purely imaginary poles at +24. 
This unrealistic requirement on the amplifier comes 
from the original feed-system dynamics and is due to the 
neglect of frictional damping in the feed line. In 
any actual system, the frictional damping in the feed 
line will remove these purely imaginary poles of the 
required transfer function F(s) and replace them by 
two complex conjugate poles, 


F(s) = 


Stability Criteria 


In the preceding discussion of servo-stabilization, 
it is assumed that the polynomial His) Equation 
184), has no pole or zero in the right half s-plane. ‘This 
is, however, not necessarily the case. In general then, 
one should first investigate the number of zeros and 
poles of H(s) in the right half s-plane, ‘To do this, it 


та [GP EE 

is 4 290 (12 — dat) —(4 — шу? — Hot + dot) 

i9 = wu E ui — un 

‘This contour of g is plotted in Fig. T. It is evident 
that without servo control the combustion will be un- 
stable for sufficiently long time lag. In fact, the sys- 
tem is even less stable than the system considered in the 
first example: It will become unstable at shorter time 
lag. The part of the g: contour near w = 2 is of special 
interest. Near = 2, the contour comes so close to the 
unit circle of g, that if the value of time lag 6 is such as to 
make gı and gs for w ~ 2 very close to each other, then 
an almost undamped oscillation at œ ~ 2 can occur. 
This critical value of 6 is evidently smaller than the 
critical ô determined from the true intersection of 0% 
with the unit circle at w~ 0.65. Such near instability at 
smaller values of time lag can be easily overlooked in 
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110. 7. SATCHE DIAGRAM FOR THE ORIGINAL AND 
TOR THE SERVO-STARILIZED SYSTEM 
РЕЛЕ а= 0 
(айы) without servo intersects the unit circle; 
gis) with servo is outside the unit circle. Num- 
bers beside points are the value of ә.) 
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should be recognized that the polynomial in Equation 
[34] before the factor F(s) usually does not have zeros 
in the right half s-plane. Therefore instead of studying 
Hs), one ean study the ratio of H(s) and that poly- 
nomial. That is, the number of zeros and poles of 
Н(з) in the right half s-plane is the same as the number 
of zeros and poles of the following function 


order to obtain g,(s) and 048) as given by Equation 
[35], g zeros and 7 poles are introduced іп the right half 
plane. The g poles of K(s) must come from F(s), 
since the polynomial in the denominator of Equation 
[37] has no zero in the right half s-plane. Therefore the 
original expression in Equation [30] also has g poles in 


Hs) 


epo peso grep» 


ЕДІ e+ (2+3) ила (+) ] 


According to the Nyquist criterion, the number of poles 
and zeros for 1 + K(s) in the right half s-plane can be 
found by plotting the Nyquist diagram of 1 + Ж) 
with s tracing the contour of Fig. 1. In fact, if 1 + 
K(s) or Hís) has r zeros and 4 poles in right half s- 
plane then K(s) will carry out r—q clockwise revolutions 
around the point —1, ав s traces the contour of Fig. 1. 
Hence the necessary information on H(s) can be ob- 
tained by plotting the Nyquist diagram <` K(5). 

When one divides the Equation [30] by H(s) in 


Fic, 8. FULL CURVE TOR POSITIVE w; DOTTED CURVE FOR 
NEGATIVE o. 
(а) Nyquist diagram for K(s), with two zeros for 1 + КО) 
in right half «plane. (b) Corresponding stable Satche diagram. 
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the right half s-plane. Hence in order for the original 
expression in Equation [30] to have no zero in the right 
half plane, g(s) must make -4 + (g — 7) = -r 
clockwise revolutions around the unit circle. In order 
for stability to be unconditional, i.e., stable for all time 
lag, the g,(s) contour should never intersect the unit 
circle, Therefore the general unconditional stability 
criteria are, first, g(s) contour completely outside of the 
unit circle; and, second, g(s) making r counterelock- 
wise revolutions around the unit circle as s traces the 
conventional contour enclosing the right half s-plane. 
These are the criteria for stability with the Satehe 
diagram. То determine r, one has to use the Nyquist 
diagram of K[s] Equation [37]. Thus the stability 
problem for the general case requires both the Satche 
diagram and the Nyquist diagram (Fig. 8). 


Concluding Remarks 


In the previous sections of this paper, the theoreti- 
cal possibility of completely stabilizing the combustion 
for any value of time lag by servo control is demon- 
strated. The great flexibility of electronic amplifier 
seems to indicate that this theoretical possibility 
сап be always realized. On the other hand, with- 
out the servo link, unconditional stability is shown 
to be generally impossible. Therefore the concept 
of feedback servo is indeed а powerful tool in 
controlling the behavior of a time-lag system. It 
is to be realized, of course, that the proposed scheme 
is but one among many. No attempt is made here to 
give an exhaustive treatment of all possible schemes. 
‘The best scheme is certainly to be determined by de- 
tailed considerations on all aspects of the engineering 
problem, such as the possibility of high-frequency 
acoustie oscillations which are not considered here. 
‘The main purpose here is to give в general discussion 
of the concept together with a suggested general method 
of analyzing the stability by the Satche diagram. 
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It is of interest to point out that stabilization by 
servo control is only one phase of the general concept of 
feedback link, The opposite case of destabilization 
could be of importance also. For instance, consider 
the so-called valveless pulsejet. It is not always 
possible to operate the engine with the desired pulsa- 
tion, With a feedback servo linking the combustion 
chamber pressure pickup through an amplifier to the 
fuel line, the system can be destabilized at the desired 
operating frequency and thus operate the engine at that 
frequency of pulsation. This application of servo- 
destabilization gives the valveless pulsejet a new 
flexibility and an extended range of operation. There- 
fore it seems worth while to explore carefully all possible 
applications of feedback control to systems with time 
lag. 


APPENDIX 


Calculation of Parameters J and E. 


If L* and c* are the characteristic length and the 
characteristic velocity of the motor, and if T, is the 
chamber temperature, Ё the gas constant, the transit 
time 6, вв, = L*c*/RT,. 

To calculate J and E defined by Equation [25], it is 
more convenient to use the average propellant velocity 
vin the feed line. Thus m = pAv. 

Thus, according to Equation [25] 


: de Gy 


A consistent set of units would be p in slugs per cubic 
foot, в in feet per second, 2 in feet, 0, in seconds, and 
AB in pounds per square foot. 

If dis the diameter of the feed line, h its thickness, and 


Е’ Young's modulus of the tube material, then x, the 
change in volume of the feed line per unit rise in pres- 


sure, is 
кек (yan 
Therefore Equation [25] gives 
лар (4) Ut 
dub 2) v 


A consistent set of units would be Ар in pounds per 
square inch, Е” in pounds per square inch, іп feet, б, 
in seconds, and v in feet per second. 
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Physical Mechanics, a New Field in Engineering Science 


Н. S. TSIEN! 


Daniel and Florence Guggenheim Jet Propulsion Center, California Institute of Technology, Pasadena, Calif. 


"The purpose of physical mechanics is to predict the en 
neering behavior of matter in bulk from the microscopic 
properties of its molecular and atomic constituents. The 
constants and basic concepts of this new engineering 
nce, of particular importance to rocket and jet propul- 
sion, are discussed in this paper. 


'HE term physical mechanies has been used in the past 

to indicate a course in classical mechanics for sophomores 
and juniors in college (1).* Physien] mechanics here is used 
to designate a new field in engineering science, the purpose 
of which is to predict the maezoseopie behavior of matter, 
of interest to engineers, {rom the known microscopic properties 
of the constituents of matter. ‘The need for such a branch of 
science arises originally from the advanced engineering prob- 
Jems in jet propulsion, aeronauties, and atomie power, but 
impact of this new discipline is inevitable on ali fields of о 
neering. This article will discuss the contents of physical 
mechanics and its point of view. Above all, the purpose here 
is to attract the attention of scientists and engineers to this 
new and fruitful field 


Basic Concepts 


"The constituents of matter are molecules and atoms. The 
atom, in turn, consists of a central nucleus and an electron 
cloud surrounding the nucleus. According to the prevailing 
view, the nucleus is ultimately made up of protons and neu- 
trons, This relentless drive of physicist to the “heart” of the 
matter was perhaps motivated by the desire to interpret all 
nature phenomena by a unified theory from the elementary 
structures. During this development of physical science 
in the past century, there was в continuous interplay between 
two phases of the study, One phase was the investigation 
of the stricture of molecules and atoms by analytical proce- 
dures such as x-ray analysis and electron diffraction, molecu- 
lar and atomic spectroscopy. The other phase was the 
explanation of the bulk properties of matter such as heat 
capacity, the pressure of fluids, from the molecular and atomic 
structure, The second phase of the investigation, developed 
by the use of the statistical mechanies und the kinetic theory 
was of particular importance to the physicist and the chemists 
in that the earlier pietures of the molecular and atomic struc- 
tures were quite uncertain and vague. Therefore the physical 
scientists needed the comfort of seeing their theory verified 
by “every-day” experience with matter in bulk 

The present knowiedge of the moiecular and atomie struc- 
tures is, however, very complete and well founded. To the 
physical scientists then, the interpretation of the muero- 
^r from the atomic theory is only of 
it’s main interest is one step deeper: 
The structure of atomic nuclei and the properties of thei 
constituent elementary particles. This situation in physics 
and chemistry leads naturally to а reversal of the procedure. 
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The statistical mechanies and the kinetu: theory ше not used. 
to verily the atomie theory through the bulk properties of 
matter, but rather should be used to predict the bulk behaviors 
of matter from the known properties of the molecules and 
atoms, Since engineers always deal with matter in bulk, 
the prediction of bulk properties is then of vital interest to 
engineers, and is logically а branch of engineering science. 

However, it might be argued that the mere inet of the 
engineer's interest in bulk properties of matter does not песев- 
sarily mean the need for physical iechanies. The bulk 
properties can be mensured directly; then the theoretical 
calculations of physical mechanies will not be needed, This 
has been the situation till very recently. When the engineer 
needs the thermodynamic properties of steam or ammonia, 
he measures them, When the engineer needs the viscosity 
of water, he again measures it, 1i such direct measürczzents. 
can be made easily with the required aecuraey, there is zo 
incentive to introduce new methods. Recently, however, 
particularly with the advent of rocket and jet propulsion 
engineering and иесш engineering, bulk properties of matter 
at unusual conditions are required. For instance, thermo- 
dynamic properties at very high temperatures, say, 4000°K, 
enter into engineering calculations, The experimental meas- 
urement of thermodynamic properties at such temperatuies 
is certainly very difficult, if not impossible. On the other 
hand, the thermodynamic properties of gases at high tempers 
tures ean be calculated by the method of statistical mechanics 
with ease and certainty, once the properties of the constituent 
molecules and atoms are known, his circumstance ean be 
easily understood by the observation that although the bulk 
temperature of the gas may be very high in the conventional 
engineering sense, the average energy of a single molecule or 
atom is quite moderate and within the range of certain knowl- 
edge of a physicist or в chemist. For instance, the average 
or representative kinetic energy of molecule or atom at а 
temperature T in the absolute scale ìs 3/2 ET, & being Boltz- 
mann’s constant. The value of k is given by 

в = 1380 X 10-м org per °K 
= 0861 X 10- eloctron-volt per °K 


‘Therefore even at the "fantastic" temperature of 10,000°K, 
the average kinetic energy of the atoms is still only 1.292 
electron-volt, an energy at which the behavior of atoms is 
known with accurae 


Physical Mechanics as an Engineering Science 


The problems in physica] mechanics can be classified inta 
two categories:: Problems in thermodynaznie properties of 
matter at equilibrium, and problems in transport. properties 
of matter not at equilibrium, Although the powerful meti 
ods of statistical mechanies are equally ав applicable to matter 
at thermodynamic equilibrium as to matter not at equilibrium, 
conerete useful results are obtained easily only for the fist 
case, For the transport properties, such as viscosity, heat 
conduction, and diffusion, the methods of the kinetie theory 
of matter give quantitative answers. 

Examples of the first category of problems ure the thermo- 
dynamic functions of gases, solids and liquids, the equation 
of states for imperfect or highly compressed gases, chemical 
equilibrium constants, and the thermodynamic behavior of 
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electrically charged gases, such us gas containing ions and 
electrons, ‘The jprevious investigations and results in this 
field are summarized, for example, in the two excelient books 
by Sir R. Fowler (2) and by Fowler and E. А. Guggenheim 
[3 

Examples of the second category of problems are, besides 
those already mentioned, the neutron diffusion in a nuclear 
reactor, and the moderation of fast neutrons from the fission 
nuclei to thermal neutrons by the reactor materials, There- 
fore many problems in nuclcar engineering dealing with the 
macroseopie effects of elementary nuclear processes belong 
logically to the science of physical mechanics, The theory 
of transport properties of gases is given in the famous book 
by B. Chapman and Т. G. Cowling (4). Besides those prob- 
Jems of transport properties, the radiative emissivity of 
gases ut high temperatures and the spectra obtained from re- 
gions of active combustion ure also important problems of the 
second category. 

It is evident that there has been certainly no lack of effort 
by physicists and physical chemists in the general field of 
what is here called physical mechanics. Physical chem- 
iste were particularly diligent in carrying out many extremely 
tad ous calculations (5). Then, is the task of establishing 
руга! mechanics as an engineering science that of simply 
disseminating this work of physicists aud chemists among the 
engineering profession? ufortunately, the task is not as 
simple as that, To establish physical mechanics as an 
engineering science, one must follow the example of other 
branches of engineering science, such as fluid mechanics, 
by introducing the successful guiding principles of the so- 
called "angewandte Mechanik.” These principles of engi- 
neering science were first formulated and applied by a group 
of brilliant "applied mechanicists” of Gottingen Univer- 
sity at the turn of this century (6). The following sections 
will he devoted to a discussion of these principles as applied 
to physical mechanics, 


Use of Approximate Models 


One of the principles of engineering science is the ap- 
proximate solution of complex problem by using a simplified 
model which gives а satisfactory representation of reality, 
Because of the very fact that the model is simple, it cannot 
have all the properties of the real system, and it can be ouly 
designed to emphasize the most important feature of the real 
system under the particular physical situation concerned. 
Under a different physical situation, the real system may very 
well reveal a different property which is important. Then a 
different model has to be adopted. Therefore the success 
of the choice of models rests on the clear understanding of the 
physical circumstances. А “physical snechanicist? can have, 
however, assistance іп this difficult task in two ways. He can 
always study the experimental observations connected with 
the phenomenon and thus gain insight to the problem. Then 
he is helped by knowing the logical requirement, that the 
models representing the same physical system, although they 
may be different under different situations, should neverthe- 
less be compatible with each other and should not be con- 
tradictory to each other. The following is ал example for 
the point under discussion, 

From diffraetion experiments and spectroscopic studies, 
the structure of molecules can be determined in terms of 
interatomic distances and bond angles. Such data, together 
with the van der Waals sizes of atoms, then give definite 
model of а molecule as a structure of spheres (atoms) properly 
fused together. At ordinary temperatures, the rotation of 
molecules in a gas is fully excited. Thus the odd-shaped mole- 
cule is really under rapid rotation, and for molecules that are 
not excessively elongated the angular asymmetry is averaged 
out, Therefore, when one is considering the interaction of 
molecules, as, for example, in the ealculation of the second 
virial coefficient and the transport properties of gases, one 
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may well consider the molecules as spheres with a diameter 
T* equal to twice the maximum distance between the center 
of mass of the molecule and the boundary of the molecular 
model. This is shown to be actually the case by S. D. 
Hamann (7) and by Hamann and J. F, Pearse (8) for nonpolar 
molecules with the Lennard-Jones potential given by 
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where r is the distance between the centers of mass of the 
molecules, e the interaction energy, and e* the interaction 
energy at the distance r*, the equilibrium distance. This is 
а very satisfactory state of affairs, as the chosen model of 
molecular interaction is entirely compatible with a wide range 
of other physical phenomena and concepts. 

For polar molecules with permanent dipole moment в, W. 
Н. Stockmayer (9) proposed an interaction potential which is 
a hybrid between the Lennard-Jones potential of Equation 
[1] and the dipole interaction potential, 
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where б,, б, and y are angles specifying the orientation of the 
interacting dipole axes. Following the work of W, Н, Keesom 
(10), Stockmayer calculated the second virial coefficient 
B(T), where T'is the temperature, as 


Ген чала J sin on ae x 


fF omnes... 


here № is Avogadro's number, e is the interaction potential 
given by Equation {2], and k is Boltamann’s constant, The 
fitting of the experimentally determined second virial co- 
efficients to Stockmayer’s formula was carsied out by J. O. 
Hirschfelder, F. T. McClure, and I, F. Weeks (11), and also 
by Hamann’ and Pearse (8) for methyl chloride and methyl 
fluoride, The results аге, however, anomalous, For in- 
stance, the “size” r* for steam and ammonia turns out to be 
approximately the van der Waals diameter of the oxygen 
atom aud nitrogen atom, respectively, alone, without any 
room allowed for the hydrogen atoms in these molecules. 
It thus seems that Stockmayer's model of polar molecules is 
not entirely unquestionable, 

An explanation of this difficulty can be obtained by observ- 
ing the fact that if the molecule is under almost free rotation, 
then the dipole attraction and the dipole repulsion at any 
distance г between molecules average out by the prevailing 
random orientation, Consequently, when tho rotation of 
molecules is fully excited, the dipole moment of the molecule 
makes no contribution to the interaction potential. In 
other words, as far as the calculations of the second virial 
совы} nt and transport properties are concerned, it may 
be moie realistic to neglect the difference between a polar 
molecule und a nonpolar molecule. This assumption will 
give a great simplification for the calculation of transport 
properties of polar gases, By fitting the second virial co- 
efficient data for steam and ammonia to the formula for non- 
polar molecules, satisfactory sizes r* for these molecules are 
obtained, Of course, the validity of this point. of view has 
yet to be proved by a critical examination of the theory of 
Virial coefficients. 


A Question of Methodology 


Та recent years, perhaps because of the influx of mathe- 
maticians to the field of applied mechanics, the level of logical 
organization and of mathematical argument of research papers 
in this field is generally quite high, This modern trend, by 
itself, contributes to the elegance of presentation and facili- 
tates the general understanding of the work. However, 
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clarity of thought and the use of advanced mathematical 
tools have more than just this to contribute. In many prob- 
Jems of engineering science, the very complexity of the prob- 
Jems demands the most efficient and powerful tools for their 
solution, It is even to be expected that in many cases the 
problem will not be solved by any means other than the most 
efficient and powerful method. ‘Therefore, to establish phys- 
deal mechanics as an engineering science, it is necessary to 
emphasize this point of methodology. 

Ав an example of lack of elarity of orgonization, one may 
take a recent paper (12) on the thermodynamic properties 
of completely ionized hydrogen, The criticism here is not 
that the results ure incorrect, but rather that the same results 
could be obtained very simply and logically in & direct way. 
For this problem, one should first recognize that all thermo- 
dynamic properties of matter are contained in the partition 
function, or alternately, the free energy expression, There- 
fore the logical first step would be to establish the free energy 
of such ionized hydrogen, composed of equal numbers of posi- 
tively charged protons and negatively charged electrons. 
But then the problem is exactly the same as the problem of 
solutions of electrolytes whieh dissociate into positive and 
negative ions, For solutions of electrolytes, there is the 
known Debye-Hückel theory. The approximations involved 
and the validity of the assumptions involved in this theory 
are now clearly understood, By applying the Debye-Hückel 
theory to the problem of ionized hydrogen, one is at onee 
clear about the power and the limitations of the solution. 
This alone is a worthwhile saving in effort, 

To show how easily the thermodynamics of completely 
ionized hydrogen can be determined with the rational method, 
оде notes that if F is the free energy of the assembly, E the 
internal energy, V the yolume, Р the pressure, and T the tem- 
perature, then according to the general laws of thermody- 
namics < 


(al 


pa КРТ) 
nu 
According to the Debye-Hückel theory,? the first approxima- 
tion to the free energy of Coulomb interaction F* of equal 
numbers of positively and negatively charged particles with 
ze charge on each particle is 
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where N is the total number of particles, Therefore, with 
Байайолв [4] and [5], the deviation AP of pressure and the 
deviation AE of internal energy from an assembly without 
Coulomb interaction are 


1 Жа? (Net a 
аР 1 ут М ez) —€— " 
н Nt 
AB = — V NET я! 

м VET EI 


For ionised hydrogen, z = 1, and if H is the atomic weight 
of hydrogen, and p the density of the mixture 


N/V = 29/H [DI 


Therefore for ionized hydrogen 
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These results are the same as those in Reference 12 and ме 
obtained here with very little calculation. 

Asan example of the advantages of mathematical technique 
in shortening the calculation, one may consider the second 
ial coefficient A(T) for the Lennard-Jones potential of 
Equation [1]. It is known’ that, with N as Avogardo’s 
number, and 
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This series, although convergent for al! values of T, is never 
theless inconvenient for very small values of temperature, For 
instance, it is stated (5) that for kT/e* = 0.3, about thirty 
terms are necessary to obtain an accuracy of five significant 
figures. The situation ovidently calls for asymptotic ex- 
pansion of the function B(T) instead of the Taylor series of 
Equation [13]. The asymptotic series can be obtained 
easily as 
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This expression has not only the advantage of being easier 
to use at small values of T, but also the advantage of clearly 
demonstrating the exponential behavior of the function at 
low temperatures. Such definite indication of functional 
behavior is often a help in understanding the interactions of 
the different elements of a problem. 


Concluding Remarks 


In the preceding discussion, the subject matter and the 
basic concepts of the new engineering science, physical 
mechanics, are outlined. Tt is an engineering science mainly 
because its foremost purpose is to help solve the engineering 
problems, And since it is an engineering science, physical 
mechanics should be a subject of training for ашу research or 
development engineers, of equal importance with fluid me- 
chanics and solid mechanics. Because of its close relation to 
jet propulsion and rocket development, physical mechanics 
is now taught as a graduate course at the California Institute 
of Technology in the Daniel and Florence Guggenheim Jet 
Propulsion Center, However, the course is open to students 
of other fields of engineering with the proper preparation in 
mathernaties, physics, and chemistry, 

"To skeptical purists among physicists and physical chem- 
ists, this discussion may appear to һе overly optimiatie 
ог even immodest. For them, the author can only point to 
the unquestionable success of fluid mechanics and solid me- 
chanics in modern engineering. There is no reason to expect 
the future of physical mechanics to be radically different, 
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The Properties of Pure Liquids 
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By a semi al approach, a method is found to cal- 
culate the specific heat of a normal pure liquid at constant 
pressure from the specific heat of the gaseous state at the 
same temperature. Tt is also found that the coefficient of 
thermal expansion, the compressibility, and the velocity of 
sound of the liquid can be caleulated accurately if the 
density, the molecular weight, and the normal boiling 
temperature of the liquid at atmospheric pressure are 
known. Finally, а method of computing the thermal con- 
у of all liquids, except liquid metals, from com- 
in developed. For normat liquids, 
can again he determined if only 
the normal boiling temperature, the density, and the 
molecular weight are known. 


I X ROCKET and jet propulsion engineering, because of the 
necessity of considering a very wide range of possible fuels 
and propellants, one often meets the situation that the phy: 
cal properties, such as heat eapaeity und thermal eondue- 
tivity, of liquid of interest are not listed in the handbooks, 
Naturally the question to ask is whether such physiral proper- 
ties can be estimated from known simple quantities such as 
the boiling point, the molecular weight, and the density of the 
liquid. It is clear that such a correlation of liquid properties 
must come from the theory of the liquid state, Although 
there was no lack of work by physicists and physica] chemists 
in this field, the agreement in the numerical values of theoreti- 
cal prediction und of experimental observation is usually very 
poor, ‘Therefore it may be justified to say that there are only 
very few useful results in the engineering sense, The difficulty 
here is evidently due to the rather indefinite structure of the 
liquid state in comparison to other states of matter: For the 
gascous state, the interaction between the molecules can be 
almost neglected, and the predominating feature of the state 
is the translational and internal motions of the individual 
molecules, For the solid state, the reverse is true, The pre- 
dominating feature is the interaction between the molecules 
or the atoms, For the liquid state of matter, the molecular 
interaction and the moteculur motion are of equal importance, 
This faet leads to great complexities, sni any theory of 
liquids, necessarily based upon a simplified model, is incom- 
plete and is predicated upon many assumptions, The diver- 
xences betweon the theoretical predictions nnd the experi- 
inental observaljons are thus to be expected. , 

Tn this papera somewhat new approach to the subject, will 
be attempted. The theory will not be used to predict the 
physical properties from the molecular and the atomic charac- 
teristics, but, rather used as a framework to fit the experi- 
mental date, In other words, the theory only gives the 
parameters that will enter into a relation, while the exact 
form of the functional relation is to be determined by the ex- 
perimental data, Thus the approach here is that of “dimen- 
sional analysis" so successful in the older fields of engineering 
science, such as fluid mechanics and solid mechanics (1).? 
‘The two specific useful results of this investigation are a 
method to caleulate the specific heats and a method to valeu- 
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Jate the thermal conductivity of liquids. These methods ace 
generally applicable to the so-called normal liquids, buta more 
general form for the thermal conductivity is available to ine 
clude all liquids, normal or otherwise, 


Lennard-Jones and Devonshire Theory of Liquids 


One of the fairly successful theories of normal liquids is that. 
given by Lennard-Jones and Devonshire (2), It is a theory of 
the “free volume" type in that the liquid molecule is assumed 
to move within u cage formed by the neighboring molecules. 
In this theory, the properties of the cage are determined by 
smoothing the bimolecular interactions of a face-centered eubie 
lattice where the nearest distance between molecules ін a, 
The bimolecular interaction potential e is taken from the 
theory of gaseous states and is expressed as 


w= «[ (7) -2(7)] pesi 
where r is the distance between the molecules, r* the equi 
librium distance, and e, is the magnitude of the potential at 
rar, 
The free energy F for an assembly of N molecules is found 
in this way to be 
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Tn this equation, & is the Boltamann constant, T the absolute 
temperature, ДТ) the internal partition function of the 
molecule, And furthermore 
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where z is the coordination number and is 12 for face-centered 
cubic lattice, V is the volume per molecule, and V is the 
characteristic volume, ‘They are related to а and r* as fol- 
lows 
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g is the following complicated integral 
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Once the free energy is calculated, the thermodynamic 
properties of the liquid can be obtained by simple differentia 
tions, For instance, the energy per molecule E/N is 
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‘Mathematically then, the most difficult, task of the theory 
ia the evaluation of the integral g in Equation [э]. Recently, 
R. H, Wentorf, В. J. Buehler, J. O. Hirschfelder, and C. F. 
Curtiss (3) have carried out this tedious integration by 
numerical method, together with some inconsequential im- 
provements in ite formulation, Unfortunately, their exten- 
sive numerical tables are quite unsuitable for the present pur- 
pose of discovering the analytical functional relationships be- 
‘ween the different quantities. However, for liquid states at 
low or atmospheric pressures, the ratio V/V* is very nearly 
unity, while the ratio A*/ET is of the order of 20. Tt is thus 
appropriate to seek the asymptotic expansion of the function 
gior large values of A*/ET. This ean be done as follows: 
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‘Then by expanding the functions Құ) and m(y) in power series 
of y, one has. 
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1 is thus the power series within the square bracket of Equa- 
tion [11]. By inverting this power series, it is found that 
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‘At the lower limit of integration for g, у = 0,509 = 0. At 
the upper limit of integration, у = 1/4, so » = 1 (1/4) 
= 2(V/V*? m (180). 1(1/4) is, however, approximately 90, 
m (1/4) is 2.95, and s is very large, Therefore it is correct to 
set the upper limit of integration in «a «>, Then 
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By substituting the value of s from Equation |10), and the 
value of a's from Equation |13), the following expression for 
log p is obtained 


It is evident that the expansion of Equation [15] is the ap- 
propriate one for large values of A*/kT. By combining Equa- 
tion [151 with Equation [2], the free energy of the liquid state 
can be obtained. Differentiation according to Equations [8] 
and [9] then gives the other thermodynamic quantities, 


Specific Heat at Constant Volume 


p 
ШЕ is the internal energy per molecule, іе, 
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where terms of third power in T and higher аге dropped. Ву 
differentiating Equation [17 | once more with respect to 7, the 
specific heat at constant volume can be determined. Let Си 
be the molar specific heat of the liquid state at constant 
volume, and C™ be the molar specific heat of the internal 
energy alone, i.e., by taking N to be Avogadro's number 
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then Equation 18) gives 
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where Ё is the universai gas constant or R = Nk. 

Equation [19] demonstrates the gratifying result that aside 
from the small correction of the third term, the specific heats 
at constant volume for the liquid state and the solid state are 
the same. ‘This is in agreement with the concept that for 
pressures and temperatures below the critical pressure and 
the critical temperature, there are more points of similarity 
‘between the liquid state and the solid state than there are be- 
tween the liquid state and the gaseous state, The full classical 
value of ЗЕ means the absence of quantal effects, This is of 
course generally true, as will be discussed in more detail in the 
appendix. 

"The molar specific heat at constant pressure С, for the 
gaseous state can be calculated as 
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For molecules that are not excessively elongated as to restriet 
their rotational freedom in the liquid state, the molecular 
energy of the internal degrees of freedom must be the same in 
the liquid state as in the gaseous state. Therefore the values 
of C* in Equations [19] and [20] must be the same, Then 
Equation [19] can be also written as 
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Now since the third term to the right of Equation [21| is a 
small correction term, it would be all right to use the following 
approximations, true for liquid state at low or atinospherie 
pressures, io. at pressures much lower than the critica! pres- 
зше, Furthermore 


Yit 
| ла 


122-165 


where T, is the normal boiling temperature of the liquid at 
atmospheric pressure. Then Equation (21] becomes 


T 


OF = сә + Re оз — 04 


Ti is) 


Therefore the specific heat of liquids at constant volume can 
be easily calculated once the specific heat of the gaseous state 
and the boiling point are known. 

‘Thermal Expansion and Compressibility 


‘The equation of state for the liquid can be determined by 
using Equation [9]. By using only two terms of the expansion 
jor g as given by Equation [15], one has 


ЖАРАСЫ 
Now the coefficient of thermal expansion а is defined as 


1 (oV 
= (50), 1331 


Then by differentiating Equation [24] with respect to T. 
keeping the pressure P constant, one has 


Fay (9 


124] 
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Therefore the equation for the thermal expansion can be 
simplified to 


of ar (00) 48 (FY 


У s 


By again using the approximations of Equation [22], one has 
finally 


54 
Do gaosi m 
5 Ty 
The compressibility й of the liquid is defined as 
1 (oV 
s=- (р), m 


By following a similar procedure as outlined in the preceding 
parsgraph for a, the compressibility is found to be 


- 8] 


ETE TR) 


where 2 is again the universal gas constant, Vi is the volume 
per mole of the liquid. 

Equations [26] and [28] give the coefficient of thermal ex- 
pansion а and the compressibility B according to the Lennard. 
Jones and Devonshire theory of liquids, Other theories of 


liquids give different formulas. For instance, the free volume 
theory of H. Eyring and J. O. Hirschfelder (4) gives 


3 
us) 


эт, = 


(201 


and 


ЕС! 


Such discrepancies between the theories probably indicste 


TABLE 1 COFPPICIENT OF THERMAL EXPANSION OF LÍQUIDS 


Liquid Formula. ть °K 
Acetone (сиусо 329.7 
Aniline Онын, 457.6 
Arsenie trichloride АзСЬ 4034 
Benzene сн, 353.2 
Bromine Bre 332.0 
Carbon disulfide Ch 319.5 
Carbon tetrachloride сс, 350.0 
Chloroform сно, зм 
Ethyl ether (сю 307.8 
Ethyl iodide HiT 345.4 
Trimethy! ethane он, 9012 
Phosphorus tribromide рг, 446.1 
Phosphorus trichloride PCh 348.7 
Phosphorus oxychloride рос, 378.5 
Pentane CH 309.4 
i-Propyl chloride GHC 308.6 
Teoprene сын, 307.2 

on bromide Ку 262 

‘on chloride SiC 330.8 
Stennic chloride Ба, 3873 
Titanium tetrachloride тіс, 409.6 
o-Toluidine сынын, 4720 
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ТК @ XK T/T aly 
208.2 m 0.890. 0.353 
293.2 0.855 0:61 озю 
293.2 1 029 0.728 0.415 
208.2 1387 0:830 0.487 
203.2 1432 0.983 03% 
2082 1218 0.918 0.390 
293.2 1.236 0.838 0.433, 
2032 1.273 0.877 04% 
2032 1.656 0:908 9.50 
293.2 1179 0.848 0.407 
2932 1 598 0.973 [2:1 
2032 0.808 0.657 0.387 
293.2 1164 0.841 0.402 
121 04% 

2932 116 0715 9.03 
293.2 1.608 0.948 0.498 
293.2 1891 0.950 [rz 
293.2 1.567 0.955 0.481 
2932 0.983 0.688 0.419 
293.2 1.430 0.886 0.473 
293.2 1.178 0.757 9.458 
293.2 0.998 0.715 [2] 
298.2 0.847 0.620 0.401 
19 


that neither theory is really accurate enough for calculations 
of wand 8, But both theories give oT» and GRT»/ V, as fun 
tions of the temperature ratio 7/7». Therefore it seems justi- 
fied to consider such functions as unknown theoretically, but 
to be determined by experimental data. Once determined, 
these functions are then universal and applicable to sil normal 
liquids, 

Table 1 lists the values of the coefficient of thermal expan- 
sion at 200° taken from the Landolt-Bérnstein Tabellen for 
various normal liquids at atmospheric pressure. The non- 
dimensional quantity aT» is then plotted against T/T in 
Fig, 1, where the relations specified by Equations [26] and 
129] are also plotted. Although the theories do predict the 
increasing thermai expansion with temperature, a behavior 
contrary to that of the gaseous state, the experimental data 
lie between the theoretical curves and are grouped definitely 
around a different curve. This empirical curve is drawn as a. 
heavy line in Fig. 1. Therefore the surmise that aT, is a 
function of T/T, is now justified. By using this empirical 
curve, the thermal expansion of normal liquids ean be caleu 
lated to 10 per cent accuracy onee the boiling point 7% is 
known, 

Table 2 lists the values of the compressibility of normal 
liquids at approximately atmospherie pressure taken again 
{гот the Landolt-Bórnstein Tabelien, The nondünensional 
quantity ВРАТ, ік then plotted against the temperature 
ratio T/T» in Fig. 2. The theoretical curves specified by 
Equations [28] and [30] are also plotted. It is seen that a 


а ar 2s 74 7 
тт 

но. 1 а, COEFFICIENT OF THERMAL EXPANSION; T, TEMPERA- 

ems; Ty, NORMAL BOILING TEMPERATURE, KH, RELATION 


GIVEN BY күшіме AND MANCHPELDER (REP. 4), EQUATION [29], 
LJ-D, RELATION DEDUCED FROM LENNARD-JONES AND DEVONSHIRE 
THEORY OF LIQUIDS, кча Атюх [26] 


apie 2 
Molecular 
Liquid Formula weight TK 
Acetone [s 58.08 37 
Benzene Catt, төп 398 3 
Carbon disulfide 76.13 
Carbon tetruchloride: 153.84 
Chlorobenzene. д 112.56 
Chloroform CHCI ШЕ 
Ethyl ether (саны 1112 
Ethyl bromide сынын» 108.08 
Ethyl iodide br 155.08 
reHleptane СИ» 100.20 
теНехапе сын 86.17 
Nitrobenzene SIGNO. 123 Ц 
Nitromethane © оз 
-Ostane 114 23 
Paralichyde 132.16 
347.72 
169.80 
Titanium tetrachloride 189 73 
Stunnie chloride 260.53 
Toinene Xs 92.13 
o-Xylene CHACH — 109.16 
20 


similar situation из for а exists, In fart, the empirical eave 
can be very closely represented by 
Js 


ERS 


Therefore the compressibility of any norm 
calculated with 10 per cent accuracy if the boiling paint 7%, 
the liquid density, and the molecular weight ace known, 


Specific Heat at Constant Pressure 


For many engineering catculations, what is desired is not 
the specific heat at constant volume C but заел the 
specific heat at constant pressure С). According to the gen- 
eral thermodynamic laws, the difference between Су’ and Cy! 
is given by 


Ob = Ch = BA 
where a and В are the thermal expansion und compressibility, 
spectively. By combining Equations |23| and [32], the 
molar specific heat at constant pressure for the liquid state is 
related to the molar specific heat at constant pressure for the 
gaseous state ag follows 


та Қасы та йеті 


] (150) ny 


The relation given by Hquntion [83] cuti be comparet sith 


ote 


[2] 


әз 
вер LL 
m 
Г] 
т | 715% 
p ii І i 
íi "ovn 
ri. 2 в, cowrmiesenaty; Т, TEMPERATURE: Y NORMAN 
BOING TEMPERATURE: Vh MOLAR VOLUME oF QUUD. А, 


UNIVERSAL Gas CONSTANT, E-H, MBLATION GIVEN BY куки 

AND HIRSCHPELDER (uar. 4}, EQUATION |801. LJ-D, uctamiox 

DEDUCED FROM LENNARD-JONES AND DEYONSIIRE THEORY OF 
дусто, kataton [28] 


COMPRESSIBILITY ne LIQUIDS 


Density, — à X 10s, Bit, 

TK canet am ot т/ту v 
208.9 0702 125.6 0.80 — 0.0464 
3002. — ов 985 [EM 
3332 — 0836 "mnm ози — 0.0302 
303.2 1281 102.0 оюк — 0014 
222 1306 105 8 озн — 0.0816 
283.2 1107 12 0.698 — 0 0226 
303 2 149 109 5 0907 0037 
$002 0713 210 09m 0.0210 
2032 1430 120 002 0.0402 
313.2 ТЕЙ ті 0.907 0.0257 
303-2 0.681 0-85 0.0074 
2 ов 0385 0.0313 
1.1987 0.07 0.0180 

112 око Qus 

0.704 0.739 0.0205 

9.904 0748 00216 

2.814 0.70 — 00245 

1483 озю 0 өші 

2082 1 725 0.798 00275 
2082 — 2232 0.770 0.0206 
305.3 0.802 0:790 0.0285 
282 0875 0.703 0.0221 
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the equation given by S, W. Benson (5) for the difference of 
malur specifie heute at constant. pressure for the saturated 
liquid and saturated vapor, Benson's relation is 


"айы +R 


where » is approximately 5/3 for a large number of sul» 
stances, АЖ, is the molar energy of evaporation, and а the 
thermal expansion coeficient defined by Equation [25] 
However. this relation, which requires » knowledge of and 
"АЁ, Seems to be less convenient to use than Equation [33] 
together with the semi-empirical information on the thermal 
expansion and the compressibility 8. 

With the empirically determined relations tor the coefficient 
of thermal expansion a and the compressibility 8, the right 
side of Equation [33] ean be calculated ss a function of the 
temperature ratio T/T». This is curried out in Table $. It 


Ct = с? 


TABLE З DIFFERENCE OF SPECIFIC HEATS OF LIQUID AND GAS 


Т/б aTh кт, T Cj Си 
Yr 

ов 032 оош? 5% 

от 0398 0.0232 5% 

og 0400 — 0.0280 398 

оз 0445 00365 5.02 

1.0 0.525 0.0500 240 


is seen that except possibly near the boiling point, the dif- 
forence between the molar specifie heats of liquid and gas at 
constant pressure is very nearly AR, or 


C. Сл = 10 cal /?C male ma 


This is indeel a remarkahly simple result. 

The comparison of the calculated specie heut of liquid 
using Equation [34] with the experimentat data is exhibited 
in Table 4. Since the theory is developed for normal liquids, 
mulecules containing hydroxyl group or amino group, und 
molecules that nre excessively elongated should he excluded. 
The experimental lata are taken also from the Landolt- 
Bornstein Tabellen. For diatomic molecules, the theoretical 
value of СУ without vibrational heat is used, This value of 
7 eal °С is corveet for the prevailing low temperature. For 
silver chloride, this value of C, may be too low. The first 
half of the table shows exeellent agreement between the caleu- 
lated and the experimental molar specific heat of liquid at 
constant pressure, with differences well within the experimen- 


Om 
Molecular. 
Liquid Formula weight. 
Anunonia NH 17.082 
Acetone (Choco. 58.08 
Benzene Colia 78.11 
Bromine 159.83 
Carbon disulfide 76.13 
Carbon tetrachloride [xn 
Chloraform спе, ШЕТ 
Ethyl ether (С.Н, 7412 
NO 30.01 
АБС 143.34 
Stanuie chloride: Васі, 260.53 
Sulphur dioxide 80, 64 06. 
Argon A 39.944 
Carbon monoxide со 28.01 
Methane [un 16.04 
Nitrogen Ne 28.018 
Oxygen o 32.00 


tal error, The only exception is carbon disulfide, This 
success of the theory is notable for the very wide range of 
temperature covered, from 120° K for nitric oxide to 763°K for 
silver chloride. 

‘The second half of Table 4 indicates, however, considerable 
discrepancy between the calculated specific heat and the ex- 
perimental specific heat. The calculated values are too large 
by approximately 4 сај/°С, A similar diserepancy for 
Trouton’s ratio, the ratio of heat of evaporation and the 
boiling temperature T», also occurs for this group of Liquids 
(0). Such differences are well outside the probable experi- 
mental errur. Furthermore, the temperatures concerned, al- 
though low, are not low enough for the occurrence of quantal 
effects (see appendix). Nor is there any likelihood of a differ- 
ent molecular interaction than the frst group of liquids in the 
аде. This is shown by their similar transport properties in 
the gaseous state. The only possible explanation seems to be 
the association effects. For instance, oxygen tends to asso- 
ciate to Oy molecule in liquid state, 12 so, the molar specific 
heat of the liquid will be twice as large as listed in the table, 
or 25 cal/°C, The fictitious О, molecule in gaseous state then 
should have a Су? of 15 еа/9С, This is an entirely rensona- 
Ме value. 

From the foregoing, 


iscussion, it seems justified to use Equa- 
tim [34] for norma? liquids at room temperature or higher 
when association and dissociation are absent, For normal 
liquids, the accuracy of present method is very much higher 
than the method, suggested Бу R. R. Wenner (7), based upon 
counting individual atoms in the liquid molecule, ОЁ course it 
may be argued that when it is necessary to prediet the specie 
heat of liquid, the specific heat for the gaseous state is gen- 
erally also not available, and then Equation [M] is of no 
practical utility. Fortunately, however, it is not necessary to 
depend on direct experimental determination of the specifie 
hent of gaseous state, C, can be very accurately culeulatet 
from the fundamental frequencies of the molecule determined 
hy spectroscopy. Or СУ’ can be caloulated with sufficient 
accuracy from the averaged frequencies for each type of 
‘chemical bonds, a method recently rendered more complete by 
R. V. Meghreblian (S). Аз an example of such a situation, 
one may consider the molecule CHCIBr, bromodichioro- 
methane, This molecule is not even listed in the well-known 
Handbook of Chemistry and Physies. But Meghreblian has 
calenluted its molar specific heat Су? at 27°C to be 16.2cal/*C. 
Then according to Equation |34), the molar specific heat of 
the liquid Су’ at the same temperature is 26.2 cal/*C. Since 
the molecular weight of this compound is 163.85, the specife 


SPECIFIC HEAT OF LIQUIDS AT CONSTANT PRESSURE 


Ca, өм/С, Cal, вај, С, cal/?C, 


© Theoretical value for digtomie molecules without vibrational heat. 
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ть °K тк exp ісі exp 
230.8 213.2 8.0 18.0 178 
273.2 87 18.7 187 
327 3132 20.1 30.1 308 
353 3 203.2 21.8 318 325 
eee 323.2 23.3 333 3:3 
382.0 270.0 7.0% 17.0 111 
319.7 2007 mo 20 184 
350.0 273.2 215 315 305 
203.2 20.7 30.7 318 
3335 313.2 12 2 279 
307.8 3032 31 ^" 30.5 
121.4 120 7.04 17.0 173 
1823 703 <70, >9.0 <17.0,>19.0 185 
ES 287-371 244 за 385 
263 2 278.2 9.9 199 24 
NDA 85.0 5.0 15.0 105 
81.1 Lan 7.08 17.0 uo 
mz 100 5.0 18.0 13.01 
773 67 70 10 1845 
К 72:8 70 17.0. 18.33 
73.2 7.0% 170 12.60 

2 


heat ut constant pressure of the liquid is 0.1598 eal/gr °C, or 
0.1598 Bto/Ib"F. 


Liquid Metals 


Pure metal atoms do not associate into molecules. There- 
lore the specific heat of pure liquid metals should be correlated 
on the basis of one gram atomic weight. When this is done, 
pure liquid metals give n specific heat at constant pressure 
from 64 eal/"C to 8 cal/?C. Therefore it is reasonable to 
take as a first approximation 


си = 7 eC Ampi 


per gram atomic weight. Since the specific heat at constant 
volume should be close to BR or 6 eal/"C, Equation [15] 
shows that the difference between С» and C, for liquid metals 
isonly 1 cal/°C. This is very much less than the correspond- 
ing value found for normal liquids as discussed in the previous 
section, For the particular case of liquid mercury, а more 
detailed discussion has been given by J. F. Kineaid and Н. 
Eyring (9). They have also pointed out that the difference in 
behavior of the liquid metals from that of normal liquids is 
due to the difference in the interaction potential ofthe con- 
situent particles. Since the interaction іп normal liquids is 
the interaction between molecules, the interaction in liquid 
metals is the interaction between the metallic atoms. This 
difference is certainly expected, 


Velocity of Sound 


The velocity of propagation of small disturbances is gen- 
erally called the velocity of sound c and is a very important 
quantity іп fluid dynamics. The general formula for com- 
puting this quantity is 


gen 


136) 


where г is the volume for unit mass of the liquid, p is the 
density or 1/», and the derivative is to be computed according 
to the adiabatic process. 

If the frequency of the sound wave is sufficiently low, or if 
the characteristic time of the small disturbance is longer than 
the relaxation time for reaching thermodynamic equilibrium, 
then it can be easily shown that, 


(37 


where 8 is the compressibility defined by Equation [27]. For 
norms! liquids, B is given by Equation [31], and according to 
Table 3, the difference between C, and C, is approximately 
96 cal/*C. Let M be the molecular weight. Thon 


a a PD вату. 
a a BP (1018 = 82a таар EE 


The comparison between the calculated and the experi- 
mental values of the velocity of sound is shown in Table 5. 
It is seen that with the exception of carbon disulfide, Equa- 
tion [881 predicta the velocity of sound to within one per cent. 
of the experimental value. This accuracy is perhaps expected, 
since Equation [38] already contains the empirically deduced 
relations for Cp — Cy and 8. Nevertheless, the agreement is 
satisfying in that it indicates the inner consistency of the 
theory, "The case of CS; may be partially explained by the ex- 


ceptionally low experimental value of Су. Table 4 shows that 
the theoretical value for Cp! of carbon disulfide is considera- 
bly higher, If so, the ealeulated velocity of sound for CB» 
will be lowered and the agreement with the experimental data 
will be better, Therefore it is justified to say that Equation 
18] gives a satisfactory prediction of the velocity of sound for 
pure normal liquids, Since C, inerenses with temperature, 
Equation [38] shows that the velocity of sound decreases with 
temperature, This behavior of normal liquid, is contrary to 
that of gaseous stata, for which the velocity of sound increases 
with temperature, 


Transport Properties 


‘The properties of liquids discussed in the preceding sections 
are all properties at thermodynamic equilibrium, Transport. 
properties are properties of matter not at equilibrium, and 
the theory of transport properties is very mueb more complex 
than the theory of equilibrium properties. A “basie” ap- 
proach to the theory of transport properties of liquids was 
made by J. G. Kirkwood and by M. Born and Н. З, Green. 
However, no useful result has yet been obtained by their 
theories. Here the method of simple model followed by fitting 
the theoretical relation to empirical data will be used. An 
example of this method applied to the transport properties of 
liquids is Eyring’s theory of viscosity of liquids (10) 

According to Eyring's theory, the viscosity и of a liquid at 
temperature 7 is related to the energy of vaporization АЁ, 
per mole of the liquid as follows. 


БЕП 


where А is Planck's constant, N Avogadro's пш ег, and Vy 
the molar volume of the liquid. For normal liquids, energy of 
vaporization is related to the normal boiling temperature 7 
by Trouton’s rule. That is 


АБ = ART, E 
By combining Equations [39] and [40], the viscosity in 
centipoises is given by 


D exp (89/7). ta] 


where V, is in се per mole. 


Thermal Conductivity 


The elementary theory of heat conduction in gas gives (11) 
the thermal conductivity A of a gas as 


С БЕСІ 


where c is the velocity of sound, с, the specific heat of the gas 
at constant volume per unit volume, and / is the mean free 
path of the molecules in the gas. In other words, із the mean 
distance for which the molecules will maintain their indi- 
vidual velocities. 1. Estermann and Ј. Е. Zimmerman (12) 
noted that if 1 is interpreted as the distance, a lattice wave in 
в solid will travel before scattering, then the thermal conduc- 
tivity of solid due to lattice oscillations calculated by R. E. B. 
Makinson (13) can be easily obtained from the relation of 
Equation [42], This observation clearly shows the funda- 
mental character of Equation [42]. It should then be true 


TABLE б VELOCITY OF SOUND 


Molecular 
Liquid Formula. weight. Ty ^K 
Benzene CH. 78.11 353.3 
Carbon disulfide | C$, 76.13 319.7 
Chloroform CHC, 119.30 334.5 
Ethyl ether [ood 74.12 307.8 
* Taken from Smithsonian tables, 


22 


Сау, сан X 1079 Cash X 107 
T, °K eal °C om/see om /sec: 
290.2 39.8 1.176 1.166 
288.2 18.2 1.350 1.161 
288 2 27.9 0.967 0.983 
288.2 39.8 1.022 1.032 
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for all three states of matter, if the different quantities enter- 
ing into it are properly identified. P. W. Bridgman (4), in 
fact, suggested such a correlation as early ua 1931, How- 
ever, the following theory differs frm that of Bridgman in 
important details, as will be explained presently. 

For liquids other than liquid metals, the heat must be con- 
ducted as oscillations of the molecules from ita mean position, 
similar to the heat conduction in solid by "lattice waves." 
Therefore if Equation [42] will be used to calculate the ther- 
mal conductivity of a liquid, the e is the velocity of soun 
the liquid. This is exactly what Bridgman proposed. Tt will 
not be eorreet, however, to compute є by Equation [37], be- 
eause the frequencies of the lattice waves are generally so 
high as to not allow the thermodynamic equilibrium assumed 
for Equation |37). ‘Therefore there are some questions in de- 
termining с. For lack of better information, let e be tenta- 
tively taken simply as 


cM NIB. «Ізі 


‘Thus the uncertain ratio of specific heats in Equation [37] is 
dropped, 

The appropriate mean free path 1 for the lattice waves in 
liquid must be the size of the local organization of the liquid 
molecules. This size of local organization is a few times the 
molecular spacing а, ‘Therefore according to Equation [4] 


VV 44] 


where Y is the liquid volume per molecule, Lis thus of the 
order of a few Angstroms, 

Bridgman proposed to identify cy as the total heat capacity 
including the internal degrees of freedom. However, with 1 
only of the order of 10— em, and with с as large ns 108 em рег 
see, the characteristic time for the lattice waves must be of the 
order of 10-54 вес, This is much shorter than the known re- 
Jaxation time for the internal degrees of freedom of molecules. 
‘Then it is reasonable to suppose that the internal degrees of 
freedom of the molecule do not participate in the conduction. 


of heat. "Therefore for computing the thermal conductivity of 
liquids, the specific heat should be that of external degrees of 
freedom of the molecules only. The specific heat per mole is 
then approximately ЗР. Or 


т 


By combining Equations [43], [44], and [45], the thermal con- 
duction of liquid ean be written as 


ЕНГ 


The factor of proportionality of the above relation remains 
undetermined. To determine it, one has to introduce the ex- 
perimental data, This is done in Table 6 and Fig. 3. The 
compressibility data were taken from the Landolt-Bornstein 
Tabelien and the thermal conductivity {rom the Appendix of 
McAdam's book on heat transfer (15). These data include 
such “abnormal” liquids as water and alcohols. It thus seems 
that the great majority of experimentel thermal conductivity 
falls within 20 per cent of the calculated value if one simply 

Loy 


takes 
vent Jolt) 


Therefore the factor of proportionality is just unity. Ву com- 
paring Equations |42] and [44], it is seen that mean free path L 
of the lattice waves is approximately 3 times the intermelecu- 
lar distance. Тһе local strueture of the liquid may be pio 
tured as в cubic lattice having nearly 12 neighbors to the 
central molecule. This deduction is entirely in agreement 
with the adopted concept of the liquid state, Equation [40] 
shows that the thermal conductivity of sll liquids, normal or 
otherwise, can be ealeulated satisfactorily if the molecular 
weight, the density, and the compressibility of the liquid are 
known. 
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TABLE 6 THERMAL CONDUCTIVITY 


Tem- jn 
Molecular perature, Density, 8 X 107%, (gS)- x 105s, V'a x 105, Y 2 
Liquid Formula weight °С ' ш/ш atm om /see cm С 
Accticacid СНСООН 6005 20 — 1049 — 9.6 1.003 450 0.000491 0.000400 0.833 
Acetone (ОСО 5808 20 0792 1256 1.010 4.96 0.000407 0.000130 1056 
Alldaleobol — CJLCILOH — 3808 2030 085 75 1:207 4.83 0 000533 0 000130 0.807 
Amy! alcohol СНОН 3815 177 084 — 905 1.172 555 0.000365 0.00030 3 075 
Aniline CHANEL 93.12 20 1092 — 381 1.657 5.32 0000577 0.000113 0.715 
Benzene он, ви — 30 овя OBS 10089 5.30 0.000382 0 000380 0.995 
ж $0 0838 103 1.020 5.37 0.000350 0.000350 10% 
Carbon dioxide CO; на 133 090 — 6A 9412 1.23 0.000246 0.000245 0.995 
Carbon disulfide CS; таз — 30 1281 1020 0.888 4.64 — 0.000407 0.000284 0.915 
Garhon tetra- 
chloride cel, 153.84 20 1595 — 105.8 97% 543 0 000260 0.000892 1.50” 
Chlorobenzene CANC 126000 — 1000 т? 128 5.58 0.000336 0 000313 1.020 
Chloroform СИС 19.39 30 1ш 1095 0.788 5 — 0.000299 0 000880 1.104 
Ethyl alcohol СНОН 4607 20 — 0789 112 101 4.50 0.000502 0 000434 0.865, 
Ethyl bromide CHBr 08% — 20 — 1430 120 0-760 5.01 0.000301 0.000288 0%? 
Ethyl ether (СО ме 30 бїз 20 0.808 5.56 0000258 0 000330 1280 
Ethyl iodide СЯ 15598 40 19 n 0.817 5.15 0.000818 0 000264 080 
Ethylene glycol (CH:OH} 6207 0 1)? ES 163 1151 0.000790 0.000632 0-800 
Glycerine (CHOH je 
CHOH 9200 20 1260 2 IE 4.94 — 0.000773 0.000678 0.877 
a-Heptane Она 10020 30 обл з 1051 625 0000268 0.000334 12% 
n-Hexane Он, S617 — 30 060 159 0.983 6.01 0.000270 0.000890 12% 
Mexylacho! — СНОН — 100.17 — 80 — 0.818 — 6 1437 591 0.000405 0 000384 0.948 
Methylaleohot СНОН. 32.04 20 07008 125 1016 4.07 0.000009 0.000512 0.841 
Nitrobenzene CHNO, зп 80 тю 4 1.318 5.51 0.000422 0.000393 0.93 
Nitomethane — CH,NO, $1009. — 30 — 118 73.6 1304 4.47 0.000544 0.000517 0.950 
nOctane [En 14.28 20 — 070 21016 11% 645 — 0.000282 0.000347 1.230 
Paraldchyde СҮН; 13216 18 ова — 882 1.075 6.04 0.000291 0 000855 120 
Toluene CALCH: 0213 — 30 — O82 90.5 1.103 5.62 0.000347 0.000355 1 028 
Water Ho 18.02 30 0906 — 479 1457 3.104 0.001490 0.001470 0.987 
<-Хуіше GHACH 10616 20 0858 797 1207 5.87 0 000317 0.000372 1.070 
© At 87 atm, 
Janvany-Feprvary 1953 2 
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та. 3 COMPARISON ОР CALCULATED, Aste.) AND EXPERIMENTAL, 

Maps VALUES ОР THE THERMAL CONDUCTIVITY OF LIQUIDS. THE 
UNIT OF А Is еліг/см BRE °C, 


As a further check on Equation [46], the variation of the 
thermal conductivity af water with temperature is computed 
and compared with the experiments. Since the ratio of 
specifie heats for liquid water is very nearly equal to one, the 
velocity УМ рй for water is in faet the velocity of sound с. 
‘Thus for water, the ratio of thermal conductivity at two tem- 
peratures designated by subseripts 1 and 2, is given by 


"This reletion is compared with experimental data on А in 
Table 7 where 13°C is taken as the lower comparison tempera- 
ture. The ratios of conductivity at two higher temperatures 
of 19 and 31°C check closely with the test values. Therefore 
Equation [46] can also predict satisfactorily correct tempera- 
ture variation of the thermal conductivity, 


TABLE 7 TUERMAL CONDUCTIVITY OF WATER 


Tem- demr 
porature, сх 103 p еве 09) 3) 
°С 7 пж" але "Сет Дш АА), 


13 тая 0.004 0.001410 1.000 — 1.000 
m 14601 0.9984 0.001431 1.012 1.015 
n 1.805 0.9954 0.001475 1040 — 1046 


* Taken from Smithsonian tables. 


For normal liquids, the compressibility 8 is gi 
tion {31}; then Equation [46] reduces to * 


^ deis (rora = ват.) (S). m 


‘Therefore the thermal conductivity of normal liquid can be 
calculated once the molecular weight M, the boiling tempera- 
ture T», and the density are known, Since density decreases 
with temperature, Equation [47] shows that the conduc- 
fivity of normal liquids also decreases with temperature, The 
increasing conductivity of water with temperature shown in 
Table 7 indeed indicates the anomality of water as a liquid. 


ren by Equa- 


Concluding Remarks 


The properties of pure liquids studied in the preceding 
sections are properties at low pressures, i.e., at pressures below 
the critics! pressure of the sibstance. Then the pressure of 
the liquid is not a parameter in the calculations. In fact, for 
normal liquids, the only essential parameter is the normal 


n 


boiling temperature of the liquid. This parameter, together 
with the density and the molecular weight of the liquid, then 
determines the coefüeient of thermal expansion, the com- 
pressibility, the specific heats, the velocity of sound, the 
viscosity, and the thermal conductivity. Тһе required in- 
formation for calculating the properties is thus generally 
available in the hun book. 

From the point of view of physical mechanics of predicting 
1oneroseopie behavior of matter in bulk from microscopic be- 
havior of the molecules, the remaining task is then the de- 
termination of the liquid density and the normal boiling, 
temperature from the knowledge of the molecular structure. 
Since both of these quantities are related to the bimolecular 
interaction, the missing link is then a method of calculating 
the molecular interaction from the struetural formula of the 
liquid moieeates. The well-known theory of molecular inter- 
action due to F. London and W. Heitler and others hus un- 
fortunately not vet been developed into a form useful far this 
purpose, Here elenrly is a field for future research, 


APPENDIX 
Quantal Effects at Low Temperatures 


Я. D. Hamann (16) has investigated the quantal correction 
to the Lennard-Jones and Devonshire theory of liquids by 
approximating the spherical cage of the theory by a cube with 
a square-well potential, The size of the cube is determined by 
the diameter of the sphere within which the Lennard-Jones- 
Devonshire potential is negative, Let the ratio of this size to 
the molecular distance a be x. When V S V*, as is Ше case 
for liquid at low pressures, г & 0.2. Hamann showed that 
the temperature 7 for appreciable quantal effects is given by 
the equation 


ник får ay Va 
uer Qr зу тш 
where m is the mass of a molecule, k the Boltzmann constant, 
h the Planck constant, and V the volume of liquid per mole- 
cule, For N molecule, if the density of the liquid is taken to 
be 0.8, this temperature for appreciable quantal effects is 
only 5.5 °K. Therefore it is certain that none of the anomalies 
in Tabie 5 can be due to quantum mechanical reasons, 
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Similarity Laws for Stressing Heated Wings 


H. S. TSIEN* 
California Institute of Technology 


SUMMARY 


lt will be shown that the differential equations for а heated 
plate with lacge temperature gradient and for a sinter plate at 
constant temperature enn be made the same by a proper modi 
fication of the thiekness and the loading for the isothermal plate. 
This fuet leads to the result thin the stresses in the heated plate 
can be calculated from measured strains on the unheated plate by 
а series of relations, called the “similarity laws." The applica- 
tion of this analog theory to solid wings under aerodynamic heat- 
ing is discussed im detail, The loading om the unheated analog 
wing is, however, complicated und involves the novel soncem 
of feedback and "ойу force" loading. The problem uf stressing 
а heated hox-wing structure сал be solved by the same analog 
method and is brietly discnssed, 


INTRODUCTION. 


Um HISH STAGNATION TEMPERATURE for flight of 
reraft at supersonic speeds results in severe aero 
dynamic heating of the surfaces of aircraft. For in- 
stance, іп а recent paper by Кауе, the transient tem- 
perature distribution in a wedge-shaped solid wing was 
calculated for accelerated flight and was found to be 
rapidly varving both with respect to the space points 
in the wing and with respect to time instants. When 
there are large temperature gradients in the material, 
there are generally large thermal stresses due to the 
ameven thermal expansion of the material, Therefore, 
concurrent with the severe aerodynamic heating, there 
is the problem of determining the thermal stresses in 
the wing. The purpose of this paper is to suggest а 
inethod of stressing such heated wings. 

‘The starting point of the stress analysis is the tem- 
perature distribution in the wing. Because the rate of 
change of temperature is small in comparison to the 
speed of sound prepagation in the material, the stress 
calculation can be considered as a quas 
That is, the stress in the wing at cach 
be calculated from the temperature distribution at that 
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time instant without the inertia effects from the time 
variation of the material displacements required by the 
changing stresses and the thermal expansions. This 
problem in general theory of elasticity is greatly sim- 
plified by the fact that the wing is thin, and therefore 
the Kirchhoff hypothesis for bending of thin plates 
holds. In fact, the problem of thermal stresses in an 
elastic plate has been treated some time ago by Nádai.? 
The present study generalizes the earlier theory in two 
directions: Nádai's assumption of linear temperature 
profile across the plate is no longer necessary. The 
temperature profile is now arbitrary. — Secondly, 
Young's modulus E of the material is now allowed to 
vary as a function of temperature. Thus, the elects nf 
decrease in Youngs modulus with increase in temper- 
ature cun be taken into account im the present 
then 

However, the main purpose of the present paper is 
uot just to construct a theory for heated plates. Tbe 
main purpose is to utilize the theory to formulate a law 
of similarity, whereby the problem of stressing a heated 
wing can be solved by performing a set of experiments 
on a property proportioned and properly loaded wing 
at room temperature without heating. This concept 
of similarity Jaw has been explored before by the pres- 
ent author” for thin-walled cylinders. It is believed 
that this approach to the problem of stressing a heated 
wing has many practical advantages over a pure analyti- 
cal solution, as will be discussed later in the paper. 


Basic EQUATIONS ror Нвлтвр PLATE 


Let the plane of the plate be the x-y plane, and its 
variable thickness be by). The saxis is normal to 
the plate and pointing downward. The temperature 
above the ambient is specified by Т(хуу; #). Actually, 
the distance z is measured from the “median surface," 
the position of which will be specified presently. There- 
fore, it is implied here that the median surface, al- 
though not exactly coinciding with the x-y plane, is 
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nevertheless snificiently flat to be considered as the 
xy plane, Let u, 9, and w be the displacement oí a 
point (хуу on the median surface in the x, у, and 5 
directions, respectively, due to elastic strain and thermal 
expansion. Then, secording to Kirchhoff's bending 
hypothe the total strains of a point (x, y, 2) in the 
plate ure given by 


(Du/Oe — г(дчю/дх?) 
їде/дуу >> oway) 
Yo = (0u/üy) + (де/дх) — эа(07ш/Әхду) 
where +, is the direct strain in x, e, is the direct strain 
in у, and y» is the shear strain in the x-y plane. АП 
other strains are small and uegligible for thin plates. 

Let ЕСГ) = Eix,» в) be the variable Young's modu- 
Ins, » Ше coustant Poisson's ratio, and оз, ay ть, the 
significant components of stresses. ‘Then the strains 
сап be compnted from these quantities as follows: 


a) 


= [oe на Hey, | + аТ(х,у; 2) 


e = dun, << ва) жу; в)] ba Tiree е) 12) 
т» = ЗА + Ptal оуу з) 

where a is the coefficient of thermal expansion, By 

solving Eq. (?) for stresses, one has 

ite + re) — (Jay; 2)! 


ile + ved — (1 + ral (xy: s) d 


LEG у; 2/20 + 9) v» 


Та the theory oi thin plates. the important quantities 
are not the stresses but are rather the sectional forces 
and the sectional moments derived from the stresses. 
‘These sectional quantities are defined as 


Bie Sade, Noo f don Ny = Stn ds (9) 
М. = Шова, M, Год 


My 

crudi (B) 
where all integrations extend across the whole thickness 
of the plate. М, and М, are then sectional normal 
forves, Ny, ix the sectional sta, M, and M, are the 
sectional bending moments, and My is the sectional 
twisting moment. By substituting Eq. (1) into Eq. 
(3) and then into Eqs. (4) aud (5), one has, for example, 


‘ou ov ae ош 
os о.(5:+ 695) р, ae t'a) ГОТ 
ә bw е). 
$) - o (2 4 "әм Мт 


(6) 


f Eley; 2) da 
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ads e 
Diy) = с shat dz (а) 
Nr (9) 
My =~ (ку; £T vov; ale de (0) 


1-» 


Ny and Mr beiug due to thermal expansion of the me- 
terial can thus be called thermal sectional normal force 
and thermal bending moment, respectively. From the 
above typical expressions for №, and M, it is seen that 
simplification results if the median surface is so chosen 
that 


D=0 iu) 
іп fact, this is the condition for fixing the position of 
the median surface. With the median surface so deter- 
ліпе, the sectional quantities can be calculated as 


№, = 
2 М, = Я 
My = 
м, + -D - = 
дш ош 
M, (E и Mr (13) 
d'w 
My = 1 е 


The equilibrium of forces in the mediu surface re- 


quires 
| 
9 


By substituting Eq. (12) into Eq. (14), 
two equations for н and v are obtained: 


(ON, /Әх\ + (ӘМ, /ӛу) 


(в 
(ФМ „/дху + (ӘМ, /Әз) 


t 


the following 


a ‘Ou Ov 
ae б id +» 3l A: 
reu [ è ep әм 
BIS 
2 ду Ox д: or 
^ ж С) 
Ее 
Ox ду, 
d д» Bu ЭМ 
Sp 0920) ay 


SIMILARITY LAWS FOR STRESSING HEATED WINGS a 


When the temperature distribution is specified, the — fied in terms of forces instead of displacements, it would 
right sides of these equations are known. Then Eq. be more convenient to use the stress function (х,у) 
(15) is a set of simultaneous partial differential equa- us the basis of solution. = is defined through the fol- 
tions for ш and u. If the boundary conditions of the lowing relations and satisfies Eq. (14) automatically: 
problem are specified in the displacements, Eq. (15) 
is the proper basis of solution. 

If the boundary conditions of the problem are speci- 


о a 
9% y,=2% (6 
Ox’ 


By substituting these relations into Eq, (12), one has 
Oi Сс eV ay ] \ 
ии Ге ET + И - Эм 
ae 1 ЕСІ za) ) 
T = L- 1- Ме 
бу 7 ü- ур (%-» м 
| 


Qv , ди 2 oe 
ш @ ы 2) T7 9D ddy 1 
When the first equation of Eqs. (17) is differentiated twice with respect to у, the second equation is differentiated 


twice with respect to x, the thisd equation is differentiated with respect to x and y, and the results are added, а 
single equation for e is obtained: 


1. 29 5(%- =] + О =) + 
(1 = Я) dx LD, LOxt "әу, И — 5 дхду XD, ахду, 


QA S [1 (Фе _ м] 1 (2 - 
pr БОШ tix. us) 79 09 


where V*is the Laplacian operator. At the boundary of the plate (Fig. la), if l, m are the direction cosines of the 
"outside" normal и to the boundary direction s, then sectional normal force NV, to the boundary and the sectional 
shearing force М. along the boundary are given as follows: 


an 


N, " " n (Ve 9% 
N, (8- mt) + М.(2іт) = is vt 20 - т?) x - бм) = Зн ms 
5 2%) oe 
Na = -(N,— М; LN mus 299 ет 0% " 
Na = -(М,- Мот + (P — тум, tm ( Ба) т (20) 


With the boundary described and the boundary forces specified, Eqs. (15), (19), and (20) then give the proper 
formulation of the problem. 

T pis the downward pressure loading on the plate, then the equilibrium of forces normal to the plane of the plate 
requires 


OM, „ӘМ, ote әш 
ке: эм, 102 = NSE 
ae? "wy "ay 


By substituting the sectional moments obtained from Eq. (13) into the above equilibrium equation, an equation 
for the lateral deflection w results: 


Ep (reme od) 


" 
CVM p NDS + Nay 220 Ny 


Part of the boundary conditions wilt be expressed in terms of w directly. For instance, if the boundary s with 
outside normat и is a “fixed edge,” then on that boundary 


w= 0, dw/dn=0 Q2) 
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"he other part of the boundary conditions is described in terms of sectional moruents. Tf /, m are the direction 
cosines of the outside normal, the sectional bending moments M ,, M, and the sectional twisting moment Mas on 


the boundary (Fig. 1b) are, then, 
et My М,- М, | 
M. шаш + Mon (P тт) — Aun) = ~My — i t ? рить — 


M.- 


2 


Mi + м, 
ME 


ow 
+20 - дін азу) 


For a “free edge," the Kirchhoff boundary conditions 
are, then, 


м. 
дз 


-0 (23) 


where r is the radius of curvature of the boundary 5, or 


Yr = Qm (dl/ds) Qo 


PLATE AT CONSTANT TEMPERATURE 


For a plate at the constant reference room temper- 
ature, all the temperature terms in the equations de- 


(a) 


Y 


“л 


z 


Fro. 1. Boundary forces and monients. 
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өш 
фи р-на 
УАР т ооу e 
veloped im the previous section vanish. By using a 


bar over a quantity to differentiate the present case 
from the previous tase, one hus for strains 


(дй/дх\ — қӘЗг/әх?) 
(ordy: — ҚӘза/оу? 


auo 
| аг 
Fry = (00/0x) + (Әй/ду) — Э(ӘЧӘ/дхду) 


Let Ё be Young's modulus, now a constant, then 


в, = [EU — 9») G, + và) 
ә, = [EAL — 99] („+ va) (әз) 
fy = (EA + Уа 

"The sectional forces and the sectional moments defined. 

as Eqs. (4) and (5) are 


9) 
ate B 
EI 2) 
ee 
оду ; 


where, with Bix,y) as the thickness of the plate at the 
point (х,у), 


T 
без -E & en 


SIMILARITY LAWS FOR SIRESSING HEATED WINGS 5 


The median surface now lies midway between ihe upper 
and the lower surfaces of the plate 
Now introduce a potential Р(х,у) for the body 


forces X and У. which are the forces per unit ЕЛ oF 
area of the median surface in the x and y direc- ду, ә Р 
tions: | 34) 
X= OF Ox, = OF Oy (80) | 
a 95, oW] Fi 
Then the equations of equilibrium of forces in the me- ay [> G +» ЕУ] = у] 


dium surface are 


ax Eq. (33) will be automatically satisfied, if à new 
(ON, fx) + (д „/ду) — (ӘЕ/Әх) = 0) stress function 2(x,y) is introduced such that 


(Ох) + NY) - QF) = of OF 


oe ore 
x, = +F, -Я =>, № ЖЕ 
By substituting Eq. (29) into the above equacions. 4 Ddy 
set of equations Гог 8 and біз obtained: (35) 
Theequation for 2 is now 
2 д ( 1 ӧз) ) 
1 = v axdy \D, хау, 
= 0 (36) 
At the boundary of the plate, 
N=- ot 08 — т?) + Хлоя 
= (37) 
(38) 


И х,у) is the downward pressure loading of the plate at the point (x,y), the equilibrium of lateral forces gives 
the following equation for d: 


vp. foe. 
ET 


(39) 
The sectional bending moments M, 27, and the sectional twisting moment М, are, then, 
салама o E pye — ne (E2 А Aaa 
Я, = ~~ Dwa – е — т) (а oe) з! Мыш, 
от en 
1%» i-r дш әт a 3 
zm 2 Dt тэ) = Ке eu 
p терм + су" DP — m°) (5% z) +з - ат 5, 
n. эр әз әт 
=-а- юру 1508 — Bit элү. 4 
М» (L — идут (= ӛзі +0 — Dar "”5; (41) 
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= 
Е(ХУ;=) 
Loads and boundary couditions of а solid heated wing. 


SiwiLARITY Laws хов Sorip Tain Wings 


By comparing the corresponding equations for the 
heated plate and for the plate at room temperature, 
their similarity is evident. The question is then 


whether it is possible to find a corresponding plate at 
room temperature such that, with proper leading, the 
plate will give solutions that are similar to that of the 
heated plate. 
unheated plate both have the same plane form 


То fix ideas, let the heated plate and the 
"The 


Therefore it can be deduced, by comparing the above 


equation with Eq. (21), that, in order for w and @ to 
satisfy the same equation, 

х= в (ая) 

ф = ВМФ - BuV*Mr + Вир (49) 


Оп the boundary of the heated plate, the forces N, 
and N, vanish. Ry comparing Eqs. (19) and (20) 
with Eqs. (37) and (38) and by noting Eqs. (43) and 
(44), 


Ra = ВМ, Й. = 0 (50) 
Similarly, by comparing Eqs. (23) aud (24) with Eqs. 
(37) and (38) aud by noting Eqs. (46) and (47), the 
boundary conditions of Eq, (25) for the free edge of the 
heated plate reduces to 
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temperature distribution of the heated plate is speci- 
fied so that Nr and Mr are known functions of the co- 
ordinates (х,у). The heated plate is built in at one end 
but free at ail other edges (Fig. 2). The lateral pres 
sure loading p for the heated plate is also specified. 
‘The problem is to find the thickness distribution 5/,y) 
and the loading of the unheated plate, such that ¢(x,y) 
and @(x,y) are the same as g(x,y) and (х,у), respec- 
tively, except a proportionality factor. 

Let a and f be two constants then it is clear that the 
Eqs. (18) and (36) for (хх and gfx,y) will be exactly 
the same if 


D, = ор, (42) 
2 = Ве (аз) 
Е = ВМ. Gen 
Then, because of Eqs. (16) and (35). 
Й. = ВМ, + Му), Na = BN Ny = 
BIN, + ND). (45) 
Now, if A and и ате two additional constants, and 
D, = AD. (463 
w= ww am 


then the equation for %, Eq. (39), can be rewritien as 


әш әш 1 
an? a] 
8 Bf, Ow да дт 
ра 2 мета (a EE: Де) 


‘The boundary conditions for the built-in edge. Eqs. (22), 
give 
B=0, ФӘ = 0 (52) 
Аз a first application of the theory developed, con- 
sidey the simple case of а thin wing of solid section: 
‘The purpose is to find the stresses in the heated wing 
by performing experiments on an unheated correspond- 
ing” or analog wing. The first step is to understand 
clearly the meaning of Eqs. (42) aud (46). These 
equations, in fact, determine the thickness 5 of the 
unheated wing. Now let g be ratio E/E and n the non- 
dimensional thickness variable measured from the 
upper surface of the plate such that n = ~1 at upper 
surface aud у = 1 at the lower surface. Let по be the 
value of т at the median surface, Then, 


Ëb : 
Рику) = жү а ГА 


ху; m du 


х,у; т) in т = 0 


ve gos n) = 


eara = та = J Reco 090) 


By eliminating b, 5, and, qs from these equations, опе 


obtains 
(ot) Pen) = fees) x 


(Га) = (firey (56) 


Ва. (36) shows that the “Young's modulus. profiles" 
gia) for various pomis жуу) of the heated plate are not 
entirely arbitrary but must satisiy that relation so 
that the "similarity" between the heated wing and the 
isothermal analog wing is possible. If g is a fixed 
function i.e., the temperature profiles across the plate 
are similar- or Young's modulus is constant, then Eq. 
(56) is certainly satisfied." For any given problem of a 
heated wing then, the first step is to compute the value 
of а? or 2/8 for various polnts of the wing uy Eq. 
(56). If these values do not differ very much, then, as 
an approximation, the average of the computed «2/0 
can be used. "Then the similarity procedure is possible. 
But in any event, the value of a3/8 is fixed by the prob- 
Jem, not at the free choice of the stress analyst. Thus, 
iiis chosen, then o is fixed, Furthermore, А is equal 
to В according te Eq. (48). Therefore, out of the four 
constants, a, В, X, and p, only two (8 and в) can be 
chosen arbitrarily, When this is done, Eq. (54) deter- 
mines the appropriate thickness (x,y) for the unheated 
analog wing. 


speaking, Eq. (58) is a functional equation. 
‘The solution of it gives the explicit required character of g, This 
problem is discussed in Ше Appendix. 


т 

With the geometry of the analog wing determined, 
the next step is to specify the loads on it. Eq. (50) 
shows that the unheated wing must be loaded with a 
sectional tension force 2 г at the boundary but no sec- 
tional shearing force. The first of Eqs. (31) shows 
that, at the free edge, the analog wing should have a 
bending moment equal to ВыМг. The numerical 
value of р is arbitrary and is at the disposal of the ex- 
perinenter. The second of Eqs. (51) can be inter- 
preted as an upward support force — gg(OMr/On) per 
unit length of boundary but no twisting moment at the 
boundary. Eq. (52) shows that a built-in edge of the 
heated wing corresponds to a built-in edge of the analog 
wing. 

On the unheated wing, Eqs. (32) aud (44) specify a 
body force 


Gu 


‘These are forces in the x and y direction per unit area 
of the wing surface and are loads perhaps new to struc- 
dures testing. The lateral pressure loading р on the 
analog wing is specified by Eq. (49). If Az, and ay 
denote the differences of x and y components of direct. 
strains measured on the isothermal wing on the top and 
the bottom surfaces--i.e., according to Eq. (28) 


anen (к $) d) eie | 
ies cuz qd pu 
Aun) =з, (=> - B -a (=> 5) = кез р, 
(58) 

then Eq. (49) can be written as 
В = (82/9) (Ae + Да) - Ba Ms + Sup (59) 


Needless to say, if there are concentrated lateral loads, 
the ratio of these loads on the test wing and on the origi- 
nal wing is also equal to би. 

The physical significance of Eq. (59) is different from 
that of Eq. (57) in that the body force loading is com- 
pletely specified before the test because Ny is а known 
quantity, while the first term of itself depends upon 
the experimentally determined Ағ, and Да. There- 
fore, if the loads are considered as input to the wing 
structure and the experimentally measured strains as 
output, then Eq. (57) shows that the output also partly 
determines the input. In other words, there is а 
“feedback link" in the experimental setup of the analog 
wing. 


With the loading on the unheated wing so specified, the relation between $ and p and between Ф and ware given 


by Ваз. (43) and (47), 


onthe test wing. For instance, from Eqs. (1) and (3), 


The stresses in the original heated wing can then be computed from the measured strains 


Qe өзе 


(ур в) = 


(х,у; s) Ге =) x 
Toot (Ne > ay) байи К aye 


= а + дау; a 
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By using Eq. (17), the above equation is reduced to 


Е(х,у: 2) {ж 1 ду 2) ) 
у = E [m = T " 
eux, y; Ж 1-5 là + Р, бу эе ay U + aT (x,y; 2) 
But according to Eqs. (42), (43), (29), and (55), 
ees 
ду, D 


However, 


1 " 
Е cs 


where &,(x,y) is the average of the x-strain at the top and the bottom surf: 
Thus, together with Eq. (58), the above expressions 


(х,у) and é,(x.y) is the average of the y-strain. 


Eley; 2) fa, 
ee Stee + 


«(уу = 


= В] +a (ex М EE 
5) + 9 (= 5 = bey) 


s 
ub 


(60) 


(61) 


ез of the analog wing at the point 
е 


(Аа + ода) — (+ дау ә) (62) 


Tt may be proper to point out again that the quantity z in the above equation and in the subsequent equations 
is the distance from the median surface, positive if the point is below the median surface. Similar to Eq. (62), 


one has 


2 В + 


(дв, + và) — C1 + v) АТ y; а) (6%) 


If the difference A3,, of the shear strain and the aver- 
age shear strain Фу are defined as 
D P 
^» (= >) том (=> (в) 
Б 


Ada Guy) 


Залы) = 


(65) 


Pic, 3 Loads and boundary conditions of the analog test 
wing. (Numbers in parentheses correspond to numbered equa- 
tions in the text where the appropriate relation with quantities of 

nui heated wing can be found.) 


the ori 
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х,у; E 2 
Si oe Е Жебеу) - 2% asso] 
(66) 
Egs. (62), (63), and (66) allow the calculation of the 
stresses in the heated wing from test data of the un- 
heated wing. They also show the advantage having the 
constants (8/ а) and и smaller than unity, so that the 
strains of the unheated wing are magnified in computing 
the stresses in the heated wing. Then, for а specmed 
load on the heated wing, the test loud on the unheated 
wing is reduced and the analog wing will not be over- 
strained, Fig. 3 gives a summary of the loading of the 
unheated test wing, together with the equation numbers 
of relations that specify the quantities in terms of the 
quantities of the original heated wing. 


7d 


ALTERNATE Test PROCEDURE FOR THIN SOLID 108 


In the previous section, the simulated tests on the 
isothermal wing are proposed with simultaneous load- 
ing both in the plane of the median surface and in lateral 
pressure. This results in a rather complicated load 
system at the free boundary oi the wing. To simplify 
the load system at the boundary, the loading in the 
plane of the median surface and the lateral loading can 
be separated—that is, two separate tests, properly 
correlated. are made on the analog wing, and the 
stresses in the heated wing are obtained by a synthesis 
of the test resuits. 


SIMILARITY LAWS 


To determine first the sectional forces Nz, Wy. and 
М), the unheated wing is dimensioned te salisiy Eq. 
42). It is then loaded with body forces specified by 
Fq. (57), but no lateral load is applied. At the “free 
edge" of the wing, it is Joaded according to Eq. (50). 
Theu the magnitude of the sectional forces for the 
heated wing can be computed from Eq. (45) if №, А» 
and A, are determined. These sectional forces can be 
calculated from the measured strains on the wing. Al- 
though theoretically there should be no bending ої the 
wing, actually bending will be present because of devia- 
tions of the real wing from the idealized wing assumed 
inthe theory. Тһе effects of such spurious bending can 
Þe eliminated by taking the average of the strains of the 
top and the bottom surfaces. Let the superscript 1 de- 
uote the quantities induced by this loading in the plane 
of the median surface. Introduce the following nota- 
tions for the average strains: 


FOR STRESSING 


HEATED 


WINGS 


vun е ( 
vo = 1e C. 


soe nim (к 8) e Gs 


Then the sectional forces М, М, and N,, for the heated 
wing сап be caiculated as 
\ 


учы" 


oem] = М 


Ny 


= DET + ни) Nr 


(68) 


ЕЗ 


When the average strains of Eq. (67) ate measured, the loading in the plane of the median surface, the body 


forces, and the boundary forces can be removed. 
Let Eqs. (40) and (47) be satisfied. 
loading ф on the test wing must be specified as 


B= – му + мр + AE 


The second step of the test is to load the unheated wing laterally. 
‘Then, in order that @ and w satisfy the same differential equation, the lateral 


ye 
ul 


3 (в 


or 


Ол the “free edges" of the wing, there is a bending monent equal to Лир and an upward support force 


=hu(OMr/On) per unit length of tbe boundary. 


Let the superscript ? denote the quantities induced by bending; then. 


лезу) 


муз.) 


ATSP (ny) = Ф, 


(та) 


With these strains differences between the top and the bottom surfaces, the loading Eq. (89) сап be written as 


play = 


том 


Ме + Хару) +A [x 


495 


» x 
— 4 My pt м, E Gu 


where the sectional forces Ns, Ny, and Nyy are computed by using Eq. (88) and the strain data obtained during the 


first part of the test. 
sumniarizes the load systems for the two successive tests. 


When the strain averages of Eq. (67) and the strain 
differences of Eq. (70) аге measured by the two succes- 
sive tests on the isothermal analog wing, the stresses in 
Ake original heated wing сап be computed by using 
equations similar to Eqs. (62), (68), and (65), replacing 
F 1), 30! and Az Аў by 29, 47 of Eqs. (67) 
and (70), respectively. However, there is one im- 


This equation again demonstrates the feedback character of the lateral loading. Fig. 4 


portant difference between the est procedure of the 
present section and the test procedure of the previous 
оле: а can be chosen independent of А. because now б 
is not necessarily equal to Х But а and А are con- 
nected because of the condition of Eq. (56). Out of 
the four constants o, 8. А, and y, three can be chosen 
arbitrarily. his greater degree of freedom and simpler 
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LATERAL LOADING. 
bien 


Fic. 4, Loads und boundary conditions of the analog test 
wing, alternate procedure. (Numbers in parentheses correspond. 
to numbered equations in she text where the appropriate relation 
with quantities of the original heated wing can d) 


load system in cach stage of tests than the test pro- 
cedure described in the previous section may prove 
to be advantageous in actual application. 


Box Wine 


In the previous sections, the similarity laws for thin 
sulid wings are formulated for obtaining the stresses in 
a heated wing by testing an analog unheated wing. А 
majority of actual wing structures is, however, much 
more complicated than a solid wing. For example, 
the main load-carrying member of the wing may be a 
box structure with top and bottom panels, ribs, and 
deep beams joining the top and bottom panels. ‘Since 
only the top and bottom panels of such a box wing are 
exposed to the air stream, the aerodynamic heating of 
the structure is limited to these panels. 

To analyze such а box wing, the different structure 
elements can be broken down, and each individual part, 
such as the top panel, can be considered as a plate. 
To each individual part then, the theory developed 
the earlier sections of this paper can be applied. The 
thickness 5 for the analog unheated plate for each part 
of the structure can be specified by the method de- 
scribed previously. The only restriction is that the 
four constants a, В, А, and и must be the same for all 
structure elements. The loads on the individual un- 
heated plates corresponding to the different structure 
elements can. be determined according to equations 
given in the earlier sections. At the boundary or the 
junction of the different unheated analog panels, there 
лге now two types of load. One type of load comes 
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from the similarity law. ‘This load system is specified 
previously as the load system for “free edges." The 
other type of load comes from the junction condition 
that the, deformations of the different parts of the 
structure must fit together. If the analog panels are 
put together, then the junction louds will be automati- 
cally supplied by the structure. Therefore the pro- 
cedure to use the method of similarity is as follows: 

The first step із to determine the thickness 5 of the 
analog isothermal box wing by Eqs. (54) and (56). In 
box structure, there is appreciable influence on the 
sectional forces in the median surface of the plates 
because of bending deflection. Therefore the separation 
of bending from the “extensional loads” in the plane of 
the plates is no longer appropriate, The complete load 
system for the analog wing must be applied simultane- 
ously. This consists of the body force loads in the plane 
of the plates, the lateral pressure $, and the "free 
edge” loads at the junction of the different parts of the 
structure. ‘The stresses in the original heated box wing 
can then be calculated by using Eqs. (12), (63), and (85) 
with the measured strains. 


Drscusston 


In the previous sections, it is shown that the problenm 
of stressing a heated wing can be solved by tests on an 
analog unheated wing through the similarity laws. 
‘The temperature distribution in the wing is assumed 
to be given by a theoretical calculation using aerody- 
namic heating data and the theory of heat transfer in 
solid materials! The loading system required for the 
analog wing is indeed complicated. Furthermore, the 
lateral pressure load # specified by either Eq. (59) ог 
Eq. (71) involves the concept of feedback in that $ is 
partially dependent upon the measured strains and 
cannot be predetermined. This is, perhaps,-a novel 
concept in structure'testing. The possible justification 
for this great complication in structural testing is the 
serious difficulty of simulating aerodynamic heating in 
a structures laboratory and of measuring strains at high 
temperatures. 

The basic principle of the theory of similarity law 
can be traced to the well-known fact that the general 
three-dimensional thermal stress problem can be re- 
duced to a problem in isothermal material by intro- 
ducing appropriate fictitious three-dimensional body 
forces and surface forces on the boundary of the body. 
The general three-dimensional formulation of the 
“analogy” is, however, not useful for, structure testing 
purposes, because there is no possible method of apply- 
ing three-dimensional body forces. If one dimension 
of the body is small, such as a thin plate or a thin shell, 
then the body force is two-dimensional. ‘The loading for 
the analog isothermal structure can be done, although 
not easily, as shown in the previous discussion, From 
this general argument, it is clear then that the 
present "similarity theory" for thermal stresses can 


SIMILARITY LAWS FOR STRESSING HEATED WINGS ц 


“ certainly be extended to any thin elastic shells, although 
the actual execution of the analog testing may be more 
diffcult than the flat plate case studied here. 

Toavoid the task of testing а heated wing, a test wing 
at room temperature is proposed as an analog. In a 
sense then, the whole concept of the method of simi- 
larity is that of analog-machine computing. There is, 
however, an advantage of the present method over the 
recognized machine computer in that the main physical 
member of the problem, the elastic plate, remains and 
is not replaced by an approximate system such as elec- 
tric network. The unheated analog wing is thus the 
closest analog the aerodynamically heated wing can 
have and is the most accurate analog. The price of 
this accuracy and detailed reproduction of the original 
problem is the complicated test setup required. How- 
ever, an enterprising structures test engineer will prob- 
ably welconie such challenge to his ingenuity and de- 
mand on his technical skill. 


APPENDIX—YOouNG's MODULUS PROFILE 
By writing (т) as 
Sin) = VUD (а) go 
Eq. (56) can be written as 


[женеша]: 
[mme] en 


Now any continuous function f(y) for —1 €» X 1 can 
be expanded into a series of Legendre polynomials 
Pme, 

* The author is deeply indebted to Prof. A. Erdélyi, of the 
California Institute of Technology, for suggesting this method of 
solving the problem. 


(72) 


жз E ам) (09) 


where a,'s are constant coefficients, Then‘ 


Гот = fron а ез 
А 
Голена - sorry - da 


| i 
[torn an = ре + ra - 


2 (2 
H ( at a) 
Therefore Eq. (73) can be written as 


ORC] 


The restriction of Eq. (73) is thus simply a relation 
among the first three coefficients до, a1, and as of the ex- 
pansion Eq. (74). The later coefficients, dq, п > 3, are 
entirely free. Therefore the f(n), although not en- 
tirely arbitrary, has a wide degree of freedom. Hence, 
it is probable that the Vouug's modulus profile will 
conform to the condition of Eq. (56) for the similarity 
theory up to a high order. 


(75) 
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Take-Off from Satellite Orbit 


Н. S. TSIEN? 


Daniel and Florence Guggenheim Jet Propulsion Center, Californi 


"The mass ratio or the characteristic velocity for the take- 
off of a space ship from the satellite orbit i» computed for 
two cases: the radial thrust, and the circumferential 
thrust. The circumferential thrust is much more ef- 
ficient in that the required mass ratio ів much less than for 
the radial thruat. Both cases show, however, an increase 
of the required mass ratio and the characteristic velocity 
with a reduction in acceleration. With circumferential 
thrust, the characteristic velocity increnses by a factor of 
two, when the acceleration is reduced from 1/1 g to Уно. 


VOR take-off of a rocket from the earth surface, it is con- 
venient to have the initial trajectory in the vertical direc- 
tion, and then the thrust should be considerably larger than 
the initial weight of the rocket to overcome the gravity and 
togiveanapproprinte acceleration, Depending upon the rela- 
tive magnitudes of the aerodynamic drag and the weight, 
the initial ratio of the thrust and the weight should be between 
2 and 3 for "ninimum expenditure of the propellant. The 
situation is quite different for a space ship taking off from the 
satellite orbit: Тан satellite orbit, the gravitational attraction 
is completely balanced by the centrifugal force, and the ve- 
hicle is effectively im a weightless state. This fact has led 
many fanciers of interplanetary travel to conclude that take- 
off from satellite orbit requires only a very minute thrust. 
For instance, L. Spitzer (1)? proposed a nuclear power plant 
for a space ship to be accelerated at only Ише g. Another 
example is the extensive discussion of interorbitel transport 
techniques by H. Preston-Thomas (2), based upon the as- 
sumption of equally small acceleration. On the other hand, 
W. von Braun (3) seems to prefer a very much larger accelera- 
tion of approximately 2/2 for take-off from the satellite orbit. 
The magnitude of the acceleration has a strong bearing on 
the optimum type of power plant to be used: The ion-beam 
rocket is only feasible for very small acceleration, while for 
moderate acceleration, chemical rocket is required. There- 
fore the question of the magnitude of acceleration is an im- 
portant one for interplanetary flight. The purpose of this 
note is to compute the relation between the acceleration and 
the mass ratio required for escape from the earth's gravita- 
tional field, starting from the satellite orbit. Tt is hoped that 
the present investigation will give the future generation of as- 
tronautieal engineers a rational basis for designing space ships. 


Received November 19, 1952. 
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Basic Equations 


‘The problem considered is the motion of a space ship under 
the influence of the rocket thrust and the gravitational attrac- 
tion of a single massive body, suy the earth. ‘Then if the 
rocket thrust is in the plane of trajectory, the trajectory of 
the space ship will remain in а plane. Let the position of the 
ship at any time instant t be given by the polar co-ordinates r 
and 6 (r is the distance from the center of attraction, and 0 
the angular position}. If the components of the rocket thrust 
per unit mass of tho vehicle are Е in the radial direction and 
© in the circumferential direction, and if g is the magnitude of 
gravitational attraction at the starting satellite orbit ғ = fo 
(Fig. 1), then the equations of motion of the space ship are 


аа (4) (2). E 


and Seo 


еш 


TRAJECTORY 


SATELLITE ORBIT 
FIG. | TAKE-OFF FROM THE SATELLITB ORBI! WITH THRUST TW 
THE PLANE ОР SATELLITE ORBIT 


233 


By using the subscript 0 to indicate quantities at the start- 
ing instant ¢ = 0, the equilibrium condition of the satellite 


orbit is given by 
i 
"(але m 


Initiaily, the radial velocity is zero, i.e., 


(9), - ш 


conditions. 

For the space ship to have sufficient energy to escape the 
earth gravitational field at the end of the powered flight, the 
sun. of the kinetic energy and potential energy must vanish at 
the ond of the accelerating period. Let that instant be de- 
noted by the subscript 1. Thus, att = В 


ТАБ 
4). (01-ы 

With any specified variation of the thrust forces R and Ө 
as functions of time, the above system of equations determine 
completely the take-off trajectory of the space ship. In the 
following sections, two special cases of practical significance 
will be discussed in detail: the case R = const, Ө = 0, purely 
radial thrust; and the ease Ё = 0, Ө = const, purely cireum- 
ferential thrust. 


еді 


Radial Thrust 


If the thrust is always radial and is proportional to the in- 
stantoneous mass of the vehicle, a nondimensional thrust fac- 
tor wean be introduced as 


R =g РЯ 


КЕТ 


різ thus the nondimensional radial distance, and + is the non- 
dimensional time. Then Equations [1] and [2] сап be writ- 
ten in the nondimensional form as 


mes ios sm 


Furthermore, let 


т 


and 
ЧӘ, 
ao) = 0. ssl 
‘Equation (9] can be immediately integrated and by using the 
initial condition of Equation [3], the result of integration is 


E 
gad. 2000] 


Ву substituting this equation into Equation |8), the final 
equation for p is 
4. ТЕРЕК 
dT» m 
‘The nondimensional radial velocity is dp/dr. This is re- 
"ted to the physica? radial velocity dr/dt as follows 


HI 
Equation (11] ean be rewritten as 

14 fd) 1 

az) - 
Since dp/d» ~ 0, when + = (and p = 1 according to Equation 
[4], the result of integrating the above equation is 


24 


(BY -»9-n*(-2) -2 (0-4)... na 


Therefore the nondimensional time т can be caleulated as а 
funetion of the radius p as follows 


odo 


114] 


"Л Jin 


With Equations [10] and [13], the end condition of Equa- 
tion (5) ean be written as 


imo е + ( 


ane 
Or simply: 
malts EI 
‘Then the velocities at the end of acceleration period are. 
(0, = vie Sara 
and eee ee ДВІ 


dé — 1 
(58), = vor toas 
The time s for the powered fight can be obtained from Equa- 


tion [I4] by setting the upper limit of integration to р. The 
result of this integration is? 


EE 


ит 


where Р and P are the elliptical integrals of first kind and 
second kind, respectively. 

Tf M(N) is the instantaneous mass of the space ship, and с 
the effective exhaust velocity of the rocket, then 


RM = шм = e е 


‘Therefore the mass ratio Mo/M;, can be calculated as follows: 


кє (Mf) = YP yy 


By using the result of Equation [17] 


Rer ua ED 2 
ves log, (ММ) = Го + м 


EEE ENI 
) +2 (= oo oF) 18 
When the acceleration is very lunge, 322 1, the integrand in 


Equation [14] can be expanded in terms of this parameter. 
‘Then the mass ratio is calculated as 


Vis OOM) = 1 gus m gates BOL 


The relation of Equations [18] and (19] is plotted in Fig. 2. 
For u = t/a the mass ratio becomes infinite. The reason is 
that at this value of acceleration, there is a radial position 
where the thrust force is equal to the gravitational attraction 
and no further increase in the energy of the vehicle can occur. 
‘Therefore the radial thrust per unit muss, if maintained con- 
stant throughout the powered flight, should be larger than 
‘ag. With increasing thrust, the required mass ratio for es- 


э The author ie indebted to Dr. Y. Т. Wu who kindly supplied 
the relation of Equation [17j. 
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„л 
эө. 2 mass matto ғастон (c/ Wi") loge (МУМь) ломмат 
ACCELERATION FACTOR и FOR RADIAL THRUST. (с, EFFECTIVE 
EXHAUST VELOCITY; g, GRAVITY AT THE SATELLITE ORBIT OF 
RADIUS ть; Me, INITIAL Mass; М», FINAL MAES; и, THE RATIO OF 
INSTANTANEOUS THRUST PER UNIT MASS AND J FOR RADIAL THRUST 


cape from the earth’s gravitational field decreases. This 
strong dependence of the mass ratio upon the acceleration 
factor is contrary to opinion that for take-off from satellite 
orbit only very small thrust is required. The asymptotic 
value of log, (Mo/M,) is утс. However, there is no ap- 
preciable improvement in going to higher thrust than 1 g. 

Equation [16] shows that at very large values of the accele- 
ration factor д, the acceleration is accomplished in so short an 
interval that the circumferential velocity at the end of the 
acceleration remains at the initial value of gro. The radial 
velocity increases from nothing at the initial instant to the 
final value of уот. The total kinetic energy is thus gro at the 
end of acceleration and this is equal to the negative of poten- 
tial energy at that instant, since the radial position т must be 
practically the initial value ra under very large thrust. The 
work of the rocket is to produce the radial velocity М/ф. 
Thus it is evident that the value of c log, (Mo/M:) must be 
VV gra, s the calculation shows. 


Circumferential Thrust 


Jf the thrust is always circumferential and proportional to 
the mass of the vehiele, then a new thrust factor » can be in- 
troduced such that 


O= 120] 
By using the same nondimensional variables as defined in 
Equation [6], the equations of motion are 


dip СЫ 1 
(ау. en 
4 dé" 
di ore = vp. 33x [22] 


The initial conditions of Equation [3] and [4] are 
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pair a0... [231 


‘Therefore, Equation [21] gives another initial condition that 


3) =0. 


E 


ting 0 from Equations [21] and |22) 


(25) 


‘This is а third-order differential equation with three initia 
conditions specified by Equations [23] and [24]. No simple 
general solution ean, however, be obtained. ‘The following 
discussion will be concerned with the approximations that are 
valid for large values of » or for small values of ». 

For very large values of v, the acceleration period is er- 
pected to be short and the change of the radial position to be 
small Then the value of р must be very close to the initial 
value of unity. By taking p to be unity, Equation [25] be- 
comes 


Then 

do ; 

TAHI аси + лө 
where C is the integration constant. С, however, must be 1 
because of the initial condition of Equation [24]. Тһе ap- 
propriate approximate solution for p for very large » is thus 


art igi 
әмізіе ере 028] 


То obtain higher terms in this power series, the usual series 
substitution method may be used. The calculation is some- 
what lengthy and therefore will not be reproduced there. The 
result is 


эшен 


By using the result of Equation [27], the radial velocity is 
obtained by differentiation. "Then Equation [21] gives the 
circumferential velocity. The end condition of Equation [5] 
ean be modified into the following more convenient form by 
mulitiplying it by 2r* 


e-[62) «(6 2) 2] 


By substituting the solution of Equation [27] into this condi- 
tion, an equation for determining т, is obtained 
0 = 1 + Pen + re — E э ott 

FIEL — A т + .. ЕСІ 


The mass ratio M,/ M, can be calculated in the same way 
as in the previous section and can be determined through the 
new parameter z defined as follows 


< 
— 10р (M/M) = n 29 
v log, ( ) І 
Equation [28] then ean be written as 
уе Ж. 
Qo cic gh gy * 
..f0l 


Since the calculation is designed for large values of », the 
appropriate expansion of т should be a series in inverse 
powers », Equation [30] suggests specifically 

KE bue о] 
where 2®, 2, and 2/9 are constants independent of ». By 


235 


substituting Equation [31] into Equation [30] and equating 
equal powers of », the following set of equations resulte, 
a + 250 —-1=0.,........ [821 


; COMME HET 
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жеу onm Be ce 


dm оо dae Вы isst 
The explicit numerical solutions are then. 

29 = УЗ — | = 0.41421 

210 = 0.002349 

ж = —0.00004791 185] 


This completes the calculation of mass ratio for large values 
of the acceleration factor ». 

For the other extreme case of very small values of », it is to 
be expected that the acceleration will be very small, and in 
Equation [25] the term p'd%p/dr*? will be very much smaller 
than р. Therefore a good approximation of Equation 125) at 
small vis 
The solution of this equation with the initial condition of 
p=lat; = Оі 


186] 


Therefore 


[87] 


At r = 0, the radial velocity and the radial acceleration are 
thus not zero, аз required by the initial conditions of Equa- 
tions [23] and [24]. They are, however, very small, because 
vis very small. "Therefore the solution of Equation [36] is к. 
good approximation to the exact solution, 

To the same approximation, Equation [20] becomes 


de 


of = =U) ЕЕ. 


This means that at every instant, because of the extremely 
small acceleration, the centrifugal force per unit mass r (48/42 
practically balances the gravitational attraction. The end 
condition of Equation [5] ean then be written as 


4и " 
Gea =, E 

where z isagain ут, The appropriate solution for z is then 
relay... E 


Since the mass ratio, М/ М, is related to z by Equation (29), 
Equation [40] actually gives the mass ratio for esesping the 
gravitational feld with very small acceleration. 

The parameter z is plotted against » in Fig. 3, using Equa- 
tion [31] with both Equations [85] and [40]. When » ар. 
proaches zero, 2 approaches 1. When » is very large, zap- 
proaches 1/2 —1, As vincreases, т and hence the mass ratio, 
МУМ, decrease monotonically. | Therefore, sume as the re- 
sult for purely radial thrust, there is n strong influence of the 
magnitude of acceleration on the required mass ratio. How- 
ever, as far as decreasing the mass ratio is concerned, there is 
no appreciable advantage in using » greater than '/s, 

When the acceleration factor » is very large, the thrust 
force acts like an impulse. Since the thrust is in the eireum- 
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SS = 
"m 
Ft. 8 mass нат FACTOR (с/у/бт) loge (Mo/My) AGAINST 
ACCELERATION FACTOR » FOR CIRCUMFERENTIAL THRUST. с, 
EPTECTIVE EXHAUST VELOCITY; 4, GRAVITY AT THE SATELLITE 
ORBIT OF RADIUS те; Mo іМітілі, MASS; Mi, FINAL MASS; THE 
RATIO OF INSTANTANEOUS THRUST PER UNIT MASS AND 0 FOR 
CIRCUMFERENTIAL THRUET 


ferential direction, the rocket action only produces an increase. 
in the circumferential velocity with practically no change in 
the radial position. The initia] circumferential velocity is 
‘Vr the required circumferential velocity for escape is 
“дт. Thus the increase of velocity produced by the rocket 
action is (5/2 — 1) «Ур. This explains the asymptotic 
value of z for very lange ». 


Discussion 


By comparing Fig. 2 with Fig. 3, it is apparent that the 
radial thrust is much less efficient than the circumferential 
thrust for take-off from the satellite orbit, For large thrusts, 
the value of log (Мг/ М.) for radial thrust is more than twice 
that for circumferential thrust. Furthermore, in case of 
radial thrust, the ratio of thrust to the instantaneous mass, if 
maintained constant, must be larger than 6/8. In case of 
cireumferential thrust, no such limit exists. Therefore, cir- 
cumferential thrust is definitely preferred. 

The quantity c log, (Mo/M,) is в measure of the perform- 
ance or the capability of the vehicle. It has the dimension 
of a velocity and is actually the increase of velocity which the 
vehicle is capable of in a space without gravitation. This 
quantity is conveniently called the characleristic velocity of the 
vehicle, Let this be denoted by V Then for the ease of cir- 
cumferential thrust, Equation [29] gives 


8 
У 


where 8 is the “escape velocity” from the surface of the earth, 
and A is the ratio of the radii of the satellite orbit and the 
earth. 5 is equal to 11.2 km/sec. Fig. 3 then shows that by 
decreasing the acceleration from 1/2 to 7/0, z, henee the re- 
quired characteristic velocity V, will increase by a factor of 
two. This is a very important point for the designers of 
space ships. 


У = clog (M/M) = Муг EN 
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Analysis of Peak-Holding Optimalizing 
Control 


H. $. TSIEN* лмо $. SERDENGECTIt 
California Institute of Technology 


Зоммлву 


The peak-holding optimalizing control is analyzed under the 
assumption of first-order input linear group and output linear 
group. Design charts are constructed for determining the re- 
‘quired input drive speed and the consequent hunting loss with 
specified time constants of the input and output linear groups, 
the hunting period, and the critical indicated difference for input 
drive reversal. 


INTRODUCTION 


PrIMALIZING CONTROL WAS INVENTED ву С. 5. 
Draper, Y. T. Li, and H. Laning, Jr.^* Their 
basic idea can be summarized as follows: In almost 
all engineering systems, within the restrictions of oper- 
ation, there is an optimum state of the system for per- 
formance. For instance, in an internal combustion 
engine, within the restriction of producing the load 
torque at the specified speed, there are optimum set- 
tings for the manifold pressure and the ignition timing 
for minimum fuel consumption. Another example is 
an airplane under cruising condition; then under the 
restriction of engine cruising r.p.m. and assigned alti- 
tude, there is an optimum combination of trim setting 
and engine throttle for maximum fuel economy or maxi- 
mum miles per gallon of fuel, But more important 
than the existence of an optimum operating state is the 
fact that the optimum operating state cannot be 
exactly predicted in advance because of the natural 
changes in the environment of the engineering system: 
In the case of the internal combustion engine, it is the 
changes in the temperature and the humidity of the 
air; in the case of the airplane, it is unavoidable changes 
in the aerodynamic properties of the airplane and the 
engine performance with age. Therefore if the purpose 
is to operate always near the optimum state in spite 
of the “drift” of the system, then the control device for 
the engineering system must be so designed as to seareh 
out automatically the optimum state of operation and 
to confine the operation close to this state. This is the 
basic idea of optimalizing control. 

The application of Draper's optimalizing control 
to the general cruise control of airplanes was discussed 
by Shull.? Shull emphasized the possible elimination 
of extensive flight testing of new airplanes for perfotm- 
ance determination, because the optimalizing control 
will automatically measure the performance whenever 
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the airplane is flown, This in itself would constitute 
agreat saving. But moreover, in critical circumstances 
such as flight through icing atmosphere, the ability of 
the optimalizing control to extract the best perform- 
ance of a radically changed system (through ice deposi- 
tion on the airplane) could be of utmost importasice, 

“There are two fundamental problems in the theory of 
optimalizing control. One of the problems is the 
dynamic effects of the controlled system on the per- 
formance of the control. The other problem is the 
elimination of the noise interference. The two prob- 
lems are somewhat interrelated, because if large devi- 
ations from the optimum state or the optimum oper- 
ating point and hence large loss can be tolerated, then 
the noise interference will not be critical The basic 
design aim of optimalizing control is to have the smallest 
loss or to operate as close to the optimum state as 
possible without the danger of having the control 
misled by the noise interference. Both of these prob- 
lems were considered by the original inventors of opti- 
malizing control The noise problem is essentially the 
problein of detection of a sinusoidal variation under 
heavy random interference, a subject of much current 
research. The purpose of the present paper is to solve 
completely the first problem of dynamic effects under 
the assumption that the dynamic properties of the con- 
trolled system can be approximated by a first-order 
linear system, We shall begin with the brief review 
of the operating principles of ап optimalizing control 
of the peak-holding type a type least affected by the 
noise interference." * 


{ OF OPERATION 


PRINCI. 


The heart of an optimalizing control system is the 
nonlinear component that characterizes the optimum 
operating condition of the controlled system. For sim- 
plicity of discussion, it is assumed that this basic com- 
ponent has a single input and a single output, For 
the time being the dynamic effects will be neglected 
and the output із assumed to be determined by the 
instantaneous value of thc input. Since there is an 
optimum point, output as a function of input has a 
maximum at the output уз at the input хо, as shown in 
Fig. |. It is convenient to refer the output and the 
input to the optimum point and put the physical input. 
as х + м and the physical output as у? + w. The 
optimum point is then the point x = у? = 0. The 
purpose of an optimalizing control is then to search out 
this optimum point and to keep the system in the im- 
mediate neighborhood of this point. In this neigkbor- 
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hood, the relation between x and y* can be represented 
as 


yt on ket а) 


where Ё is а characteristic constant of the controlled 
system. 

The operation of a peak-holding optimalizing control, 
neglecting the dynamic effects, then would be as 
follows: Say the input x is below the optimum value 
and is thus negative. The input drive is then set to 
increase the input at a constant rate. At the time 
instant 1 (Fig. 2) the input changes from negative to 
positive and passes through the optimum point. The 
output у* is thus maximum at the time instant 1 and is 
decreasing after the instant |. Now if an output sens- 
ing instrument is so designed as to follow the output 
exactly when the ontput is increasing, but hold to the 
maximum value after the maximum is passed and the 
output starts to decrease; then there will be a dif- 
ference between the reading of this output sensing 
instrument and the output itself after the time instant 
1. This difference is shown in the lower graph of Fig. 
2. When this difference is built up to a critical value 
cat the time instant 2, the input drive is tripped and the 
direction of the input drive is reversed, but still at the 
same constant rate as before. After the instant 2 
then, the input decreases and the output increases till 
a maximum in output is again reached at the time 
instant 3, At time instant 3, the input, of course, 
again passes from positive to negative, and the indi 
cated difference between the output sensing instrument 
and the output itself again builds up. At the time 
instant 4, the difference reaches the critical value с 
again, and the input drive direction is again reversed. 
At the time instant 5, the input x becomes zero again 
and another maximum of the output is reached. The 
period of input variation is thus the time interval from 
the instant 1 to the. instant 5, and the input, when 
plotted as a function of time, consists of a series of 
straight line segments forming a saw-tooth variation. 
The period of output variation is the time interval from 
the instant 1 to the instant 3, and the output, when 
plotted as а function of time, consists of a series of 
parabolic ares, The periodic variations of input and 
output are called the hunting of the system, and the 
period of output variation is called the hunting period 
Т. The period of input variation is thus 27. 

‘The extreme variation of output A (Fig. 2) is called 
the hunting zone. If a is the amplitude of the saw- 
tooth variation of the input (Fig. 2), then due to Eq. 
(0, 


А = Ва? [2] 


The diflerence between the maximum output and the 
average output of the hunting system is called the 
hunting loss D (Fig. 2). Because of the fact that the 
output is a series of parabolic arcs, 

D = (1/3)4 = (1/3)ka* (8) 


For this idealized case, the critical indicated difference 


с between the output sensing instrument and the out- 
put itself is equal to A, the hunting zone. It is then 
clear from this discussion that in order to reduce the 
hunting loss for better efficiency of the system, one 
must try to reduce the hunting zone or the amplitude 
of input variation. Unfortunately the critical indi- 
cated difference is also reduced by such modification, 
and a limit is set by the noise interference on the proper 
tripping operation of the input drive. 

The dynamic effects are so far neglected. But in any 
physical system, this is not possible because of the ever 
present inertial and damping forces. The output y* 
given by Eq. (1) has to be considered then as the fic- 
titious “potential output" but not the actual output 
y measured by the output indicating and sensing 
instrament. y* is equal to y only when the period T 
of hunting becomes extremely long. The relation 
between у" and y is determined by the dynamical 
effects, For the conventional engineering systems, 
these dynamical effects are determined by a linear 
relation. For instance, in the case of an internal 
combustion engine, the potential output is essentially 
the corrected effective pressure generated in the engine 
cylinders, while the actual output is the brake mean 
effective pressure of the engine. The dynamical effects 
are here mainly due to the inertia of the piston, the 
crankshaft, and other moving parts of the engine. 
For small changes in the operating conditions of the 
engine, such dynamical effects can be represented as a 
linear differential equation with constant coefficients. 

Since the reference level of input and output is taken 
to be the optimum input x» and the optimum output 
Yo» the physical potential output is y* + yp and the 
physical actual output is y + yo. Thus the relation 
between the physical potential output and the physical 
actual output can be written as an operator equation 


y+ yo = Fuld (9? + yo) [2 


where Fa is generally the quotient of two polynomials 
in the time differential operator 4/01. Іп the language 
of the Laplace transform then Fẹ(s) is the transfer 
function. Let the linear system which transforms the 
potential output to actual output be called the output 
linear group. ‘Then Ку) is, specifically, the transfer 
function of the output linear group. By implication 
however, when the dynamical effects are negligible or 
when s = 0, the potential output is equal to the actual 
output. Therefore 


F0) = 1 (5) 


Since the optimum output y only varies extremely 
slowly by the drift of the controlled system, during a 
time interval of many hunting periods 9; can be taken 
as a constant. Them the condition of Eq. (5) simplifies 
Eq. (4} to 

y= Fd/ddy* [2] 


In а similar manner, let «* be the “potential input” 
that is actually the forcing function generated by the 
optimalizing control system but not the actual input 
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Fro. 1. Input-output characteristic of controlled system. 
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Fic. 3. Block diagram of a complete peak-holding optimalizing 
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Fic. 2, Typical performance diagram for an ideal peak-holding 
‘optimalizing control system. 


Pro. 5. “Potential” input und actual input for value of v/T = 
4. 
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Fio. 6. Variation of dimensionless hunting loss, РА 738%) 
with n/T. 


x. Itisx* that has the saw-tooth form shown in Fig. 2, 
but not х. The relation between x* and x is deter- 
mined by the inertial and dynamical effects of the in- 
put drive system, This input drive system can be 
called the "input linear group" of the optimalizing 
control. The operator equation between the potential 
input x* and the actual input x is 


x = F(d/di)x* e 
Fs) is thus the transfer function of the input linear 


group. Similar to Eq. (5), the meaning of potential and 
actual inputs implies 

FO) = 1 (8) 

Thus a simple representative block diagram of the 

complete optimalizing control system сап be drawn as 

shown in Fig. 3. The nonlinear components of the 


system are thus the optimalizing input drive and the 
controlled system itself. 


FORMULATION OF THE MATHEMATICAL PROBLEM 


The general relation between the input x and the 
output y is determined by the system of Eqs. (1), (0), 
and (7), with the potential input z* specified as а saw- 
tooth curve with period 27 and amplitude a. Let 
w be the hunting frequency defined by 


= 25/7 [2] 
then x* can be expanded into a Fourier series, 


с! woot 
°л 2L @л + Grp ipn Ont D 2 
“5 С" 1 geoana _ 
m uco (28 + 1)? 27 

ео) (10) 


‘Therefore by using Eq. (7), the actual input x is given 
by 


1955 
ug cM 
T EP [RETI 
[n (ea) ome - 
в (и) че] аһ 


By using Eqs. (11) and (16), the actual output у is 

given by 

1ба?ь ы х 
wt 12,420 (20 + 1)? (2m + 1)* 


{Ala + m + Dial (ть) х 


pen 
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ia) tn Rl mia x 


2 
ғ) F, (- mt : ы) е 


Pi — moon) Fe (- 228 ы) х 


ба 


in) e circ metal В (a+ т + Dia] X 


mtl 
r(-7H )»(- mt ia) x 


ee 9) as 


By comparing Eqs. (11) and (12), it is seen that the in- 
put has half the frequency of the output. This is, of 
course, to be expected from the basic parabolic relation 
of input and output as specified by Eq. (1). 

The average of the actual output with respect to 
time £, being here referred to the optimum output ж, 
gives directly the hunting loss D. Equation (12) shows 
that this average value is the sum of terms with n = m 
from the second and the third terms of that equation. 
Therefore, using Eq. (5), 

BS d ERN 
Бр (а) х 


This equation can be easily checked by observing that 
when the dynamic effects are absent, F, 1, then the 
series can be easily summed and D = (1/3)a% as re- 
quired by Eq. (3). Equation (13) also shows that the 
average output and hence the hunting loss are inde- 
pendent of the output linear group. This agrees with 
the one’s physical understanding: Only detailed time 
variation of the output is modified by the dynamics of 
the output linear group. In the case of an internal 
combustion engine, the average output specifies the 
power of the engine, The dynamics of the output 
linear group is determined by the inertia of the moving 
parts. The power of the engine is certainly independent 
of the inertia of the moving parts. 

Equations (11) to (13) fully determine the perform- 
ance of the optimalizing control system once the 
values of a, Ё, and оқ are specified and the transfer 
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functions F(s) and Бе) of the input linear group and 
the output linear group are given. The following sec- 
tions give the detailed calculations and results for the 
case of first-order input and output groups. 


FIRST-ORDER Input AND OUTPUT Groups 


The frequency w of the optimalizing control is 
usually low, and the important dynamic effects come 
from the inertia in the input and the output linear 
groups. Then these linear groups can be closely ap- 
proximated by first-order systems. In other words, 
their transfer functions are 


Fé) = 1/(1 + dur) (14) 
Бие) = 1/01 + ioro) аз 


where 2; and т are the characteristic time constants 
of the input linear group and the output linear group, 
respectively, It is evident that these transfer functions 
satisfy the conditions of Eqs. (5) and (8). 
By substituting Eq. (14) into Eq. (11), the actual out- 
puta is given by 
ji аана 


n + PTT Ов Dilor?) — 
prm 


газ icis] m 


When the summation is carried out, Eq. (16) yields the 
following equations for the input x: 


Tos dt mem 
B T cosh сл] 
1 В 


3 
58485 (17 
for <p (m) 


where № is the constant input drive speed—ie., 
N = 20/T (18) 


By using these equations, the variation of actual input 
x with respect to time can be calculated for any speci- 
fed data. Examples of such calculations are shown 
in Figs. 4 and 5 for г = 0.1 and r,/T = 04, respec- 
tively. Both show the expected effect of rounding- 
off of the sharp corners of the saw-tooth curve and a 
time delay. It is of interest to note that while the 
delay is almost equal to т, itself for small r,/T, the de- 
lay is less than ту for larger r/T. 

With the first-order transfer function of Eq. (14), 
the hunting loss given by Eq. (13) becomes 


З2а S 1 


m pao би D + In + DATA] 
а» 


D 


By carrying out the summation, Eq. (19) gives the 
hunting loss as 


D = QUT3/12) [1 — пет + 
Hore T? tanh (7/2-)| (20) 


Fig, 6 shows a dimensionless plot of this equation. 


To calculate the actual output y, both Eqs. (14) and (15) have to be substituted into Eq. (12)--ie., 
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By changing the summation indices, Eq. (21) can also be written as 
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‘The last two summations in Eq, (22) are complex conjugate of each other, thus 


ТА c 1 (= 1)2— 16 $ 
A- атт раа t 2n EG as A 
[2% + 1)? + 45] [(1 + вту) + (wors/2)? On + О] + S(uori/2)'s*(2n + 1)? ) (23) 
Gat Dis + 1 ае + (»т,/2)* Qn + DJ [(1 + tents)? + Gur Qu + 11 
where RI means the real part of the expression following it. In order to carry out the summation with respect to 
the index 2, Eq. (23) is resolved into the following partial fraction form: 
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By using the summation formulas given in the Appendix, the sums with respect to can be evaluated and the result 
is, noting that tan rs = O for integer values of s, 
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Eq. (25) is again resolved into partial fractions in order to carry out the summation with respect to s, viz., 
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The result of carrying out the summations in Eq. (26) and simplifying the expressions is, 
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for —(1/2) < € 1/2 and 
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In Eqs. (27а) and (27b), there are apparent singularities whenever 7/7 = r,’ T and 27/T = r,/T; that is, the 
value of output у seemingly cannot be determined for these values of time constants. However this is deceptive, 
By using a simple limit procedure or by direct evaluation of Eq. (25) for these two cases, it can be shown that this 
isnot the case. For example, for r/T = to/T 


СЕТКЕ ЕТК 


YT 
ЕЕ {5 


Y] „инет мең Т. He ) DAI osch T. iG unies) zj 
G 2 )* +] жаз + Ir өз Ет) sel em 
for —(1/2) $ #/T € 1/2, and, for 2n/T = rT, 
(97-500 «Gy [2 т 
‚= ать tas) 2090) ++) +з Е 
у тетт | ‚„ нын, 
49 a x] cosh? Tr, * \Т, -аҘ тов Туз, } 49) 


for —(1/2) $ YT & 1/2. 
An analysis for the continuity of Eqs. (27a) and (27b) at /Т = 1/2 shows that the values of y and its derivative 
with respect to / are the same at /T = 1/2 whether they are computed from Eq. (27a) or from Eq. (27b). 
Now the computation of the potential output у* can be accomplished by letting vo/T = 0 in Eqs. (27a) and (27b). 
Thus, 


ҚА ЖҮ SKUDT (ш/ту/(е/т)) 
ve arwa[—3 (7) OO - 3) - РЛЕР СТАНСАСЫ 
for — (1/2) $ ИТ $ 1/2and = 
ити 
а-у) a („дз  a-imveem 
1) 7 (Т) ачта) 699 
for 1/2 < t/T < 3/2. 


‘These expressions check with the result of direct calculation of y* by Eqs. (1) and (17). 

Figures 7 and 8 show the dimensionless plots of actual output у and potential output y* for the particular values of 
m/Tand т/Т. In these figures it is clearly seen that the dynamic effects not only decrease the output of the system 
but also introduce a time lag and lower the maximum output of the system, Figure 8 with r,/T = 0.4, n/T = 08, 
has the maximum value of y almost at the very instants of input drive reversal points, 1/7 = и + (1/2). This is 
indeed an extreme case. 


> 


DESIGN CHARTS 


From the principle of operation of the peak-holding optimalizing control, it is seen that the most important quantity 
to be specified for its design is the critical indicated difference c between the reading of the special output sensing in- 
Strument and the output itself. By definition, сіз the difference of the maximum of the actual output y and the value 
of y at the tripping instant of the input drive, The instant of reversing the input drive is typified by ИГ = 1/2. 
If the corresponding instant of maximum y is t*, then the critical indicated difference c is calculated as 


€ = y(t*/T) — 0/2) (81) 
by using апу one of Eqs. (27), (28), от (29). Since the instant of input drive reversal must come after the instant of 
maximum output, (8/7 < 1/2. 
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Fic. 9. Maximum output occurrence instant, 1*/T in interval 
(OST < 1/2) versus (ro + 7:)/T with afr as parameter. 
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Fis. 10. Critical indicated difference parameter, ТМ 
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To determine f*, one may use the condition of zero slope—ie., dy/dt = 0. Then Eq. (27а) gives 
E [ r (a4 :)] n í 2rVT)* tanb (ТУВА) } gero. 
7 (+9) + siii отт VISIT GI Be GUB sinh (2) 
PAE НЙ 
Ted) С TY = (rd BIS (507) — СИТИ cosh (Т/2) 
2 g ИТТ) 

Туа 0 Gn 


I T720) 


This transcendental equation for /%/7 may be solved by iteration. For instance, for small 7/7” and ти/Т, only 
terms within the first brackets are of importance, then /*/T се (ro + r)/T. This is already recognized by Draper 
and co-workers.^' The complete results of calculation are shown in Fig. 9, which shows that /*/T is almost only a 
function of (то + 7)AT with minor modifications from the parameter ть/ту, the ratio of characteristic times of the 
output linear group and the input linear group. Values of f*/T beyond 1/2 are not shown, as clearly then the maxima 
of the output will occur after the corresponding input drive reversal points and proper operation of the control will be 
difficult if not impossible. 

With /*/T determined, Eq. (31) gives c by substituting Eq. (27a). However the specified quantities of an opti- 
malizing control аге £, the characteristics of the controlled system, and ry rs, the characteristics of the linear group. 
From considerations on the noise interference, the designer can make an appropriate choice of the period 7 and the 
critical indicated difference c for input drive reversal. Therefore the quantities that the designer wishes to know, 
after he has the values of k, ти ть, Т, and c, are N, the input drive speed, and D, the hunting loss. Thus the result 


[2(т/Т) — (Т) ] co: 


“а 


)- 


2, 


of calculation with Eq. (31) should be written as follows: 
1 


e -(-01Ge96 


Vefk 4 
паи tanh (T/2r) _ _ 
(тт) — 1] Gs/z — 1] 
2r/T) 


m ГЕ вит) 
(а/ы) — 1] cosh (17279 


T (n/t) ~ 1 


When N is determined, Eq. (20) then gives the hunting loss D. 


Figures 10 and 11 are the design charts for peak- 
holding optimalizing control computed from the equa- 
tions of the preceding analysis, Figure 10 gives 
TN/Vc/k as a function of тт with (т + 70/T as 
parameter. Figure 11 gives relative hunting loss D/c 
again as a function of ту/ту with (то + 7))/T as param- 
eter. The peaks of curves near т/т = 1 indicate a 
sort of resonant effect between the input linear group 
and output linear group. The hunting loss for fixed 
(ry + «У/Т and cis smaller for 7/r, away from unity. 
For fixed тү, то, and c, clearly the way to reduce the 
hunting loss is by increasing the period T. 


CONCLUDING REMARKS 


The present analysis gives the necessary input drive 
speed N and the hunting loss D for any specified hunt- 
ing period 7, time constants т; and m for the input 
linear group and the output linear group, and the 
chosen critical indicated difference с. T and-c are 
fixed by considerations on the noise interference. The 
analysis shows that whenever the hunting period is rela- 
tively short with respect to the time constants ть zy 
or whenever (ғ + т)/Т is relatively large, the hunting 
loss will be large, especially when т; and т are nearly 
equal. To avoid such unfavorable condition, the de- 
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signer should improve his input drive system so as to 
reduce the constant ze то is, however, a constant 
of the intrinsic characteristic of the controlled system, 
due to, say, the inertia of the moving parts of the sys- 
tem. п is thus not at the disposal of the designer of 
the control system. However, suppose there is a com- 
pensating circuit between the output y and optimalizing 
input drive unit (Fig. 3), such that the effects of the out- 
put linear group is completely compensated. Then 
the effective signal for input drive reversal is not the 
actual output у, but the potential output y*. In other 
words, the value of 7 is made to be effectively zero. 
Even if complete compensation is not achieved, the 
effective value of то can still be greatly reduced. For 
difficult cases then, such a compensating unit should 
certainly be added to reduce the hunting loss, This 
will be just a minor complication when compared with 
the additional equipment required for satisfactory 
noise filtering, 


Appendix 


TYPICAL Summation FORMULAS 


RI and Im mean, respectively, the “real part of” 
and the “imaginary part of” the expression following it. 
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езелемет 


1. INTRODUCTION 
1. Historical Development 


In his famous book, “Тез méthodes nouvelles de la mécanique céleste” 
[1], Poincaré devised a method for finding the periodic solution of a system 
of first order equations, 
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(4) = Хото ЕЗГІ (G =1,2, -> n), 


where Г is the time variable, and є is a small parameter representing the 
perturbation influences. The equations with є = 0, corresponding to the 
unperturbed system, are particularly simple, and a periodic solution with 
period T can be easily found. The essence of Poincaré’s method is the 
expansion of the perturbed solution in the parameter е. Not only the vari- 
ables 


(1.9) шта” oen + Pa? ++... 
are expanded, but also the period Т: 
(1.2b) T= T? E T? + ETO +... 


Tn recent years, this method has found many applications in the theory of 
nonlinear oscillations (nonlinear mechanics) where the same equations 
(1.1) prevail. However, for nearly sixty years no extension of the principle 
of this method was made, and the full potentiality of Poincaré’s invention 
remained unexploited. ` 

On May 19, 1949, Lighthill [2] spoke before the London Mathematical 
Society about a technique for rendering approximate solutions to physical 
problems uniformly valid and introduced a very important extension of 
Poinearé's method. Lighthill’s objective was to improve the well-known 
method of perturbation for caleulating the approximate solution of a physi- 
cal problem. The perturbation method is based upon the concept of ex- 
panding the exact solution in а power series of the small parameter е, the 
zeroth order solution being independent of e, the first order solution propor- 
tional to e, etc. This method, elementary in principle and straightforward 
in execution, is very effective and yields useful results for a large class of 
problems. Nevertheless there are problems, not at all infrequent, where the 
zeroth order solution contains a singularity at a point or on a line within 
the domain of interest. Then not only will the singularity again appear at 
the same location in the higher order solutions, but it will become progres- 
sively more severe as the order of the solution increases. The power series 
expansion іп є breaks down near such singularities, and the classical per- 
turbation fails to give a usable solution near the singular points. 

Lighthill’s method is designed to eliminate such difficulties and to render 
the expansion uniformly valid, or of uniform accuracy, over the whole 
domain of interest. The principle is to expand not only the dependent. 
variable u, but also the independent variables х and y, say, in power series 
of є. Then 


(13) u = WE, п) + e (b, т) + еш т) s 
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а= Е а a) + 2T (bg) s 
y= on ey P т) + ev (n) des 


where £, 7 take the place of the original independent variables x, y. Evi- 
dently u (£, эу) is simply the zeroth order solution of the classical perturba- 
tion method with £ ņ replacing 2, y. If we neglect the higher order terms 
in u of (13), then the approximate solution is simply the zeroth order per- 
turbation solution with the coordinates stretched or distorted by the trans- 
formation (1.4). This fact has led several authors to call Lighthill’s method 
the method of coordinate perturbation. 

Lighthill applied his method to problems involving partial differential 
equations when the zeroth order solution is obtained from a reduced linear 
equation of equal order as the exact equation. It soon becomes apparent, 
however, that Lighthill's original purpose of uniform validity throughout 
the domain of interest cannot always be realized. In many problems a good 
zeroth order approximation can be obtained only if a “boundary layer" 
solution is used. Kuo [3] first recognized this necessity in his elegant solu- 
tion of the problem of the laminar incompressible boundary layer on a flat 
plate, This and his later work [4] on the supersonic Jaminar boundary layer 
constitute a further extension of Poincaré's original concept. 

Тһе elements of the method of Poincaré, Lighthill, and Kuo are no doubt 
used by many workers in applied mathematics, but the generality of the 
concept was perhaps never sufficiently emphasized. Thus, if we wish to 
recognize the importance of originality and bold exploration, we may give 
the credit for developing this very powerful method of engineering mathe- 
matics to the three authors cited and call it the PLK method. 


(14) 


2. Simple Example 


To illustrate the principle of the PLK method, let us consider the follow- 
ing first order ordinary differential equation: 


(1.5) Gan DE ru = 0. 


Dividing the equation by du/dz, we interchange the roles of dependent and 
independent variables and obtain 


dz 
АЛТ Tz--—ua 
Й 
or 
(9) 2 (en) = —ш, 
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and obtain by integration 
Е 2 
ти = -3t + С, 
where Co ів an integration constant. If we impose the boundary condition 


(17) ul) = 


then the exact solution of the differential == (1.5) is 


(1.8) watt (у uie уа: Med 


Let us now try the classical perturbation method for the equation (1.5), 
ie., expand и in powers of е: 


(1.9) ule) = иба) + eu" (x) + eu (a) H 
Substituting (1.9) into (1.5), and then equating equal powers of e, we have 
du? 
(1.10) siy tu? = 0, 
a a 0) du” 
Ciao “et ra 
du? a w du? a du? 
1,12 —— = —i mL 
(1.12) ШЕ? RI “СШ da’ 


(1.13) ua) = P 


With u® so determined, (1.12) gives 


1t 


Dy n il 
«Ә() = 23 


+ 


But now the boundary condition (1.7) requires 


(1.14) | u®(1) = 0. 
Hence the integration constant Сз сап be determined, and 
1 1 
(1.15) (а) = og 50 - 1). 
Similarly we have 
е) «L(1-L)- l(1-L 
(120) ua) = 50 5) a(t 1). 
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The function u(x) has а singularity at = О, and (1.15) and (1.16) 
show that this singularity becomes worse as the order of the perturbation 
solution is increased. The solution so obtained is thus worthless near х = 0. 
In fact, away from the singular point х = 0, the fractional error of the solu- 
tion can be estimated simply by the order of е neglected. Thus if, as we 
have done, we calculate up to the e-term, then the fractional error is O(e). 
But near the singular point this estimate breaks down, and the error is very 
much larger than O(€). The solution obtained has nonuniform accuracy 
in the region of interest near т = 0, i.e., the solution is not uniformly valid. 
Now let us try a different procedure, and expand both м and 2 in powers 
of e as required by the PLK method: 


uc и) + ш®(@ + sss, 
E+ aH H o 
The original differential equation (1.5) can now be written as 


(1.17) 
т 


1 


dz 


du 

(1.18) (= + а) + д 0. 
By substituting (1.17) into (1.18) and equating equal powers of e, we obtain 

а” " 
1.19) =r +0 = 0, 
019 + 

du? | m. e у de? o dz? 
(1.20) Vg t" = ha” ru ғ "dC 
Now (1.19) gives simply 

ақау - 9. 
МӨ) i 


If we impose the condition 
(1.21) 2°01) = 0 


such that х = 1 for = 1, then ko = 1 is required by the boundary con- 
dition (1.7) for и®. Thus 


(1.22) a = Е 

With this solution for и, (1.20) becomes 
(о) = S (1.9 Q1 
аера tee tg 


Tn order to avoid having a u” with higher order singularity than и®, we 
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take advantage of the additional freedom in the choice of z^ by setting 
142 1l œ 1 


© OEE Seg) рі 
іш og B 

This is then the differential equation for z” (5). The solution with the соп- 
dition (1.21) is 


im 0-0 


With x so determined, н“? = 0 in order to satisfy the original boundary 
condition т и. Then, up to this order of approximation, we have 


(1.23) 


шет, 


H 


= tfit 
ГЕНІ 5. 


Now the amazing fact is that by eliminating # from the pair (1.25), we 
have exactly the solution for и as given by (1.8). Therefore in this case the 
РЕК method not only removes the difficulty of the singularity at = = 0, 
but yields a solution which is so good as to be, in fact, the exact solution. 


(1.25) 


3. Essential Features of the PLK Method 


We see that the appropriate expansion of the exact solution of (1.5) in 
= is different for different regions of ж. The expansion (1.9) is only appro- 
priate for large values of 2 away from the origin. Near the origin, an en- 
tirely different expansion is valid. Such changes in the character of the 
solution make the conventional perturbation method almost useless. In 
fact, to use the conventional perturbation method in such савез would re- 
quire the most ingenious guessing. The PLK method, on the other hand, 
is a foolproof method treating all problems on a uniform basis; the intri- 
eacies of the problem will appear automatically and correctly without the 
need of foresight on the part of the investigator. In this respect, the PLK 
method is not unlike the method of the Laplace transform. For engineers 
then, this characteristic of the PLK method is of particular importance. 
We shall appreciate this point better when the examples in the subsequent. 
chapters are discussed. 

Another feature of the PLK method is the great flexibility in application. 
Although Lighthill originally emphasized the uniform validity of the solu- 
tion, this cannot always be achieved, as will be seen in the following dis- 
cussion. The point is that by introducing "stretched" coordinates we gain 
additional freedom in the process of solution, which is used to increase the 
accuracy of the zeroth order solution, originally poor near the singular point 
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or singular line. How far we can succeed depends upon the problem. Un- 
fortunately at the present time, the mathematical theory of the PLK 
method has not been sufficiently investigated to allow one to predict the 
degree of success or failure to be expected from the given differential equa- 
tion and auxiliary conditions. But from what has already been achieved it 
seems certain that the PLK method will be a useful tool in engineering 
analysis, even if it may not yield results that are as good as can be desired. 

With these points in mind, our exposition of the PLK method will be 
oriented towards applications rather than towards the mathematical foun- 
dations of the method. In fact, the mathematical justification of the method 
has as yet been examined in but a few cases. In addition, such mathemati- 
cal analysis requires a codification of the method, while, as mentioned be- 
fore, the important feature of the PLK method is the flexibility of approach. 
From the point of view of application, it is better to discuss the method 
by examples rather than by a general theory. This will be the spirit of the 
following exposition. 

The author wishes to take this opportunity to acknowledge the instruc- 
tive discussions he has had with and critical comments he received from 
his colleagues at the California Institute of Technology, particularly from 
Professor A. Erdélyi. The author's interest in this new mathematical 
method first arose from the imaginative work of Professor Y. H. Kuo at 
Cornell University. Professor C. C. Lin at the Massachusetts Institute of 
"Technology has, however, cautioned the author about the limitations of the 
method. To all of them the author's thanks are due. 


II. ORDINARY DIFFERENTIAL Equations 
1. Equations of First Order 


To begin our discussion of the PLK method, let us study first its appli- 
cation to ordinary differential equations. Even for this relatively simple 
case, a complete mathematical proof of the convergence of the solution has 
only recently been supplied by Wasow [5], and this only for a very simple 
type of ordinary differential equation of the first order, i.e., 


en f+ + шуш = та), 


where g(x) and r(x) are assumed to be regular near the origin z = 0. We are 
usually interested in obtaining a solution for х = 0. This equation was first 
investigated in the present context by Lighthill himself [2]. In the following 
discussion we shall follow Lighthill in giving only heuristic arguments. 
For mathematical proofs the reader is referred to Wasow’s work. 
Equation (2.1) serves as the typical case because the classical perturba- 
tion method fails to give a usable solution near z = 0. The difficulty here 
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Н 
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р 


Fic. 1. Representation of solutions of (ғ + гд + чи = r(z) in the z,u plane, 


is of course that, on the line x + eu = 0 in the u, z-plane, the differential 
equation is singular. We shall assume that е is positive. (If е is negative, 
we can reduce the equation to that of positive є by taking —u as the de- 
pendent, variable). Then the line of singularity is that indicated in Fig. 1. 
On this line, since —q(z)u + r(x) is generally not zero, du/dx according to 
(2.1) is infinitely large. If we use the classical perturbation method, we 
drop the term ew in the coefficient of du/dz for the zeroth approximation, 
and the singularity is moved to the v-axis. On the u-axis, the classical per- 
turbation theory will give infinite slope of u(x). Thus if u* is the result of 
the classical perturbation theory, u* must differ greatly from u near т = 0, 
as shown in Fig. 1, and this difference cannot be improved by higher order 
perturbations. 
Now let us see what can be done if we use the PLK method and put 


u = uE + ep) + CuO + sss, 
ж = {+ aH + ee) 4 


By substituting (2.2) into (2.1) and expanding every term in powers of е, 
we have 


(22) 
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@+ ое... + eu + eut) (ur + а 
Жа + ..) = + a t +.) + ar 
е bea ps at ag + Exe 

+ bee +...) ш® а + eu? +...) 
where the prime indicates differentiation with respect to $, and all quantities 
are functions of Ё. [For instance, g = q(£).] By equating the terms in (2.3) 
which are independent of е we obtain the zeroth order equation 
(24) tu?" + qa) KH = re. 


The ratio of the coefficients of u and u” as  — 0 is thus O(1/£). There- 
fore, according to the theory of differential equations, & = 0 is & regular 
singularity of the differential equation. The solution of (2.4) is 


eS W= ef- SSS y exp [ 28) dp c]. 


where C is an integration constant. Now since q(£) is regular near § = 0, 
the value of q at £ = біз finite and equal, say, to go. Then 


(2.3) 


об) exp f Ed = PR, 


where R(¢) means a function regular at ẹ = 0. But т(Е) is also regular near 
# = 0, hence the first term within the square bracket on the right-hand 
side of (2.5) is ^ R(£). Thus it is seen that, as Е > 0, we have 


(2.7) «е = RE + 0( 79, 


where the second term to the right indicates the order of magnitude of the 
singular part of the solution. This conclusion will be somewhat modified if 
go is а nonpositive integer. In such cases, the first term within the square 
bracket on the right-hand side of (2.5) will contain а term log $. Then 


(2.8) uE) = RE) + OF logt), go = 0, 1, —2, .-.. 
The coefficients of « in (2.3) lead to the following first order equation 


d c) ue p 
ape ap fe] = HG "POT 


(29) 
4G. фи — ua — ш] exp J gdt 
P 


1f the classical perturbation method were followed, then aU = 0, and as 
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$ — 0 (2.9) would give, by (2.7), 
(2.10) ч®@) = OF) + OCU) = RE + OGY) + 0 7. 


Again, when 4 is а nonpositive integer, this conclusion should be modified 
by using (2.8), 


(2.11) uE) = RE) + 00797 log 8), Ф-0-1,-2,-... 


We shall now вес that the effects of these singularities are bad indeed. Take 
first the case of positive go. Then the worst singularity in и, according to 
(2.10), is £ 7*7; and near the origin £ = x = 0, the ratio of the second 
order term <x" to the first order term и® is Ф179 = ge. For 
small but finite e, this ratio will diverge to infinity as & — 0. This state of 
affairs will persist for higher order perturbations, and the series for и will 
diverge for given е when z = Е is small enough. For nonpositive фо, the 
term O(£ **7) in (2.10) is worse than the term Oe"). Then either 
(2.10) or (2.11) will show that the ratio of eu? to u is «£^. Higher order 
perturbations show similar behavior, and the perturbation series for u 
again diverges near the origin. 

The point of the PLK method is of course to utilize the additional free- 
dom of z to control the singularity of а), We see that it is only necessary 
to make the square bracket on the right-hand side of (2.9) equal to R(£) + 
oe"). This can evidently be done by a proper choice of z^. In 
fact, we ean even make the factor vanish as was indeed done in the simple 
example given in Section 1.2. However, it is sufficient to use only a finite 
number of terms of the expansion of 2” in ascending powers of £. The 
cases go < 0 and ф > 0 are somewhat different. Let us treat the case of 
positive ф first. 


2. Case of % > 0 

This is the case represented in Fig, 1. As already shown by (2.7), the 
singular term of «(£) is АҒ", where A is a constant determined by the 
boundary condition of the solution. Therefore the most damaging terms in 
the square bracket to the right of (2.9) are 

-фА "xr + ФА 1:0 + А' I 
This group of terms can be eliminated if we require that, for small 2, 
(2.12) a9 mw — AE (gs + 1). 
When this is done, и (6) = O(£ ***) for small £. Analysis of higher order 
perturbations [2] produces similar results, and we have for £0 
uc AE" + OE) + COE) + COKE +... 


2.13) ча 
i z-it (- 25 + D + ёо 79) + ёо =) +... 
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Let us take for the moment A > 0, the type of solution shown in Fig. 1. 
Then, according to (2.13), the point x = 0, the trouble point of the classical 
perturbation theory, corresponds to £ «10990 Therefore the successive 
terms of the series for and x near z = 0 have the ratio £^, Thus the 
series for both u and x are convergent near х = 0 if « is small enough, and 
the difficulties of the classical perturbation method are now resolved. This 
is achieved by controlling the singularities in the u'”(g)’s and the a? (8)’s in 
such a way that they have similar singularities for each j, as shown by 
(2.13). 

Of course when A « 0, also shown in Fig. 1, the solution has a branch 
point before х = 0. This can be determined by setting z ви = 0. Toa 
first approximation, then, 


Ap" 
PEL oM. 
ql 


In the case of a branch point, therefore, 


«Аф ул ( ot «Ат s 
ла) ве ee | = ү. а. 
Que € ( "ESI AUT pti 


By the argument given in the preceding paragraph, the solution by the 
PLK method is certainly good up to the branch point. When A > 0, there 
is no real branch point. 

To see the details of the method, let us consider the following equation 
studied by Lighthill [2]: 


- HAE eO. 


(2.15) @ + ай шш едино 


with the boundary condition 
(2.16) u= at z-l 
Let é be the value of ё for z = 1.4 is thus determined by 
1-а а) + 60) +, 
or 
i=l- a) — 7) +. 


Now we can substitute in the functions 2“ (&) and x (&) the value of & , 
given by the above expression, and then expand the result in powers of е. 
Therefore we have 


а-і- 42) — ара — в) + 
=1- аә) — eg?) — a" (Da +. 
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"The houndary condition (2.16) can now be written as 
E> uM) — nee (1) + PL) H 
or 
че) = e 


(2.17) (1) = we), 


Equation (2.17) is the converted boundary conditions in £. 
Now the zeroth order equation is 


(0) 
EG ou = 0. 
Thus with the boundary condition (2.17) we have 
(2.18) uP) = CY. 


According to (2.9), the first order equation is 
goode = Е [- (2 ACE pete? o ett o actes 
ЕН egt o aet 
-i [- QHO” e 24m 4 ote (: + 3] 
It is seen that the worst singularity in м? will be eliminated if we put 


Е в’ 


ge 1,0 1 


ог 
(2.19) 2%) = --- 
With this z”, the equation for u is reduced to 


дива е рее) 


To satisfy the boundary condition (2.17), we have then 


оз) WA ee [5 ETE E Ж G F 3 а]. 
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The second order equation is 
tu + @+ pu? = c (a + ш®)ш®' — qu + uum 
UD — My — 4%” (09 ue Bu 4 uy — 22 + Du”. 


To eliminate the worst singularity in u®, we set 


e . i 31 
(2.21) a у-і 55 or  z?(p- -0E 
Collecting the results so far obtained, we have 


onere [aet 


E 3é бы 
MORES 


Now a straightforward calculation will show that at z = 0 


(070 ноо EO 
um ON + 001). 


For the present equation u® ~ 1/Ё as £ — 0 according to (2.18); А is 
thus positive and no real branch point appears. 

In some cases, the first few 2/7 (£)'s can be set identically zero without 
impairing in any way the validity of the solution: For instance, if 
А = lim ‘и (Е) happens to be zero due to the ети condition of 


(2.22) 


(223) 


the proble, then the worst possible singularity in м is automatically 
eliminated, and there is no need to introduce 2? In dies if, forj < i, 
tim gu?) = 0, then the first nonvanishing 2 (£) will be 2). 


3. Case of ф = 
In this ease и (Е) has a logarithmic YE ast0: 
(2.24) u (E) = ro log Е + B + O (Elog $). 


By setting the most serious terms in the square bracket on the right-hand 
side of (2.9) equal to zero, we have 


ay 
at o Н z” = Қ) : : fre log ë + Bl. 
Thus 


(2.25) 2(%) = —1 log — (n + B). 
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In general, we find when £ — 0 (see [2]) 
(2.26) u? = Обо?" f) and z'? = O(log $). 


The ratio of successive terms in both series for u and 2 is thus equal to 
e log! Е. But (2.25) shows that for a first approximation 4 


аші- drolog£-- r + B]. 
Thus z = 0 corresponds to ё & є log e. Hence the radius of convergence 
of the series given by the PLK method for this case is roughly є! log ^ в 


and is thus very much larger than « for small e. The branch point of the 
solution occurs for 2 + eu = 0. This occurs when Ё = ers + O(¢ log’ е) or 


(2.27) ж = —er log (вз) — «В + O(é log’ е), 


which is real and positive for small e, if ть > 0. For % < 0, no real branch 
point occurs. 


4. Case of qa < 0 

When g is negative, the zeroth order solution u® is actually finite at 
& = 0. We may be led to think that this case is not so bad as the case ф > 0 
studied in the previous sections. However, it turns out that this is quite 
deceptive, and the PLK method need not give a convergent solution down 
to the origin = = 0. Let us discuss the simpler case of % € —1 first. We 
have already shown in Section II.1 that in the classical perturbation theory 
the troublesome term in «® is О( 7*7) іп (2.10), evolving from uw (Oyu 
in the square bracket on the right-hand side of (2.9). This term can be 
eliminated by taking x to be a constant, different from zero and deter- 
mined by 


(2.28) =z” — 10) = 0. 


In fact all subsequent 252 сап be taken to be constant. Thus 2 differs from 
£ by a constant depending on є. To show this, it will be convenient to start 
with 2 transformation 


(2.29) r-tcte нео + В, 


where а and В are constants to be determined presently. The equation in 
vand ЕЁ is 


{+ ө + GEI = Оо) 


We shall now бх a and 8 by requiring that the coefficient of dv/dt as welt 
эз the right-hand side vanish for £ = v = 0. The point £ = v = 0 is thus 


737 


738 


THE POINCARE-LIGHTHILL-KUO METHOD 295 


actually a nodal point. Therefore 
(2.30) a+ 4-0 «о)-8 = хо). 


This set of equations determines о and В as functions of е. Mocrover, be- 
cause g and г are assumed to be regular, о and В can be expanded in powers 
of є. 

Now the transformed equation is of the type 


(231) + 0) +» = 50, №) = 0. 


Let go = 4(0)= —1. Equation (2.31) can be solved by the classical per- 
turbation method, and 


(2.32) s = 0900 + a) + HPO +... 


The expansion of о in powers of є furnishes all the 259%, The zeroth order 
solution is 


0238) (f) = exp (- [та [ jo ([ 14) = RO 
+ OG log 8), 


where p is 1 when ф is a negative integer, and otherwise zero. The analysis 
by Lighthill [2] shows that the higher order perturbations are given by 


(2.34) v9) = t) + OR log?" 9, 


where » = 2 when g = —1, and > = 1 otherwise. Thus the ratio of sue- 
cessive terms in the series (2.32) for v is O(e log” £) as > 0. This seems to 
indicate that the radius of convergence іп £ of the series із ехр(— сопзё./е”). 
In other words, the smallest £ for which our solution is valid is 
Olexp(—const./e””)]. Although this is smaller than any power of e, it still 
means that the point ё = 0, the nodal singularity, cannot be reached. 
Worse still, т exceeds £ by o according to (2.29). If а is positive, our solu- 
tion fails in а range of x extending from x = 0 to a value somewhat larger 
than а. Of course, if it turns out that the required solution of the physical 
problem does not include that troublesome range, then the PLK method is 
perfectly successful. 

The case of —1 < ф < 0 has the characteristic of both cases ф 2 0 
and q € —1. For our analysis, we find it convenient to apply again the 
transformation (2.29) together with (2.30). Therefore we shall consider the 
equation to be of the form (2.1) with re = 0, and —1 < ф < 0. The point 
u = z = 0 is thus a nodal singularity. Here the full double expansion (2.2) 
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is required. Lighthill has shown (2] that as £ — 0 
(2.35) LPE) = OF logi) and и = О( log t). 


Again, the essence of our method is to control the singularities of z ^ (t) 
and u‘?(¢) in such a way that both functions have similar singularities for 
each 7. As in the case of ga < — 1, the radius of convergence of the series 
in 4 may again be of order O[exp(—const./e)], and the point ё = 0 has to 
be excluded. Usually, however, a branch point of the solution appears be- 
fore £ = 0 is reached; the physical problem then does not require knowledge 
of the solution near this troublesome point, and the PLK method gives 
satisfactory results. 

As an example for this case, let us consider the equation studied by 


Lighthill [2] 

(236) Gem ои 

under the condition 

(2.37) wl) = —1. 

The required preliminary transformation (2.29) can be written as 


(2.38) у= 2+ о, -«-(Ф 


е 


according to the first equation (2.30). Then the second equation (2.30) 
gives 


ёа күй; 
2e 
or, since a > 0 as e > 0, 
(2.39) a= ul М 60] 23e Bé 
The resultant equation is 
(240) (а + ей E: — iu = 2oz + r. 
The boundary condition (2.37) now becomes 


-1 aíz-—-l-a 


a 
и = 
е 
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Using the expansion (2.2), we obtain 
14 82+ e w?() + e(-u QD + PA + Pa) 
Жамау Уа) — 290) + du" (P а DF 
= eM yp + a?0)] + v0] + eee . 
The converted boundary condition is thus 
ші) = 1, 
uA) = uO) + 9), 
Qr wa) = «" ауа + P – ие + PF 
= wae") — =), 
‘The zeroth order equation із 
du 


(2.42) Ст -WF 


The solution of this equation with the first of the boundary conditions 
given by (2.41) is 


(2.48) wE = на. 
The first order equation is 
uu = — 4u9 = ры (ae и 


+ (4p — uy, 
"Yo remove here the most serious term to the right we put 


TRIN 
UV та 


or 
(245) а 
The complete solution turns out to be 
u = M + GE + (Р-р EU HE) + OC E" log 0), 
r= gge” + de® ORE log 8). 
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We ean then use (2.38) and (2.39) to write the solution in terms of w and y: 
w= -2-k WU + GE + (90° oS — Vr^ Но 
(2.46) + о), 
y = Et 2 — dE) + ее” + oc. 
This solution can of course be obtained without first applying the traus- 
formation (2.38). Direct substitution of the double expansion for w and y 
will yield the same result. Nevertheless it is often more convenient to use 
the preliminary transformation. 
At the point where du/d = 0, the relation between y aud £ starts to 


double up, and we have the branch point of the solution. Using this condi- 
tion, we have at the branch point 


b= 38 — Ye + осе), 
y = 2e 4é + YE + О(ё). 


The branch point thus occurs before the breakdown of the solution at the 
point E = 0. 


(2.47) 


5. Equations Requiring the Boundary Layer Method 

It will be recalled that in the previous discussions concerning the differ- 
ential equation (2.1) we have imposed the condition that (х) and r(x) are 
regular functions at = = 0. Because g(x) and r(z) are regular, we can ex- 
pand them in uniformly valid power series in e, when z is replaced accord- 
ing to the second equation (2.2). Sincesuch expansions are required to form 
the equations of successive order as shown by (2.3), the regularity of q(z) 
and r(x) іп (2.1) is a very essential condition for the success of the PLK 
method. If g(x) or r(x), or both, are not regular at z = 0, then the equation 
cannot be solved by the PLK method, but must be treated by some different 
method such as the boundary layer method. 

This observation is supported by the investigations of Carrier [6], [7] who 
found for instance that the following equation cannot be solved by the 
PLK method: 


(248) Gra ue фё +4). 
That this must be expected as a consequence of our regularity conditions, 
сап be seen immediately if we make the transformation 27 = т. Then (2.48) 


becomes 


(249) (к + е) фи + жж и = (rz). 


741 


742 


THE POINCARÉ-LIGHTHILL-KUO METHOD 299 


The equation is now in our standard form, but q(z) and r(x) are not regular 
at z = 0, and the PLK method must fail in the present instance. Of course, 
it might be argued that we can expand z in the original equation (2.48) 
instead of x in the transformed equation (2.49). Then the PLK method 
seemingly can be carried through. But that is only an illusion, because there 
is really no difference between the power series expansion of z or of x. и 
the method fails in the form with 2, it must fail in the form with 2. 


6. Second Order Equations 


Equations of higher order, with a regular singularity such that the zeroth 
order solution has an algebraic or logarithmic singularity at the critical 
point like the equations discussed in the previous sections, can be treated 
by similar methods. It will be convenient to express such higher order equa- 
tions as a set of simultaneous first order equations. For instance, the equa- 
tion 


(2.50) (« +‹#+ «) dv ae) ® + Sado = гш) 


should be rewritten as 


(251) (z + eu + eat) = + a(z)u + S(z)v = r(2), = =u 


Now the singularity of the equation lies on the plane z + eu + ew = 0 
in the (z, м, v) space. To treat the equation by the PLK method, we sub- 
stitute for x, u, v the following expansions: 


ioa?) és, 
(2.52) u = ou (p) + uM + CuO +, 
v = + a?) + APO 
Then the second equation (2.51) gives 
(053) v" H o AP +... =п+е p RP FX 
СШ Loa + 1 


x 


The zeroth order equation is thus 


du а” 
ам) eG +0099 + suh = (0, Ge = uP. 

When go > 0, 2° can be neglected in comparison with ч for small Ё, and 
u® ~ Ag" as E 0. The quantity 9% is obtained from the second equa- 
tion (2.54) by integration in accordance with some boundary condition. 
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AT TME t 
Fra. 2. Cylindrical shock due to expanding cylinder. 


When g < —1, the zs may still be taken as constants as in Section 
ЦА. But now conditions similar to (2.30) will not determine a. because 
we have only two conditions for three shift constants associated with u, v 
and т, and 29 must be determined from the differential equation and the 
boundary conditions. The following general rule holds: After u' (E), с), 
Ku ut); vE), (8, них ye. 2, viu КЕ have been deter- 
mined, x“ is fixed by requiring the coefficient of «іп z + eu + eav to vanish 
at & = 0. Then the successive increase in the order of singularity of u^ 
and v? caused by the factor £" is prevented. When —1 < qo < 0, similar 
to the case discussed in Section 11.4, а combination of constant shift and 
expansion of the independent variable will be necessary. 

As an example of applying the PLK method to second order equations, 
let us solve the problem of a cylindrical shock produced in air by a solid 
cylindrical surface expanding uniformly from zero radius; theair is assumed 
to be à perfect nonviscous nonconducting gas. This example was also dis- 
cussed by Lighthill [2]. We denote the distance from thecenter of the cylin- 
der by ғ and count the time ¢ from the instant when the radius of the cylin- 
der was zero (Fig. 2). Since there is no fundamental length or time 
involved, all velocities and pressures must depend on the parameter r/t. 
If a» is the sound velocity in the still air, we may write the velocity poten- 
tial ф ав 


(2.58) $ = а (ж), 
where z is the nondimensional parameter 
(2.56) z = rag. 


Let the velocity of the expanding cylindrical surface be ea, and let the 
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surface of the cylinder be defined by x = є. Let theshock beat Magt. Then 
the region of flow ise 5 x < М, Since the shock wave is of uniform strength, 
the flow behind it is adiabatic and Bernoulli's equation holds, i.e., the local 
sound velocity a is given by 


(2.57) d = all — © - DU- x ML 
where the prime denotes differentiation with respect to x, and y is the ratio 


of the specific heats of air. 
The equation for the velocity potential ¢ is 


2 2 
ето 1 4 096 98 q (26 


9% 
дт drat m 


In terms of f, we have 
es) n-6- ny - af ear thy] = e - 99%". 


The boundary conditions are specified by the requirements that (i) at the 
surface of the cylinder the velocity of the air is equal to the surface velocity 
of the cylinder; (ii) at the shock, ф is continuous, but in the still air¢ = 0, 
thus ф = 0 at the shock; and (iii) the relation between the velocity of the 
shock and the fluid speed behind it must satisfy the Rankine-Hugoniot 
relations. Expressed in terms of f, we have the following three conditions, 
respectively: 


Ге = 
KM) = 0, 


ran = 2(w - 3) / o +1. 


Since we now have three boundary conditions for an equation of second 
order, we should be able to find a relation between e and M, or a relation 
between the velocity of expansion and the shock velocity. 

To put the problem in more familiar form, we set. 


(2.60) =u [= 
Then (2.58) becomes 
att (у + Dau = y= D» — Жу + Di] S 


(2.59) 


(261) ++ - Deu- v — BÓ] = 0, 
Ys 
ax 
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"The boundary conditions are 


2 H 
= 6 M) = MM 7 uu). 
262) Kose мю = Ey (м) 
ЮМ) = 
When « is very small, м and » will be small quantities; then (2.61) is ap- 
proximated by 
du u 
а= +50 


dv 


ds 


The solution with the boundary conditions (2.62) is thus 


(2.63) 


М-і 


use 


v= Гав, 


with a singularity at т = 1 corresponding to g = —1. The problem thus 
belongs to the case —1 < ф < 0. The solution (2.64) does not exist for 
æ > 1, while M, the ratio of the shock velocity to the sound velocity, must 
be greater than 1 for the exact solution. Thus the PLK method is clearly 
indicated. The zeroth approximation suggests that we adopt the following 
expansions, 


(2.64) 


u = ёш + UOH 
EE + + ..., 

EH PO + c, 
=1+ емо M) р... 


where и (с) and v® (£) are of course given by (2.64), or 


аа = 4/ Lad, 


E 
wO = [ug ae 


2 


(2.65) 
т 


(2.66) 


Now since the singularity is at £ = 1, (1 — £) takes therole of £ in previous 
sections. The most important teima in x”, 29, ..., according to the 
general theory for —1 < Ф < 0, will be constants, although terms 


in (1 — £)'" multiplied by various powersof log (1 — £) will also be required, 
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as shown by (2.35). The coefficient of ¢ in the factor of du/dz in (2.61) is 
389 + (y + Du? — (у — 199. 


According to the general rule stated at the beginning of the present section, 
this sum should be zero at the singular point £ — 1. But (2.66) shows that 
u® and v are zero at ғ = 1. Therefore we take 


(2.67) a? = 0. 
With this value of 2 the equation for м is 
а = Bu" + + + Div — G — Dou" 
(2.68) 
vto - Di — (у – 00] = 0. 
If £— 1 in this equation, we obtain 
(2.69) wq) = -G + D lim tut] = y + 1 
To calculate »(1) we have to use the boundary conditions. Let & be the 


value of £ corresponding to the shock; then, according to (2.62) and (2.65), 
we have on account of (2.67) 


f+ és?) + = M, 

ewm 6769 PED + = 0, 
2, 4,0 д 21 
ёа) + du) + ey x) 


But weknow from (2.66) and (2.69) that u® == 4/20 — В, uw? =y + 1, 
as Е — 1. Then the first and the third equation (2.70) give 


M = & + 0(6), 
2 М1 (м1) ATTE) éy + D. 


Gt) М 
"Therefore 
(2.71) &-1-0(é4 
and 
(2.72) М-і-д0(6. 
Then according to » given by (2.66), 
(2.73) wE) = OC). 
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Hence the second of the boundary condition (2.70) gives 
(274) 0 Q0) = lim [£9] = lim [РО = 0. 
m per] 
With the values already determined, the coefficient of є in the coefficient 
of du/dz in (2.61) isat £ — 1 
Bim [72527 + (у Пак” — (у — Do — 3G + Dy] 
ol 


= 229 + (у +10) 
According to the general principle this sum must be zero. Therefore 
(2.75) 2? = By +1) + O(V/1 log (1 — 8). 


Hence, by combining the first and third of the boundary conditions (2.70), 
we have 


EVIL M) FAY FTF + Ay +: + Ole log 9 

= 54 О 00-3 
By solving for M — 1, we obtain finally 
(2.76) M=1+ 80 +1) + (е log 9. 


Equation (2.76) gives the desired relation between M and e. It will be 
noted that this result has been obtained here with very little actual calcu- 
lation, while Lighthill himself obtained the same result previously [8] by a 
different method, but only after some tedious computation. The power of 
the new method is thus clearly demonstrated. 


7. Irregular Singularity 
We now consider the differential equation 


(2.77) = +и= е (% w), 
If we identify x with the time, this equation represents electrical or me- 
chanical systems with small nonlinear terms. Such systems often show self- 
excited oscillations which differ considerably from the simple harmonic 
oscillations of period 2r when e = 0. The self-excited periodic solution is 
called the limit cycle of the system: it actually represents the problem of 
Poincaré. If we use the classical perturbation method, we substitute for u 


u = u(x) + we) + ви +. 
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Тһе equation of order zero is 


o 
би Ta? = 0. 


The point z = © is thus an irregular singularity of the differential equation. 
We can take the zeroth order solution to be 
ч® = Asin z. 
Then the first order equation is 
мои р «© = f(A sin г, A cos x). 


Making a Fourier analysis of f(A sin т, А сов г), we have 
ДА sin 2, A сов) = фи + 25 (a, cos nz + b, sin nz). 
п 
We now can easily determine u” as 


e) = 9 48 zing — 
ua) = 5 +5 7 2 20052 


+ ( Ч сов nt + 


Lc pugno) + B sin 2+ Сова, 


Авг =, u™ behaves like ze”. The point x = х is thus a singularity of 
the perturbation equation. Higher order solutions have the same general 
character and the perturbation series diverges as «> %. 

"То treat this problem by PLK method, we substitute (2.2) into (2.77). 


‘Then 
qo eal” ama 
(qu a AQ ca + P +...) 
dde ae 


(2.78) 
$u$ au AP в... = EC ames 


Q9 pal +... 


The zeroth order solution is the same as that for the classical perturbation 
method except that x is replaced by 2. Thus 


(2.79) и (9 = A sin Ё, 
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But the first order equation is now 


wu?" + u® = day + a cos £ + b sinë — 24x?" sint 


(2.80) = 
+ Ax?" cos & + 2 (а, cos ng + b, sin ng). 
т 


The troublesome terms on the right-hand side of (2.80) are those connected 
with sin and cos Ё. The sin £ term can be eliminated if we put 


(281) a - a & 2! 29, 


As no help can be obtained from z®, we set a, = 0 in order to eliminate 
cos 4. In other words, 


(2.82) Í ХА sin £, A соз В) cos £ d£ = 0. 


This equation actually determines the amplitude A of the oscillation, The 
period of this self-excited oscillation or limit cycle is the change in x when 
£ changes by 2r, since now u" as well as u is periodic with the period 2r. 
Thus, according to (2.81), the period is given by 


[п +5 + oo) 
(2.83) " 
= on +1] f (Asin £, A cos В) sin ЕЕ + O(2). 


Poincaré has shown [1] that the process can be extended to higher orders 
with = (£) each proportional to £. The period of the limit cycle can then be 
calculated as a power series in е as indicated by (1.2). 


8. Combined Method; Sink Flow of а Viscous Gas 


In all previous sections except Section 11.5, we have shown how the РЕК 
method can be used to give a uniformly valid solution for cases where the 
classical perturbation method fails. The types of differential equations we 
have so far considered are, however, quite restricted. There are equations 
for which the restriction of Section II.5 does not, yet the РІК 
method will not yield the valid solution over the whole domain of interest. 
Where the method fails, we must again resort to other methods of solution. 
It usually turns out that the “method of boundary layer” will provide 
the correct solution in the difficult region when new variables of the form 
eu and Үз are introduced. Outside of the difficult region, the PLK method 
is still effective. For this type of problems, then, the complete solution re- 
quires a combination of methods. We shall demonstrate this technique of 
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Fic. 3. Compressible sink flow. 


the combined method by studying the problem of sink flow of a viscous 
heat-conducting gas. Our discussion follows the work of Wu [9]. 

Here we are concerned with steady two dimensional flow with cylindrical 
symmetry (Fig. 3). The only independent variable is the radial distance r 
from the origin, and the radial velocity w is the only velocity component. 
For the sink flow и is always negative. Let the velocity far away from the 
origin be subsonic and vanish as r -> о. We are interested in the region of 
the flow where the local Mach number is nearly unity, because there the 
velocity gradient is large, and the viscous effects of the fluid can no longer 
be neglected. 

Let p, p, Т, p, u’, ^, R, Cp , C, denote, respectively, the pressure, density, 
absolute temperature, coefficients of shear and bulk viscosity, heat conduc- 
tivity, gas constant, and the specific heats at constant pressure and volume. 
"Then the momentum equation is 


йи _ dp, af, du, 2,,_ yid d {ч 
Риз; = ры 212 eo] +28 (2), 
and the energy equation is 

а fë 
ow (+ т) 


_4 dT, di 2, ldW у 1 
Д ыш +26 -a(i +=] 


If m is the sink strength, the continuity equation is simply 


(284) 


(2.85) 


(2.86) 2триг = —m. 
The equation of state is assumed to be that of a perfect gas, or 
(2.87) p = RoT. 


Tt would be convenient to use nondimensional variables defined as follows 


азу _ Fearn, w= —u/m, @= T/T = (а/а), 


P=p/m, B=0/m, й = иа, ГГА 
where quantities with the subscript 1 are fictitious quantities, which cor- 
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respond to conditions at the local Mach number unity for an inviscid gas 
with vanishing heat conductivity. The ratio of the specific heats, y, is as- 
sumed to be constant throughout; the sonic speed a, at r = riis given by 


(2.89) а? = yp/p and 2xpar = т. 

The continuity equation becomes therefore 

(2.90) pwr = 1. 

Here w is positive for sink flow. The equation of state (2.87) is 
(2.91) p = pe. 

We now introduce the parameter k by 

(2.92) ш — p = 3k 


and the Reynolds number 
(2.93) Re = qu. 
pm 


The nondimensional form of the momentum equation (2.84) reduces to 


: іе _ _1ар_ 2[d[|.dw , ,,1d s, 24 = 
ам) = ya melee i; mioo] 2 В 

By using (2.90), the energy equation can be integrated once. The integra- 
tion constant will be chosen so that at ? = æ the limiting case of vanishing 


viscosities and heat conduction reduces to that of isoenergetic flow. Thus 
2 


v 8 1_fidf è ‚уй w 
+ tat bald) earning] 


ТУТ Бе (сагу -1 
(2.95) 
an, 
2-1’ 
where с is the Prandtl number 
(290) s= Cn, 


The pressure р can now be eliminated by using (2.90) and (2.91). The result 
is conveniently expressed by a new independent variable n, 


(297 . n= logr. 
The final equations for the two unknowns w and 6 are then 


dw ,l|d[f?9 9 
5146) - 8] 


(298) -- Eia co (Ee - o) [n ot =) 
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and 


A 2 
т. а mU BTE зы | 
3 үтіш dy 
(2.99) 
x rub 
24-1) 
Тһе solution we wish to obtain is опе for small viscosity or large Re, tend- 
ing to the inviscid subsonic solution at large radial distances. Thus at 
9 — =,ш = 0,0 = (y + 1)/2. The critical point of the equation is = 0, 
where the inviscid solution has local Mach number unity. 
‘To avoid unduly complicated calculations, we assume the viscosity coeffi- 
cient to be temperature independent, hence 


(2.100) z=1. 

We can now introduce the small parameter ¢ of our problem as 
mcm di 

(2.101) c= Tpit OR: 


Then the basic system of differential equation becomes 


(2.102) 2%” БЕ ee | mee (Z = “уе 


dy dy Ф 2v ат 
and 
ү-і 7+1 i dé _ w) 

qui d OPER lain tte 

| ы 1 

DUE. 
Where b is the constant 
2Ytl k 

(2.104) b- Ux PIE 


We shall find it convenient to use w as the independent variable. Then, 
according to the PLK method, the expansions are 


ш = Et ew) + eu sss, 
(2.105) n = т + 000) + PSP) + ..., 
# = OE) + OH) + ё#® + sss. 


By substituting (2.105) in (2.102) and (2.103), we find the equations of 
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order zero in the form 


‚, Ра Бу 1.20, e] wn 
[: * Id T. = (y = 0, 


(е = Е аг 1 y 5 әре - 0, 


where primes again indicate differentiation with respect to 4. The quantity 
19» is generally not zero, thus (2.106) gives the zeroth order solutions 


(2.106) 


s .rtlorlcie 


2 and 


(2.107) 


Qul 1 ig ttt ret 
a = — log £ ре | z 6, 
where the integration constant is chosen such that 0 and 1° represent 


the inviscid solution, when we put E = w. 
The first order equations are now 


m Qu ual уі ëU- 60) 
(2108) 6 + (у — Dtw" = TOW + See 


o £) o ( -") aol 4 (=) 
(9 Жа” uo cg - Ват 


[n Q9. + 200) + gm 


and 


(2.109) 1 
т 


tt) өн азға 
ui" Вы" + go y], 


where a and В are constants defined by 


ch. 1 „= 

(2.110) a= T һ zu cierres id 

Equations (2.108) and (2.109) are two equations for three unknowns 0%), 
w™, and 4". This degree of freedom can be used to control the singularity 
of the solution. In fact, by substituting the zeroth order solution (2.107) in 
(2.109), we find that the latter equation is reduced to 
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Ay orm _ 20) (1- % 
g" 91-а к 


Q — 800 — 8x 
(2111) + SF «p? jg 7 (8b — @) 


_а+ 22] В 

1-8 182—1) 

The principle of the PLK method is to choose w™ such that the resultant. 

w™ and т will have similar singularities. This requirement gives the proper 
split of (2.111) as follows: 


deo .0-800—8 E 


(2.112) 8 (ВР — 1} 
+ [15% -- 9 tt et i 
and 
ag _ _ 2; vt 
eu) и! 


The solutions of these equations are 


(Es Ioui 
өл) uq = а aR #0 og |t z2 


and 
(215s) a) = -G-@) ъа 1- г]. 


where 


„б — 6b) - в) 


рт and 


eae а-в» U +28 
B-2lI|CRL-(86b—-o- аш]. 
s[ 5 - 9-9 - ке 

‘The results of (2.114) and (2.115) are obtained by dropping the integration 
constants. We can, of course, keep these two integration constants, and 
they can then be considered as two free parameters of the solution. ‘These 
parameters can be fixed by imposing some boundary conditions. Here the 
natural boundary conditions at г — œ are all satisfied. However, there 
remain the conditions for pressure, stress, and heat flux rate on an “inside” 
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boundary, г = ro, say. These inside boundary conditions will determine 
the two integration constants. By dropping the integration constants, we 
fix the solution to a particular one among the many possible ones. 

Further calculations by Wu [9] give the following final solutions: 


«p -i- {arts +89 x 


т-в 
(2.117) өк eo (15). 
até) = [oie Mes rti rady] 
(2.118) - «а - ofr t3 ei] 
+е® M (туе ву). 
ap = (2t4-75 12) i «оа 
(2.119) + B EU EE tog rti rotel 


орут | ( é ) 
af toe poe dt? 
As £ — 0, we have w = 0, n — о, 0 = (y + 1)/2. Therefore (2.118) and 
(2.119) represent the correct solution for our subsonic sink flow. 
Equation (2.118) shows that for € = 1 — ке”, where к a numerical con- 
stant of order 1, the magnitudes of the succeeding group of terms are all the 
same, namely 0(64:3), If £ is pushed further towards 1, the higher order terms 
become more important than the lower order terms, and the series for т 
actually diverges. Therefore, in spite of the PLK method, we fail to obtain 
a uniformly valid solution beyond ё = 1 — ке”, Other ways of splitting 
the original equation (2.111) will not alter this natural limit in the admis- 
sible value of £. In fact, we can abandon the PLK method and try the class- 
ical perturbation method, i.e., 


(2.120) п = (ш) + Pw) + enw) +, 
8 = 09 (5) + Pw) + COP) s 


The limited range of the solution now again appears іп the series for y and 
is effectively the same as previously. One objection to the expansion of 
(2.120) is that there are now some spurious singularities in ты) at 
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w = 87°, corresponding to supersonic flow speed. Therefore from the point. 
of view of generality of solution, the PLK method is definitely preferable. 
Furthermore, if the solution is to be pursued to a higber order, it will be 
safer to use a method which allows a certain control of the singularities. 
To continue the solution beyond the limit £ = 1 — xe”, we have to use 
the “boundary layer method.” The solution so far obtained gives however 
the necessary junction conditions. Taking к = 2/(y + 1)", we find that 
the series for у is rapidly convergent, and the terms explicitly shown in 
(2.118) are sufficient for numerical calculations. In fact, for k = ~4, 
(corresponding to 4^ = 0 and с = $ and implying а = 0), we have 


1766(у + 12" 


RE 
dw = et ( А y 
(аа) = 0478 туа 007 at w= 1-2 ($5 
б = 1+ 0009) j + 1756 + ра. 


The boundary layer method requires a modification of the independent 
variable by a factor depending on «together with expansions of the depend- 
ent variables. The results of the PLK method as given by (2.121) naturally 
suggest that the new independent variable 2 be defined by 


(2.122) n= ép. 

Accordingly, w and @ are expanded as 

wa Lt е) + е?) + oO +, 
#=1+ е0) + P999) + APH ы... 


By setting а = 0, in accordance with (2.121), and by substituting (2.122) 
and (2.123) in our original set of differential equations (2.102) and (2.103), 
we have as first order equations 


(2.123) 


a) aw 
(2.124) Фе: + 259 p. =(1-8) 


and 
9) = -G - 159$. 

The second order equations.are 
Фо а 


fer аа, 


с d ( (ув a) 
Qum) a? d (oo) = ge”) = (1+ Bo, 


DPO = -G = De) + eO 
The boundary conditions for these equations сап be deduced from the 
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junction conditions (2.121). Thus, at ¢ = 1.766 (y + 1)”, 


do 


wo = -2/(у 1^, qy T 9| + 1), 
(2.126) А 
ше ita tay, = олт 
= Lily р ap 7 Ott 


We have now formulated the boundary layer problem. Wu has carried 
out the numerical calculation for о. We shall not pursue these details here. 
But what has been discussed here serves to show the way of combining the 
PLK method with the boundary layer method in a physical problem, where 
the PLK method alone is insufficient. 


ПІ. HYPERBOLIC PARTIAL DIFFERENTIAL EQUATIONS 
1. Generalization to Hyperbolic Equations 
In this section we shall see that the procedures of Sections II.1 to 11.4 
developed in connection with ordinary differential equations can be easily 
generalized to hyperbolic partial differential equations in two independent 
variables. Previously we were concerned with the solution near the regular 
singularity (z = 0) of the zeroth order equation. The purpose of the PLK 
method is to make the perturbation solution convergent down to this sin- 
gular point. For hyperbolic partial differential equations, the singular point 
is replaced by a whole line, the singular characteristic, near which the 
classical perturbation method fails to give a useful solution. That the line 
must be a characteristic can be seen as follows: Let us introduce a system 
т, y of curvilinear coordinates, such that the line of singularity is represented 
by z = 0. At this line, the zeroth order solution v® has an algebraic or 
logarithmic singularity. This situation, quite analogous to that discussed 
previously, means that the coefficient of à'v' /àz? in the zeroth order equa- 
tion must tend to zero as z — 0, while the coefficients of other second order 
derivatives remain finite. In other words, near т = 0, the zeroth order 
differential equation is as follows: 
E gym ae” 
6D s tB 8233 EI 
where B and C are different from zero at z = 0. The variations dz and dy 
along & characteristic are given by 


(3.2) тау — B(dx)(dy) + C(dzy' = 0. 


At x = 0, (3.2) gives dz = 0. The characteristic curve is thus indeed the 
line z = 0. 
Moreover, we shall now indicate that any hyperbolic equation will give a 


= terms with first derivatives, 
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zeroth order equation of the form (3.1), and thus the classical perturbation 
method may run into difficulties at a characteristic corresponding to z = 0. 
Let us write the zeroth order equation in the normal form with characteris- 
tic coordinates и and v, namely, 

PX 


(3.3) eat terms independent of second order derivatives. 
uy 


If now we introduce the coordinate transformation 
(3.0 


we have 
РИД _а Е 19 Е E у Сы 
дид› — Ou| д» ды Lay Әс ` ðv ду 


(9x әх\ o" + (8 a) аш ay ә) Su ate av” 
ЕТЕГІ àv \р du) aray Марау) Oy! ^ дыд» Or 


хеш, y= yi) 


ау a? 
öuðv ду 

LUE WPO (ay au) ate әнә а?у a 

ди dv) dy? 9; ард» ду” 


oe Ёар ахду 


"Thus, by writing equation (3.3) in independent variables x and у, we ob- 
tain an equation of the form of (3.1). The original exact equation (before 
the application of the perturbation method) must therefore be of the form 


26 Lu 
ax” 
д ди д^ a 
(3.5) Б + CUTE EE + Е 
Е ы av ди av 
= terms In 6 Ys UY a a 


The right-hand side of the second equation (3.5) is linear in z, y and the 
derivatives when e — 0. This is now in a form very similar to our basic 
equation (2.1) of Section П.1. We are thus encouraged to use the same 
method. To treat (3.5) by that method we introduce 


u = Ше з) + UME р +, 
E, т) + a? (6 to, 

E+ e (y) + ет +, 
т. 


v 


(3.6) 
т 


у 
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Тһе variable у is not expanded, because our difficulty with the perturbation 
solution is associated with the variable т, but not with y. We shall see how 
the PLK method works in the present instance through an example. 

Let us consider the following equation: 


ди àv \ ди 
ш.а ыш 


=u 


(3.7) 
ӛт 
To use the expansions (3.6), we first have to compute the derivatives d/àx 


and д/ду. Now 


a_i 9 Ед 9 _ on 8 ôf ð 


G8 dz ^ хәр 920 бу дуб Oy BE 


But from the last equation (3.6) we have clearly 


әр M. 
(3.9) as 0, " 1. 


By differentiating the z-expansion with respect to y and z, we have then, 
using (3.9), 


д a£ ЗЕ дт д 
(3.10) Ж ЕС E 
: 
ZI + ] 


Solving (8.10) for à£/àz and ð$/ðy and substituting the result in (3.8), we 
have 


J = 1 8 
ox E P ax og 
le» жез + 
(3.11) ax” ТЫ 
ә_ә_ 97 Әр a 
47% LEE aE 
1+ E Té E T 


‘Then the original equation (3.7) can be written as 
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a C o m 
ШЕ pes «Jm 8% +] 


ә % an on 


әх? 2010 ] ou” | ou” L 
-[. atea [а tae E 


ou” 2 dui? ] 
iit -[ ЕЗ a аа ыы 
3.12 
(9) (а) 
ua pe p t 
ax 2020 ) av àv? 
(Ames (ен +...) 
(D (2) ж, 
EID I + 
and 
(0 (1) 
[Breet] 
(3.13) 


Qi (2) 
-[! ере jum enm e 


The zeroth order equations are then 


(9) 
3.14 
ie w? о 
ə 
The solution is 
(815) ое, P Гат а Fey, 


By using (3.14), the first order equations are found as 


а) (0) (1) (0). 
ди? ди [= E ], 


a E ар — à 
(3.16) iJ E m m 
av әх m "m 
EET и Hu 
E & 
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Now if the initial conditions of the problem are such as to require 
(817) u ~ АЕ 
with ф > 0, the worst term in the bracket on the right hand side of the 


first equation (3.16) is и“. This term can be cancelled, however, if for 
£9, 


(3.18) 92^ аре оғ a = A. 


When this is done, u® for £ — 0 is no worse than 047%). The second 
equation (3.16) then shows that 00) is also О( 7”). Therefore the behavior 
of the expansions here is very much the same as in the case of ordinary 
differential equations discussed in Section П.2. For a fixed y, the series have 
much the same character as (2.13). Thus just as for the ordinary differential 
equations, the PLK method is sufficient to produce a valid perturbation. 
solution down to > = 0. A first approximation to the solution near z = 0 
is then 


BID uw-w"(, аер аре v= fg dp FO. 
‘Thus if Ay < 0, there is a real line of branch points at 4z/d§ = 0 or 
аз) t- Cem) m m (1+ Domo. 


If the initial conditions of the problem are such that near Ё = 0, 
(821) uq) = 090) + АГ" 
with % < —1, then the value of u® near Е = 0 is represented by u (0) 


and v by v9(0, п). In order to make the order of the singularity of ue 
the same as of и”, we have to put 


(3.22) a9 = —+ш®(0) — v9 (0, т). 


But if go in (3.21) is such that —1 « q < 0, then we achieve the same 
purpose by requiring 


(3.23) 29 = — 14900) + Ag] — (0, ә). 


The above example shows that the technique used here and the results 
obtained are quite similar to our previous treatment of the ordinary differ- 
ential equation of Section 11.1. However, there is one essential difference: 
While the point of singularity for the ordinary differential equation is fixed 
at the point 2 = 0, and the value of q is explicitly given by the differential 
equation itself, our equation (3.7) gives no such explicit information. In 
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fact the so-called singularity can occur at any г, and фо is only specified by 
the initial condition, and not known otherwise. The zeroth order solution 
can have any one of the properties discussed above at different values of £. 
Therefore our treatment, with the discussion centered on individual points 
of £, although useful for the understanding of how the PLK method ean be 
extended to hyperbolic equations, is not effective in obtaining an over-all 
picture of the solution. For an insight into the situation, we observe first 
that the nonuniformity of the classical perturbation series is caused by the 
terms on the right-hand side of the first equation (3.7). In fact, the most 
detrimental term is ды/дх or 'v/óz! as seen from (3.16). This term only 
appears because the independent variables х, у in our equation (3.7) are the 
characteristic variables of the zeroth order equation, but not that of the 
exact full equation. If £ т are the exact characteristic coordinates, then the 
normal form of the equation is 

9% 


(8.24) aon 


= terms independent of the second derivatives, 
and the classical perturbation procedure will work. Thus the point is to use 
the exact characteristics instead of the characteristics of the zeroth order 
equation. We shall see that this is really what the PLK method tries to 
accomplish in the present. case. 

The system (3.7) сап be written as a single second order equation 


9% 9v | дв \ 0% 
5 OY _ (80 | ava 
6.25) Ez" ‘(2 t =) ЕТ: 


Therefore the variations of dz and dy along an exact characteristic are re- 
lated as follows: 


9v до " 
- xp - (2 S) = о. 
Hence, if we indicate the exact; characteristic variables by £ and э, then 


dv | Ov 
а= в+‹(@ +), 


dy = dy, 
or 
д} | Ov 
(3:26) а. (920) а, 
т= у, 


where the integration із to be carried out along lines of constant £. Equa- 
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tion (3.26) can be written in a form that conforms to (3.6). For instance, 
we have up to first order accuracy. 


D | x" o 
(3.27) ELE f ( ul De у. изя 


This is exactly what our previous results in (3.18), (3.22), and (3.23) specify. 
For the present. problem then, the independent variables £ and з in (3.6), 
introduced for the PLIK method, are nothing but the exact characteristic 
parameters of the hyperbolic equation. The mathematical implications of 
this fact will be diseussed in Section 11,5. 


2. Progressive Wave Far from Source 

In this section we shall discuss another difficulty of the classical perturba- 
tion method when applicd to hyperbolic partial differential equations, the 
physica) character of which is quite different from that of the preceding 
section. It has to do with the natural spreading of a progressive wave, 
sometimes also called a simple wave, after it has travelled a large distance 
compared with its width, Such progressive waves are described by a hyper- 
bolic equation which is approximately linear, but its exact form is quasi- 
linear, the coefficients of the second order derivatives being functions of the 
lower derivatives of the unknown variable. Therefore, if (x, у) are the 
characteristics of the linearized approximate equation, the full equation 
can be written as follows: 


Я 9% p a r 9» Er 
(3.28) Dm TFA ae +в Этду +0 ay +», 


where F is linear in е, дь/дх and dv/dy, and Л, В, C ave at least linear in р, 
дг/дт, дг/Әу, but may be of higher order; D is at least of second order: 
When the waves are weak, the right-hand side of (3.28) can he neglected 
and we haye the approximate equation 

oe 
3.29, ЕЁ = ( 
(820) дуду * , 


showing that 2, у are indeed the characteristic variables of the linearized 
equation. For wave propagation in the r-direction with constant velocity 
ao, zand y are agt — г and aut + т. 

Now if F — 0 as x — >, опе would conclude from (3.29) at first sight 
that v is propagated unchanged along the characteristic y = constant. How- 
ever, this conclusion is really erroneous. For, along y = constant, some of 
the terms on the right-hand side of (3.28), so far neglected, may have con- 
stant sign and, on integration along y to large values of x, will produce an 
accumulated effect far more important than the effects of F which we take 
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into account. The nonlinear terms, though negligible for small т, are thus 
essential for the correct description of the physical phenomena at large x. 
Such accumulative influences of waves far from the source have been 
stressed by Hayes [10] and made the basis of his pseudo-transonie similarity 
rule, 

То sce this effect in more detail, let us*suppose that, as z > ж while 
y = O(1) corresponding to progressive waves, F is given by 


o» ren ]+:°@+%(). 


where n 2 0. For the particular cases of plane, cylindrical, and spherical 
waves, n is equal to 0, $, and 1, respectively. The coefficients in D are 
O(1/2), but A, B, C are О(1). The linearized equation is then approximately 


NEUE NC (2%) 
Оду ту дву” 
or 
(0%), 
à Же 
(330) т 


‘This is the leading term in the solution of the linearized equation. z"v®(y) 
will then be propagated unchanged along the characteristic y = const. To 
improve this solution we substitute 


(0), (D, 2), 
(3.32) ee cB + m mE des 


By substituting (3.32) in (3.29) with F given by (3.30), we can determine 
vy), v? (y), ete. In other words, the linearized equation will produce a 
solution in descending powers of т, starting with v? (y)/z". But this con- 
clusion is seriously changed by the nonlinear terms on the right-hand side 
of (3.29). The most serious term is Ca°v/dy’. Since C contains ә, dv/dx, дь/ду, 
the term Cd’v/dy* may be O(1/z"*). Clearly then, at large distances, the 
nonlinear terms are equally important as the linear terms, and, if n < 1 

the series solution (3.32) is inappropriate. Such changes in the relative 
importance of the nonlinear terms from small x to large х make the classical 
perturbation solution break down at x — «c. The application of the PLK 
method is again indicated. 


3. Solution for Progressive Waves 


In order to facilitate our discussion, (3.28) is written in the following 
form so that the most important derivatives are of first order: 
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(3.33) 

997% 
As shown in the previous section, the linearized solution із 
(3.34) uc ay = wx. 


Now let us determine the line along which the quantity 27% is propagated 
unchanged. On such a line 


E EN aL „ди «ди 
46^) = 0 = (ne “есауыл Pa 
"Thus the slope of such a line is 
dy _ _ [ач nu ди 
(3.35) di^ (x t = ) 5j 


According to the linearized equations (3.29) and (3.30), dy/dz is zero. But 
actually dy/dz is small but not zero. This means that z"w changes along 
y = constant, but remains unchanged on some line which is slightly in- 
clined relative to y = constant. As x changes from a small value to a very 
large value, i.e., the waves have propagated far from their source, this line 
may deviate far from the initial line y = constant. But since a constant 
value of x”u is carried by this line, the nonlinear terms will alter the solu- 
tion drastically as z — =. 

But what are the lines with constant values of z"u? For hyperbolic partial 
differential equations, such lines must be characteristies. In fact, this can 
also be seen by a different consideration. We note that the trouble at 
д = © is caused by the term Cé*v/ay’ in (3.28). But the very existence of 
this term in (3.28) means that the coordinate system is not the true charac- 
teristic coordinate, as indeed т, y is the characteristic coordinate of the 
linearized equation. If we use the true characteristic coordinates, we will 
not have this difficulty. The variations of dz and dy along a true characteris- 
tic are given by 


(3.36) —(dz)(dy) = A(dy — вазу) + сасу, 


where A, B, C are by definition small in magnitude. The characteristic lines 
thus have slopes specified by 


[ув га -l 
тд il +B- V BFR aad а-о 
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and 


dy lp. TERT AAT ELI 

dec gal + B V - By 4ACl e —0 

Thus to a first approximation, with emphasis on characteristic lines of small 
slope dy/dz, we can use the characteristic coordinates defined by 


(837) gon по јав 


where the integration is along 7 = constant. The correct independent 
variables to use are thus £ and s, defined above. In fact, the principle of the 
solution is as follows: If, in the linearized problem, u, which is the derivative 
of v across the characteristic, can be expanded in descending powers of x 
with coefficients constant on each approximate characteristic y = constant, 
seek a similar expansion with coefficients constant on each exact character- 
istic y = constant, finding the latter curve by a second similar expansion 
of т. We see that in the present case the variable to be modified is y, and 
not x as in Section IIL.1. 
To a first approximation, then, we have according to (3.37) 


ame 
у-т- [аё 


Since in general С = 0"), this means that у = n + O(E”) or » + 
O(log £) Ил = 1. The difference y — т is indefinite as £ — =. For the case 
of plane waves, п = 0; the characteristics are straight lines fanning out. For 
the case of cylindrical waves, n = 4; the characteristics are parabolas. 
For the case of spherical waves, т = 1; the characteristics spread out at a 
logarithmic rate. It is interesting to note that the behavior of v at large х ів 
now seriously altered: According to the second equation of (3.33) 


(3.38) 


av _ ду оуд onm 
ва ad uere (- 2 f cae) = оқ”? 
while и = O(£ "). The reason for this is of course that now the distance 
between the curves of constant э is O(¢'") or O(log £), п = 1 and thus 
greatly increases the magnitude of v for x > >. 

Аз ап example of the application of the method explained іп the preceding 
paragraphs, let us consider the problem of propagation of a spherical blast 
treated by Whitham [11]. Since the problem concerns mainly the motion 
at large distances from the center of blast, the motion is weak and can be 
calculated by assuming isentropic flow. The equation of spherically sym- 
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metrical isentropic motion is 


2, 2 2 42 

3.40) еі; = 9% 9639 | (9%) 9$ 
(840) ав + 25 t Var) at 
where ф is the velocity potential, г the radial distance, ¢ the time, and a is 
the local velocity of sound given by the Bernoulli equation 

2 
341 "sa — (y 10) 26 +1096 
ва) ёа о a (%) |. 
Here ао is the velocity of sound in the undisturbed air. With и = 9/2І, 
v = дф/дг, the equations of motion may be written as 


$a tL 1 2] _ au әр 

e) Ba- o- ut hey + vt] — o- s 
w| а 1 2] _ 

СЕЧЕ 

In the linearized theory, ф = (ан — r)/r for outgoing waves of the present 


problem; hence u and v are of the form 


а= 1) 
r 
3.43) 
| па ЕА cm 
ay г 


that is, u and v are expanded in negative powers of r with coefficients con- 
stant on each approximate characteristic ай — r = constant. Thus ex- 
pansions for u and v of a similar form are sought with coefficients constant 
on each exact characteristic у = constant, where з is a function of г and t 
to be determined in the process. Hence и and v are assumed to be of the 
form 


uc ar fepe + gtr? +--+], 


(3.44) 
.. = + [щт + сд + +++) 


Substitution of these in the condition expressing that » = constant is a 
characteristic suggests a similar expansion for 


(3.45) аё = r — n log r — Ма) — mgr. 
Tn fact, the first two terms of this expansion are just what we expected from 


767 
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our general theory. However, it is found that (3.44) requires a modification 
with a corresponding modification of (3.45) so that the equations of motion 
can be satisfied. The modification consists in replacing 9, b, с, and т by 
gn) log г + gln), biln) logr + b(n), eim) logr + c2(n), and ти (т) log r 
+ m(n), respectively. When this is done, equations (3.42) are satisfied. 

The only additional condition is that y = constant is a characteristic of 
the system (3.42), ie., along у = constant, (dt/dr) must satisfy the condi- 
tion 

2 

(3.46) (ау (е -@-Du- tB + ТӨ) -1=0 
By substituting the modified series for u, v, t into the last expression, and 
equating equal powers of г and log т, we find that g:() is identically zero 
and all unknown functions of з can be expressed in terms of h(n) with cer- 
tain constants. The solution is 


am lg, | 
(347) TET 2 +e, 
r т 
lo 1з ut 
А (ы + D lg e jor t [giat Be 
(849 9--2-” a 


qd = r — т log r — М) 
| 
(jet t Ba) ow ов + [фа +в. 


т, 


(3.49) 


+. 
where B; and By are arbitrary constants so far undetermined, and 


~ 2 
саж’ 
To determine B, and Bz we have to use the condition at the leading shock 
8. There is another trailing shock S; . In the (г, 4) plane, the configuration 
of the shocks is as shown in Fig. 4. Due to the interaction with wavelets in 
the region between S and S; , 8 is retarded and 8) is accelerated as the shocks 
progress. As r — «, both shocks degenerate to zero strength and are finally 
propagated with sound velocity а. 

There are two boundary conditions to be satisfied at a shock and the 
most convenient forms for these are: (i) the “апр е property" which says 
that, tothe first order in the strength of the shock, the angles that the shock 


(380 — k n=, а= + oe 
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$, NOSE SHOCK 


eut 


Fic. 4. Representation of spherical blast wave in the ¢,r plane. 


makes in the (7, ay) plane with the characteristics on each side of it are 
equal; and (ii) $ is continuous across the shock, hence 4¢/dr + (96/80/17 
= v + u/U takes the same value on each side, where U is the velocity of 
the shock. 

. Let Co be a characteristie of the undisturbed region, ahead of S, and let 
€ be a characteristic of the region between the shocks; then the equation of 
C is given by (3.49): 


(3.51) ай =r — тот — h(n) + O(r log ғ), = const on €. 
For any fixed ғ, the value of ¢ is bounded, because the characteristic must 


lie between the two shocks S and S, , and hence y and йт) are bounded in 


this region. Let the equation of S be р 


(3.52) aot = т — f(r) оп 8; А 
then from the angle property (i) and the fact that the equation for.Co is 
at = т + const, 


we have 

Gam По = e + об log n. 

At the shock we have, by eliminating ad — r from (3.51) and (3.52), 
Қ = n log r+ Қа) + О(т log r). 


We can then use » us a parameter to describe the shock, ie., at the shock 
both r and 2 are functions of y. Therefore, by differentiating (3.54) with 
respect to з and then substituting f'(r) from (3.53), we have 


tor! + OG? log og + 2log r = -2/0), 
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din? log r + О(г log 7)] = —2nh’(n) dy. 
Integrating, we obtain 


7 logz + Об log r) 


(3.55) 
= 3 [nift dn = оте) + 2h) +0, 
where 
, 

(3.56) һо = [npe 
and b is an arbitrary constant. Equation (3.55) can be solved for log r: 

2 
(357) юк = 0 2 р 2) | оз Jogi), 

т л т 
Then (3.54) gives 

Р 
(3.58) j= И — м) + mew + O(log»). 


For a given т, (3.57) gives ғ, and (3.58) gives f. Then (3.52) gives ао. There- 
fore the system (3.52), (3.57), and (3.58) is the kystem of parametric equa- 
tions for the shock S. When h(n) is not known, it may be expanded as 
AO) + (0) + O(n), since it is bounded. Then we ean determine п А 
function of log 7 from (3.57), and the equation of shock becomes 


(8.59) а = r — blog" r — ҚО — 39/0) Jog? r + O(log” r). 


The error is here rather large, and the parametric representation for the 
shock is definitely to be preferred if we know A(n). The constant b cannot Бе 
determined within the framework of the problem, sinee we cannot fix the 
shock position absolutely, unless we specify the wave motion at small ғ 
and 4. 

The velocity of the shock U is the slope of S in the (ғ, 4) plane, hence 
) d 1-0 


U dr E" 


Thus the shock condition (ii) when applied to 5, gives because $ is iden- 
tically zero ahead of 8, 


aw + u — f'e) = 0 
immediately behind 8. Hence from (3.47), (3.48), and (3.53), we have 
(3.60) B, = 0, В, = —4kb". 
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"This completes the solution of the problem as far as it can be determined 
Írom the given data. Our example also shows that for actual calculations 
there is really no need to use the characteristic parameters of the linearized 
equation as independent variables. The radius r is more convenient to use 
for this particular problem and thus it is used in place of the characteristic 
parameter а + г. 


4. Uniformly Valid Solution with Initial Condition 


The problem discussed in the two preceding sections, although dealing 
with small disturbances at large distance from the source, can have a 
large disturbance at the source if n > 0, because then the initial disturb- 
ances will eventually be weakened like z^" by the process of propagation. 
But since the initial disturbances are not definitely specified, there is some 
degree of arbitrariness in the solution, as is clearly shown in the problem of 
spherical blast in Section IIL.3. If the initial conditions are specified, and 
if the initial disturbances are weak, then a consistent scheme of constructing 
a uniformly valid solution can be developed with the results already ob- 
tained. Then и and v are definitely of order е, the small parameter estimat- 
ing the size of the disturbances. Thus 


и = «Ф, т) + еш т) ss, 
eX (E а) + AME +. 


"Тһе coordinates £, y approximate the characteristic coordinates т, y of the 
linearized equation. But in order to account for the anomalous effect of the 
nonlinear terms in the exact differential equation at large z, we have to dis- 
tinguish between y and y. In fact, according to our previous discussion, 
# and q are related to z and у by (3.37) or (3.38). 

To construct a uniformly valid first approximation, we take the first order 
solution of the linearized equation, u(x, у), and replace x and y by £ and 
т, where £ and т аге given by 


(3.61) 
v 


il 


(862) z-& g-a-e[et arde + o0). 


Here C* is the asymptotic form of the coefficient C for Е — © in the non- 
linear equation (3.38), when #® (£, n) is substituted. We are permitted to 
substitute u for u in C, because we are here only interested in the first 
order correction in y, and we ean use the asymptotic form of the coefficient, 
because, at small &, the difference between y and y is entirely unimportant. 
Where this difference is important, £ must be so large that the asymptotic 
form is accurate. This particular procedure was actually discovered by 
Whitham in collaboration with Lighthill who later generalized it to the 
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theory discussed in the preceding sections. Whitham applied the method 
to solve the problem of flow around a supersonic projectile [12], [13] and 
to the problem of propagation of weak spherical shocks in stars [14]. We 
shall not discuss these very interesting examples here; although the prin- 
ciples have already been outlined in preceding paragraphs, the details are 
too lengthy to be presented in this exposition. 

Instead, we shall give below a complete solution of a somewhat artifi- 
cially simplified equation to demonstrate the technique of the method. This 
equation, which was also studied by Lighthill (2], is 


ди n _ „{## 4 ди 
Betoun (E+), 
(3.63) 


with the condition that 


(3.64) и = -0, 
and 
(3.65) и = «Ә(у”, on x =0, UO) = 0; 


eis small and 0 < n < 1. The linearized solution is 
и = U (y) + yy. 


Hence, according to the principle stated above, the uniformly valid solution 
of first order is 


(8.00 и = «И +) а-ы у= т Ue — а)» 


In order to construct a solution uniformly valid up to ©, we first make 
the transformation 


(8.67) х= y=y 4). 
Then (3.63) becomes 
ay ду ди 
ди _ дЕ ðu nu on 


САК) (@-%ь) дл 


КЕСЕКТІ pra t By anf NU PCM 
(3.68) 3s ӛң 94 
9р _ „ду 
ар “ал 


We wish, however, to have y as опе of the exact characteristics, such that 
the coefficient of àu/37 in the first equation of (3.68) vanishes. Thus the 
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equation for y is 


Then (3.68) simplifies to 
ди | nu = «(2 - ey, - 22434) 
(3.70) 9 tty ap әв“ OF дЕ 
x =u a 


Now let us substitute (3.61) and 
(1)  s-& y=at yH n) + PG + 
in (3.69) and (3.70). The solution of order е is 
Ion 
uE, n) = Ul) YPG n) = UGG +1) 


fea DW T > 
(872) Bu Hm " 
%, 
жең dk 
OED = | Erm" 
The second order equations are 
au? пы® yu? "n P m 
73 а ри 
то а са аны 
By substituting the first order solution (3.72) in (3.73), we have 
ð ан _ пч) пп + DUO y 
al = ря + UO) Грн a 


Now we have to rewrite the initial condition (3.65). It can be written as 
м = «Ш(@ бу" = «90, y) atx = 0, 


or, by replacing the variable у by т in the above equation and introducing 
the expansion (3.61), as 


eu9(0, » + «i? +) + 6000, + = On) +. 


Therefore, we obtain the initial condition for u by equating the terms of 
order ¢ in the form 


©) = [00 узо, = Е ме ше 


With this condition, the differential equation for и” can be integrated to 


=e 
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WP = eL жет] 
T= nit” PEt т" 
Uaw" d cs 
A— (С? 
T= n a VO 


ті ['[1 1 ч 
+ [onc prm] 


For large x or £ we have from (3.74) 


(3774) + 


(3.75) WOE, п) РЕ", 
where 

= 0%) быт d ЕЕ "ода 
870) Fo) = таку UD ^ut) f oe 


Also, for large х or Ё, u and y^? are given as 


G3» аа ©) + ER) + 


= 
FOE. 
(3.78) of? Ge ETT 


To make the solution uniformly valid up to the order е, it is only necessary 
to include the asymptotic form of y” given by (3.78). Thus 


ucc eu" (o) + Pug) +, 
(3.79) ш-% 
DEC 


ёро)" 
: и. 

Equation (3.77) clearly shows that, for any Ё and у, the series for y is con- 
vergent. The third equation (3.79) also indicates that, although the initial 
correction to y, ey, may be quite large for large Е, the ratio of the subse- 
quent terms in y is always of order e. Therefore the series for y is convergent 
for any finite £ and т. The term ¢y” in y is quite important, however, for 
obtaining a solution и accurate to é. To see this, let us calculate the change 
in я for fixed x and y due to this term. This change is evidently 


ey ey? 
ay dd Ofer") 
E 


332 Н, 8. TSIEN 


When а or y is large, y? is ОСЕ"). Thus this change іп у due to еу” can 
he of order e and the modification of и due to this change is O(€). For large 
к, it is therefore important to retain the term еу? in y. 


5. Perturbation by Using Exact Characteristics 


The application of the PLK method to hyperbolic partial differential 
equations explained in the preceding sections, although very effective in 
removing the difficulties of the classical perturbation method, has not yet 
been shown to be mathematically sound. The question is: Are the perturba- 
tion series really convergent, or do they only seem to be so? To answer this 
mathematical question, we must first recast the method so as to be more 
formal and thus amenable to mathematical argument. We have already 
seen in Section 111.1 that the key of the procedure is to change the co- 
ordinates to the exact characteristic coordinates. Again in Sections III.3 
and IIL4 we introduced one exact characteristic coordinate y, but left the 
x coordinate unchanged. This, however, was due to the fact that in the 
problem of progressive waves or simple waves there is no necessity of chang- 
ing 2. To formalize the method and to include all the cases treated, we then 
simply have to make use of both exact characteristic variables Ё and т. 
Then the scheme of the method is first to convert the hyperbolic partial 
differential equation to its normal form in characteristic variables £, у and 
then to expand the solution in powers of e as follows: 


u = euP a) + ешо т) + Pv? (a) b, 
e" (e, o) + COME з) + OPE D+, 
E+ Eo) + ee ә) +, 
пъ (6 т) + еуро т. 


Неге т, y are the characteristic coordinates of the linearized equation. This 
is then the classical perturbation procedure with the exact. characteristic 
variables £, 7 as independent variables. It was suggested by various authors, 
and the convergence of the series seemed to be implied by the general theory 
of hyperbolic partial differential equations. But it was Lin [15] and Fox [16] 
who for simple cases gave convergence proofs of the expansions (3.80) for 
all values of £ and n, and sufficiently small e. Lin [15] has also applied the 
procedure to several very interesting problems of plane supersonic flows. 
We shall not pursue these matters here and refer the interested reader to the 
original papers. 

The importance of the work of Lin and Fox is the support which it gives 
to the PLK method by showing that the procedure described in the previous 
sections of the present chapter is mathematically sound. For solving en- 


(3.80) 


1 


a 


y 
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gineering problems, the PLK method is preferred to the perturbation 
method based on exact characteristics. The first reason is that the PLK 
method has the advantage of economy of means. For instance, in the prob- 
lems of progressive waves, only the y-characteristic is used, while x is left 
unchanged, because this is sufficient. For the problems of Section IIL1, 
the trouble is with the 9'v/32" term; there only the £-characteristic need be 
used, and y may be left unchanged. If the characteristic perturbation 
method is used, both x and у must be modified, and the work of calculation 
will be very much greater. This is particularly true when only the lowest 
order solution up to e is required, as is usually the case for engineering 
applications. The PLK method is also more flexible and more general in 
that the principle can be applied to hyperbolic partial differential equations 
in more than two independent variables and of order higher than two. We 
just introduce sufficient distortion in the coordinate to remove the diffi- 
eulty in the linearized equation. 


IV. Ешлртіс PARTIAL DIFFERENTIAL Equations 
1. Failure of the PLK Method in the Thin Airfoil Problem 


Singularities of elliptic partial differential equations differ from those of. 
hyperbolie equations in that they are point singularities, One well-known 
singularity of this type is the singularity at the nose of a thin airfoil in an 
incompressible perfect fluid when the solution is obtained by using the first 
order boundary condition—the classical thin airfoil theory. In fact, if the 
solution is pushed to the e-term, with є equal to the thickness-chord ratio 
of the airfoil, the singularity at the nose becomes worse than those of the 
first order and the second order solution. This seems to be a natural prob- 
lem on which to try the PLK method. Lighthill [17] himself has investigated 
the question and obtained very useful results for round nosed airfoils. 

Tet us consider the simpler problem of flow around a symmetric airfoil 
at zero angle of attack, with the fluid velocity far from the airfoil nor- 
malized to unity. The stream function y has to satisfy Laplace's equation 


ay 19% _ 
ал an C 


The boundary condition can then be stated in the form ф = 0 on the sur- 
face of the airfoil. Let the shape of the airfoil be represented by 


аш yt = xev + Рш Е s, 


where Fe, Pi are numerical constants and y* is y on the surface of the see- 
tion, and the subsequent terms are such as to give a cusp at the trailing 
edge г = с. We now introduce the following expansions according to the 
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PLK method: 7 
жет О т) + ОЕ л) Р т +, 

(43) х= + а т) + és? ( v) + ер т), 
у= 

Lighthill found that 

(4.4) 29 = 0 


and that in order to make the singularity of ¥ at the nose z = 0 not 
worse than the singularity of V? and y™, we must have 

(4.5) a? = №, 

which is а constant. The term ёл can be shown to be equal to one half of 
the radius of curvature of the nose of the airfoil. Thus up to the «егп, 
the solution of the PLK method is equal to that of the corresponding clas- 
sical perturbation solution with the z-coordinate shifted downstream to a 
distance equal to half the radius of the nose. By doing so, the nose singu- 
larity of the perturbation solution is “absorbed” into the airfoil and the 
solution outside of the section is actually free of singularities, The resultant 
solution is shown to be correct by comparison with the exact solution, 
which fortunately is available for such a simple case. 

Difficulties appear, however, if the solution is pushed to higher order 
terms. Fox [16] has shown that the higher order solution is indeed not 
uniformly valid, and that all “higher order” terms give at the nose the 
same order of magnitude 0(2). Hence no improvement of the solution 
beyond the second order can be obtained. This aspect of the result is very 
similar to that of the compressible sink flow discussed in Section П.8, where 
we also find that the high order terms cannot be used to reduce the error of 
the solution, Therefore we might be encouraged to guess that here as in 
the sink flow, the nose singularity can only be dealt with by a boundary 
layer solution. That is, we have to give up the idea of a single solution good 

` for the entire field, and seek a solution good locally near the nose. The 
complete solution is then obtained by joining the solution at the nose with 
the solution obtained from the classical perturbation method or the PLK 
method. In fact, Van Dyke [18] has developed just such a theory, which, 
although not yet fully established mathematically, appears nevertheless to 
be correct from physical reasoning and by comparison with the exact solu- 
tion. Van Dyke’s investigation actually is more general and includes the 
case of subsonic compressible flow. 


2. Probable Source of Difficulty 


Is there then any warning that we might notice in applying the PLK 
method to the thin airfoil problem to indicate that the method might fail? 
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It seems that there is such a warning: When we substitute the expansion 
(4.3) in the equation of the airfoil (4.2) in preparation for satisfying the 
boundary condition, we have to expand yz, among other things, in terms 
of Е and 2 (E, 1), for 2 near zero. Since +/z is not regular at z = 0, such 
an expansion clearly cannot be uniformly valid. The same difficulty was 
discussed in Section 11.5 in connection with the ordinary differential equa- 
tions. If we try to make a formal expansion as Fox did, then the PLK 
method refuses to yield a uniformly valid solution. The present author has 
tried to avoid the necessity of expanding vz in (4.2) by squaring (4.2) first. 
But then the boundary condition would require a power series expansion of 
y” for small £ and s. But y” is not regular at = » = 0, therefore for this 
approach also no uniformly valid expansion can be obtained, The failure 
of the PLK method in this problem is thus perhaps to be expected. 

From the above reasoning it is evident that the PILK method when ap- 
plied to the airfoil problem will still fail, even if we introduce another 
expansion for y and write 


з= Et OG o) + #2®@ т) +o, 
у= т+ (60) + бут +. 


This approach was indeed explored by Fox and found to be of по avail. 
Thus our surmise about the source of the difficulty is further strengthened, 
We may perhaps even venture to say that any singularity in the solution 
of an elliptic partial differential equation of the same general type as dis- 
eussed here cannot be removed by the PLK method. That is, a solution 
uniformly valid to all orders is not possible. Of course, a solution uniformly 
valid to a finite order of e might still be possible, as in the case of thin air- 
foils. Engineers may well be satisfied with such solutions of limited but uni- 
form accuracy. 


(4.6) 


V. ArPurcATIONS To Біл» Bouxpanv Laver Рковікма 
1. Boundary Layer along a Flat Plate 


‘The theory of the boundary layer along the surface of a solid body in a 
moving fluid of low viscosity originated with Prandtl. It is the prototype 
of all boundary layer problems in applied mechanics and mathematics. 
Prandtl’s boundary layer theory is essentially the first order solution for 
very small viscosity. In recent years, various investigators have tried to 
improve the original theory to include high order terms. But here the diffi- 
culty is the occurrence of a singularity of Prandtl’s solution at the nose of 
the body. Higher order perturbations will only make the singularity worse 
and actually produce infinite total viscous shearing force over the surface 
instead of a finite shearing force. The solution is thus entirely unacceptable, 

Kuo [3] realized that a satisfactory solution can be obtained by introduc- 
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Fig. 5. Incompressible boundary layer over a flat plate. 


ing a coordinate distortion within the framework of boundary layer theory, 
i.e., the physical coordinates are transformed twice. First the boundary layer 
transformation is introduced, which also requires a modified dependent vari- 
able, and then the boundary layer coordinate is again distorted. One might 
say that while the combined method discussed in Section IT.8 is the bound- 
ary layer method "plus" the coordinate perturbation method, Kuo’s con- 
tribution is the boundary layer method “multiplied” by the coordinate 
perturbation method. This very imaginative extension of the concepts of 
Poincaré and Lighthill was indeed very effective in removing the nonuni- 
form validity of Prandtl’s theory. Because of the importance of this work 
and the beauty of the results obtained, we shall give in the following sec- 
tions a considerably detailed representation of a particular problem, the 
simplest of the group of problems studied by Kuo: the incompressible fluid 
boundary layer over a flat plate. 

Let 2, 2 be rectangular Cartesian coordinates. The plate then occupies 
the strip 0 < 2 S L with g = 0 (Fig. 5), Г, being the length of the plate. 
Referred to this system, the £ and the components of the velocity are 
4 and i, respectively and the pressure is р. The density p and the kinematic 
viscosity р are constants in this problem. The differential equations of the 
problem are the Navier-Stokes equations and the equation of continuity. 
We shall write these equations immediately in terms of nondimensional 
boundary layer variables instead of physical variables defined above. These 
boundary layer variables are defined in terms of the Reynolds number Re, 


(5.1) Re = И.М», 


where U,, is the fluid velocity very far from the plate. For fluids of very 
small viscosity, then, Re is very large. We shall introduce the small parame- 
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ter є of this problem by 


(5.2) = Re UI 


The boundary layer variables, according to Prandtl, are then 


w=a/U., v=! 0/0.) = СУ, 
H € 
(5.3) 
Э iz 1 

2-2, y= 2 G/L) =Y; 
thus v and y are modified by the parameter є. We shall also introduce a 
nondimensional pressure p by 
(5.4) р = (P ~ B/BU.. 
To satisfy the continuity equation, we introduce the stream function y 
defined by 
(5.5) wah, vee, 


where, as hereafter, we have used the suffix notation of partial differenti- 
ation. In terms of the variables introduced, the Navier-Stokes equations 
are 


Vober — Уай — Yaw = -Pe + Өф; 
Dy + alus Фа + Vow) = — Aus 


These are two equations for the two unknowns ұ and р. 
To solve this problem by the “boundary layer method,” we write 


VG, y) = VP Gs y) + PG) + AP Gs) +, 
ple, у) = ep? (а, y) + Epa, y) +, 


where the zeroth order pressure is missing because we deal with the flat 
plate problem. The quantities x, y are the undistorted boundary layer 
variables. We shall see that to go to the ¢-terms, the z, у coordinate system 
has to be distorted. But we shall delay doing this until the necessity arises. 
"The zeroth order stream function V is now determined by substituting 
(5.7) in (5.6) and equating the part independent of e. Thus 


(5.6) 


(67) 


(58) WU? — P — Vin = ©. 
The first order equations are obtained by equating the coefficients of є, 
UP Va) а-ы — MP = ра +e 
69) o= p? 
У 
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The second equation (5.9) indicates that the well-known conclusion in 
Prandtl’s boundary layer theory, namely, the constancy of pressure in any 
section of the layer, still holds. In fact, if we limit ourselves to terms up to 
є the phenomenon can be adequately described by the simpler boundary 
layer equations of Prandtl instead of the full Navier-Stokes equations given 
by (5.6). 

The zeroth order equation (5.8) is the well-known Blasius equation. 
Using the substitution, 


(5.10) V? = У, 
2 0. 
(5.11) t= Vi 
and denoting differentiation with respect to ¢ by a prime, we get from (5.8) 
(6.12) 2707 fif = 0. 


The velocity components deduced from V" are then 
1 

(513) м9 = YP =f), = ag NO = МӘ. 
Since the boundary conditions are и = = бау = O and и = Lat у= = 
the boundary conditions for f, can be obtained by using (5.13): 

fy = fr = 0 ati = 0, 
(5.14) Qe 

М-і att = om. 


"The solution of (5.12) under these boundary conditions is given by the 
following power series and the asymptotic formula for large ¢: 


ко р (5) е (у ues 


(5.15) Ape Sous 
+ (1) Pas 


в = 0332, 
t 2 Р 
619 АФ = = 173 + 0081 fag’ [oem ye 


From (5.16) we can compute the velocity V, at the edge of the boundary 
layer ($ — ®), using (5.13): 


1 
т» 


(5.17) Kem Месе 
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where 
Е 78 г 
(5.18) we = 0.865. 

To determine p", necessary for the determination of the first order 
stream function V? from (5.9), we have to calculate the velocity field u 
and V outside the boundary layer, induced by the boundary layer. The 
effect of the boundary layer is represented approximately by the vertical 
velocity V, , given by (5.17) for 0 S z S 1. For < 0, V, vanishes. In the 
wake, 1 < z, we can approximately take V, = 0. Of course, У. cannot be 
really zero at the boundary of the wake, but the difference is perhaps not 
important. Summarizing then, we have 


(0 for 2 <0, 
1 
(6.19) V= le% for 06251, 
x 
0 for 1 <2. 


Now let the potential field outside the boundary layer be expanded as a 
power series in e, i.e., 


vie (+, 


= р (2 9... 
vean (Des. 


Since the edge of the boundary layer is very close to the plate, i.e., thethick- 
ness of the boundary layer is of the order е, the U^ and V ean be found 
by the same method as the first, order solution of the thin airfoil theory. 
Thus, we have 


(5.20) 


Ж) o_o _ рдо БЕК t L+ v? 
d d «E yee Vit PT Ve 


where z denotes (ж + ¿Y). At the edge of the boundary layer, the induced 
U® is given to this order of approximation by U® (z, 0). Thus 


в 1+ Ут 
тух 81 — ут 


_ 2% 2: у =" Се 
НЕЕ + + оку+ ] 


UP = U (s, 0) 
(5.22) 


Then by using the Bernoulli equation, the pressure p™ at the edge of the 
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boundary layer is 
(5.23) реа) = -UPG). 


Therefore the first order equation (3.9) becomes 


9) © (0) Or Wy CD Qi LO Ub ee au? © 
HURUP — УРУШ — әли — Vin = SS 
(5.24) Р 
Bog |1 
ws [s Watt 


ч 


То solve (5.24), we expand V as follows 


с. TP ЕСЕ EM ptt 
ca e^ P ruo e ino etr gno es]. 


where the f's are functions of Г only, and $ is defined by (5.17). By sub- 
stituting (5.10) and (5.25) in (5.24), we obtain, after equating the coeffi- 
cients of the powers of x to zero, the differential equations for f, + 


(526) Of + fof’ — 2 — fife’ + (n — ӘЛ = —2(%— 1) 
fot: и = 1, 2,3 ---. Now the z-component of the velocity deduced from 
y? is 

+ oe = 1 


At the edge of the boundary layer p — =, and u should coincide with 
Uf of (5.22). At the surface of the plate, where ¢ = 0, « = = 0. 
Thus the boundary conditions for the third order differential equations 
(5.26) are 


озу ub = yi = 20 (к AR ug. 
T 3 


nij d 


ДЕЛ = 0 att = 
ММ-і at f= 


(5.28) 


Since the coefficients of the equation (3.26) cannot be expressed analy ti- 
cally by simple functions for the whole range of ¢, an analytical solution 
valid for ¢ and п is generally not possible. The problem is on the whole a 
numerical one. Kuo has found, by combining the numerical solutions of 
Howarth and Tani for low 2 with the asymptotic solution for large n, the 
following important formula for the skin friction coefficient C; , which is 
the total shear force over one side of the plate divided by 5507,27: 


= 1.328 , 412 
(5.29) С, = VE + Re’ 


Here Re is the Reynolds number defined by (5.1). This equation has been 
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compared with experimental data of Janour [19] and found to be good for 
Re as low as 10. Below this value of the Reynolds number, Oseen’s method 
of solution will be more appropriate. 


2. Second Order Solution 


If we follow the indicated procedure and write down the differential 
equation for y”, we вее that, unlike V, y? will have a leading edge singu- 
larity worse than V? and фо, and that the additional shear stress will, in 
fact, not be integrable. To remedy this situation, Kuo considered the vari- 
ous functions in the expansions (5.7) to be functions of £ and т, and intro- 
duced a further distortion of the boundary layer variables. Evidently the 
distortion need only be of O(c), as the trouble is with У. Thus 


(5.30) z-dqdé 594. у= т 


The у remains unchanged; that this is sufficient will be seen presently. 
Then, the differentiations with respect to z and y become 


(531) 


Clearly, the changes effected by the new variables are in the second order 
terms. The zeroth order solution and the first order solution remain un- 
changed, except for the substitution z, y — £, т. The equations for y” and 
p are now 
HOP + VP — PI? — vv — um 
= УРА — VPE] 


(5.32) 
+ [72P + #{@ + RP + OD — 209920 
+ VOU PE (2) - qe + Зу) — PR 
and 
(5.33) DP тұру — DUE + и = 


As before, let us introduce the similarity variable t by 


(5.34) 


Then it can be seen that the singularity of the first group of terms on the 
right-hand side of (5.32) is 047 when £ — 0 while that of the second group 
of terms, due to terms like yf? is O(£ ?), when £ — 0. The second group of 
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terms is the troublesome group. Thus z^ should be such as to make the 
content of the second square bracket on the right-hand side of (5.32) harm- 
less. To do this, we first observe that according to (5.33) 


(5.85) р® = p(t) + PE, я), 
where 
(536) P963 = [WOR — Pv — i9 a 


Then p.(£) should be determined just like р (Е) from the second order 
potential flow. But because of the character of V^, the vertical velocity 
ҮР at the edge of the boundary layer has the same singularity as У. 
From our experience with the first order theory, we know that the gradient 
dp;/d£ is quite harmless. On the other hand, РФ has a strong singularity. 
Thus the correct choice of x must take into account Pf”, but not neces- 
sarily dp./dt. Hence the equation for z® is 


RaP + (РР - айдар + Pa? 

= WP" + adus — HP = PP — vf. 
This is the all important equation for determining the coordinate distortion, 
and it is considerably more complicated than the equation for the distortion 
function in the earlier chapters. 


Equations (5.10) and (5.11) now give V = ИЕ ЛО. By studying the 
structure of (5.37), it is seen that z'? is a function of { only, i.e. 


(5.38) z^? = wit). 
Now (5.37) can be written as 
2% — Уә + (Ы — Safe” — Oros 
+ B's СА) — 60v + Mtfo )os 
= би + H MAR! — H CR. 


This equation has the integrating factor /(2). Thus on multiplying both 
sides by jo(¢), an integration yields 


2folfo — thes — (f fo = EV) + ја — fo + odor 


(5.37) 


бз) = @(ф) + const, 
where 
$ 
eo = [sus e ni e oue ина 
(5.40) 
NE MEL ш 999 ы 
те-то! tax 8); 
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This series form of G(f) is obtained by using (5.15). Near ( = 0, (5.39) is 
approximated by 


d p 23 const. 
(541) Sad) = ir а, 
or 
(5.42) == 12 goons e const + const. 


If we therefore impose the ae 
(5.43) 29 =m —0 at те = 0, 


so that the plate is not “moved” by the coordinate distortion, all three 
integration constants in (2) must be set equal to zero. Thus the single 
condition (5.43) determines (2) completely. A more complete calculation 
gives 

1 


na e - [yzat пы” twa ~~} 


On the other hand, for large {, fo is approximated by { — 1.73 according 
to (5.16). Then (5.39) is reduced to 


(5.45) ge” Е - 173и + в = —Mit — 173). 
By the substitutions 
Й 1 
(5.46) [^ = -3( = 1») +90, t= vat — 173), 
we obtain 


им = 0. 
This equation can be integrated twice, and the result is 
(547) б +у= Си+ С. 


Also this equation can be easily integrated. Finally we obtain the following 
asymptotic formula for ge , valid for large t: 


mls) ~ AG = хау 4 C Cue menm 


aypa- 
Ы на, 
iz 


(548) 
Ty 


By joining the two solutions given by (5.44) and (5.48) at {1 = 3, the values 
of Сұ, С» and Сз are obtained as 1.901, 1.264, and 0.131, respectively. 
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Furthermore, we observe that 


е" { ed 
m 
tends to zero as { — ос. Therefore g2(¢) tends to negative infinity for large 
tas —4(¢ — 1.73/2)'. Detailed calculation shows that git) is a smoothly 
monotone function of 2, beginning on the parabola —1{* and ending on 
the parabola —1(r — 1.73/2)". 

We have thus determined the stretching function completely by the 
prineiple of the PLK method. Here, however, we should note that the 
zeroth order approximation and the first order approximation are solutions 
of the boundary layer equation which is a parabolie partial differential 
equation, while the stretching function and the second order approximation 
are computed by using the full Navier-Stokes equations, which is an elliptic 
system of partial differential equation. Thus there is a change in the type 
of equation in going from the low order approximation to the high order 
approximation. We then expect that the uniformly valid solution with the 
stretched coordinates will reproduce the character of the exact Navier- 
Stokes equations, even if we use just y”. We shall see this in the following 
section. In fact, as far as engineering applications are concerned, there is 
no need to enter into the calculation of ¥ itself. 


3. Improvement of the Zeroth Order Solution by Coordinate Stretching 


It will be recalled that the flow field of the Blasius solution is confined to 
the first quadrant, the plate coinciding with the positive £-axis, and both 
variables £ and у being positive. Without coordinate distortion this is a 
highly unsatisfactory representation of the true flow field near the nose of 
the plate. From the definition of t (5.34), n = 0 corresponds to ¢ = 0 if £ 
æ 0 and it follows that x = £ аз go(0) = 0, That is, the positive -axis is 
transformed into the positive z-axis. On the other hand, if Е = 0, but y > 
0, (реп ў = « and д  — ©; thus z — — > But when ап y vanish simul- 
taneously such that $ is arbitrary, the whole negative z-axis is swept by the 
equation z = со). Thus the origin of the £, -plane is mapped on the 
whole negative z-axis. For values of £ different from zero, it can readily be 
shown that every line £ = const is mapped on a curve in the т, y-plane, 
which begins at a point on the positive x-axis and tends to negative infinity 
when ә increases indefinitely. Consequently, the Blasius domain of the first 
quadrant is mapped onto the whole upper 2, y-plane. 

The curves of constant ¢-value are of interest. In the &, y-plane, these 
curves are parabolas with vertices at the origin. But from (5.30), (5.34), 
and (5.38), the curves ў = constant in the x, y-plane are defined by 


(5.49) y = Oe ép. 
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Thus they are again parabolas; but now the vertices are separated and are 
located at + = egi); as ¢ increases, they move along the negative x-axis 
to — æ. If we pick = 5.2, say, as the hounding curve for the viscous re- 
gion, then we see that the viscous effects diffuse out in front of the leading 
edge of the plate to a distance of order е, or а physical distance of order 
3/U,,. Therefore our coordinate distortion alone gives already a very much 
more reasonable picture of the flow than the classical Blasius solution. 

By using equation (3.11) and noting that 2” = 0, the velocity rompo- 
nents are 


vax” 
u= nW НИЕ: ә 
U ду a 14 282 E 
N 
d Өө @ a 
іні BQ) + HEELS — 9. 
ЕС 2. 9 
CU fa ай 
E 
= 0 ыў; 


ЕЗ % 2) 
Since the denominator 22 — ер (6) in these expressions vanishes only at 
the leading edge, the only singularity of the solution occurs at the leading 
edge. V is now finite everywhere and it is zero on the negative z-axis be- 
cause = 0 there, and $ # 0. The effect on u is represented by an extra 
term which is of second order practically everywhere in theboundary layer. 
Compared with the classical Blasius solution, where u was unity on the 
negative z-axis and on the y-axis, the essential improvement is that u now 
varies with ¢ according to (5.50) for ё = 0. 

In order to bring out the exact nature of the singularity at the leading 
edge, the function g» may be explicity approximated for small $ by the 
leading term, namely, by —i^/4 according to (5.44). With this form of gs , 
(5.80) gives 


еу dus 
ere CET £ mre 
Thus 
20 — zc Ve o Y 
(5.51) апа 


MP = VEEP - s. 
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Thus, if we approximate ұ/” by the leading term +/£ (05/2), then near the 
leading edge S 
г 


1 ды 
VO alt + VEY VT Lad 


H И 

= Bgl МЕРИ - al. 
If we write x + iY = z, x — iY = & then the above expression for y^ 
is proportional to the real part of 2° — 2%, Thus, with the stretched co- 
ordinate, ¥® is a biharmonic function near the leading edge and exhibits 
the character of Stokes’ approximation. It may further be noted that the 
velocities w and V, which were of different order of magnitude in the 
boundary layer theory, are now of the same order. This is another feature 
of the improved Blasius solution. 

For large t, (t) can again be roughly approximated as - Қ” according 
to (5.48). Then (5.50) is reduced to 


(5.53) 


60. 

va г’ 

At the edge of the boundary layer, Y = 0(‹). Hence the velocity com- 
ponents at the edge of the boundary layer can be obtained by setting Y = 0, 
and аге thus equal to 1 and ex/4/z, in agreement with the Blasius solu- 
tion. But the disturbance terms in (5.53) are actually the real and imaginary 
parts of — 262 we "7 where z = x + ТҮ. Thus the disturbance velocities are 
indeed those of a potential flow, vanishing at distances far from the plate, 
and the unrealistic picture of the classical boundary layer theory is com- 
pletely corrected by the stretching of coordinates. 

One might expect a change in the shear stress at the plate due to the co- 
ordinate stretching. However, a detailed calculation shows that all changes 
in shear stress vanish at the plate where ¢ = 0. Then the friction computed 
by the boundary layer theory is still correct, and our previous result, 
(5.29), still holds. Further improvement in the friction calculation can only 
come from a computation which uses / and z^. But this is hardly profit- 
able in view of the excellent results already obtained. 


4. Boundary Layer in Supersonic Flow 


"The success of the combined methods of boundary layer transformation 
and coordinate distortion in the Blasius problem of the incompressible 
boundary layer led to Kuo's investigation of the more difficult problems in 
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supersonic boundary layer flows by the same method. Неге the main com- 
plication results from the intimate interaction between the viscous bound- 
ary layer and the supersonic inviscid flow bounded by the nose shock just 
outside of the boundary layer. Because of the viscous forces, the gas in the 
boundary layer is slowed down and heated; the “thickness” of the layer 
then continuously increases along the length of the plate. This in turn 
deflects the outside stream and produces a pressure gradient along the 
plate. The difference between the supersonic flow and the incompressible 
flow discussed in the preceding sections lies in the fact that for the super- 
sonic flow this “induced” pressure gradient is very much stronger than that 
in the incompressible flow. This is the more so if the Mach number is large. 
In fact, Kuo has found that the distortion of the boundary layer coordinate 
has to be introduced already іп the first order in е, i.e., 


(644) a= gt aE a t Ша) to. yee 


Compared with the corresponding problem in compressible flow as indi- 
cated by (5.30), the complication arises at an earlier stage of the solution. 

Kuo studied two problems of this type: one is the supersonic boundary 
layer on a flat plate |4), and the other is the supersonic boundary layer on 
a plate at an angle with the parallel stream fur from the plate (boundary 
layer on a supersonic wedge). For both problems, however, the calculations 
involved are considerable and too complicated to be presented here. The 
interested reader is referred to Kuo’s original work. It is hoped however 
that by discussing the simpler problem of the incompressible boundary 
layer in detail in the preceding sections, the technique and the power of 
this latest application of the PLK method have been amply clarified. 


VI. Сохсиллмо REMARKS 


Tn the preceding sections we have given a somewhat lengthy exposition 
of the principles and technique of solving physical problems involving a 
small parameter e by the method developed by Poincaré, Lighthill, and 
Kuo. We have used a number of examples, some of them quite compli- 
cated, to illustrate the method, but we have not given a general mathe- 
matical theory of it. This is really forced upon us, because there is as yet 
no general mathematical theory available. It is hoped, however, that the 
reader is not completely left to his own devices to decide whether the PLK 
method could help him to obtain a useful solution for his particular prob- 
lem: We have throughout the discussion, shown also problems for which 
the PLK method has failed; in such instances, we have always tried to 
point out why it failed. (Sections 11.5, 11.8, IV.2). 

The reasons we have given for the failure of the PLK method in the 
various problems were necessarily vague and heuristic. Here, then, is a 
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problem worth the attention of our colleagues in mathematics. Could they 
be persuaded to study the question and then tell us just exactly for what 
type of problem the PLK method will work, and for what type of problem 
the PLK method will not work? For problems where the PLK method will 
not work, i.e., will not give а uniformly valid solution to all orders, or a 
solution of uniform arbitrary accuracy, the method may still give solutions 
that are uniformly valid to a finite order of e, as in the thin airfoil problem. 
Can this be known by just looking at how the problem is formulated? 

In the absence of answers to the above questions, the engineer really 
need not despair. For him, the best guide in estimating the correctness of 
his culculation is still his understanding of the physical problem. If a mathe- 
ral solution does not give the expected answer, he naturally has to 
question the validity of the mathematical solution. Therefore the fact that 
he does not fully “understand” the PLK method should not prevent him 
from trying to use the method to solve his problem. He may well keep in 
mind what Heaviside said when his intuitive operational calculus was 
questioned: “Shall I refuse my dinner because I do not fully understand the 
process of digestion?” 


mat 
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Technical Notes 


Thermodynamic Properties of Gas at 
High Temperatures and Pressures 


H. 8. TSIEN! 


Daniel and Florence Guggenheim Jet Propuleion Center, 
California Institute of Technology, Pasadena, Calif. 


1 Equation of States of Dense Gas 

HEN the density of gas is high, it is well known that 

the simple equation of states for a perfect gas can no 
longer be expected to be valid. The most crude approxima- 
tion to the equation of states for a dense gas is that of Van der 
Waal. If P is the pressure, е the volume per molecule, 7 the 
temperature, and k the Boltzmann constant, then the Van der 
‘Waal equation ін 


(ен m 


where a and b are two constants, small in magnitude, The 
constant bis usually simply identified as four times the volume 
of a molecule. If the molecules are assumed to be spheres of 
diameter D, then 


2 
ba Tp a 


At high temperatures, the density of gas can he large only if 
the pressure is very high. "Then the term а/ is not impor- 
tant in comparison with P, and Equation [1] ean he simplified 
into the so-called covolume equation of states 


Pi — 0) = kT 
Or we can write 
а m 
ze 
where в” is a volume defined by 
s a ж 


However, because of the erude approximation in the Van der 
Waal equation of states, neither Equation [1] nor Equation 
(2) ean be expected to he sufficientiv accurate for gas at very 
Wigh temperatures and high pressures, An example of such 
state of matter is the guseous products of detonation of con- 
densed explosives, where temperatures of several thousand 
degrees Kelvin and densities of the order of solids occur. 
Other more elaborate equations of states designed to cover 
the whole range of pressures and temperatures suffer from the 
same defect. 

For products of detonation of condensed explosives, a more 
accurate equation is the Halford-Kistiakowsky-Wilron equa- 
tion (1)? 


Pe 
РЕ ТЕ resp ta КИРА Б 
т 14K’ p (ал К/Т Б) 


where 


K = Dak; 161 
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a, is the number of moles of the ith molecular species per unit. 
volume, and K; is the empirical constant for the ith species. 
For water and ammonia, the Ков are 108 and 164 cm? per 
mole, respectively. It is suggested that when A, ін not 
known, it ean be caleulated as 


Ky 55 (=) мра. т 


where N is Avogadro's number, and D, is the low energy col- 
lision diameter of molecules of the ith species. A, is thus 
equal to 22 times the volume of one mole of spherical mole- 
cules of diameter D, If there is only one species of molecules, 
then Equations [6] and [7] give 


кеъ (2) (6) хунн И] 


where v* is a volume defined by Equation [4]. ‘Thus for a 
single gas, the Halford-Kistiakowsky-Wilson equation can be 


written as 
Po E 453 
Bac. EA oos cy 
e) т» (та 
E z 


It is easily seen from Equations (5] and [9] that they are an 
improvement over the covolume equation [3]; now the 
“compressibility,” РЛЕР, is unity ав T — = even with v/r* 
finite. This result is to be expected on the general ground 
thet molecules are never rigid spheres, but "squeezy," i-e, 
closer approach is possible if two molecules collide with 
greater Kinetic energy. At very high temperatures, the 
kinetic energy of the molecules is very high, then the effective 
size of the molecules in collision must be very small. Now 
the effects of gas imperfection is proportional to the molecular 
size. Therefore as T — œ, the effective molecular size 
vanishes and the gas becomes a perfect gas, even if the volume 
ratio is finite. Hence really satisfactory equation of states 
must have this property. This is so for the Halford-Kistin- 
kowsky-Wilson equation. 

But even when the constant К is related to the low energy 
collision diameter of the molecules through Equations [7] and 
[8], still no proper account is made for the strength of mo- 
lecular interaction. If we represent the interaction between в 
pair of molecules by the Lennard-Jones potential єт), а 
function of the intermolecular distance r 


СЕС 


then besides the collision diameter D, there is the parameter of 
equilibrium potential —e*, the potential when the pair of mole- 
cules are at their equilibrium distance 2740. А convenient 
parameter for е" is the “characteristic temperature of inter- 
action," Ө, defined as 


mi 


Then we expect the equation of states to be of the form 
Pe 
т^} + AT neje") из} 


ie, the compressibility should be а function of temperature 
ratio 7/6, but not temperature itself as is in the Halford- 
Kistiakowsky-Wilson equation. Furthermore, according to 
our argument on vanishing imperfection at T — = 


Ka, иде) = 0... ENT] 
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With the general concept that the equation of stutes for 
dense gas must satisfy the conditions embodied in Equations 
[12] and [13], many of the equations of states proposed by 
various authors сап be ruled out as unreliable, For instance, 
Cottrell and Paterson suggested (2) that 


m. const 


га! 


Since the condition of Equation- [13] is nob satisfied, this 
equation cannot be reliable for very high temperatures. Ina 
similar manner, the theoretical equation of etates proposed by 
Zwansig (3) is also unaereptable, because he makes the 
untenable assumption that at very high temperatures the 
molecules interact. as rigid spheres. 


2 Lennard-Jones and Devonshire Theory 


If there were sufficient experimental data for gus nt very 
high temperatures and pressures, we can try to fil the data to 
the nondimensional equation of states of Equation [12] and 
determine the function f(T/6y, г/9%). "This is, in effect, the 
application of the principle of corresponding states. Unfor- 
tunately, except for two old measurements on hydrogen and 
helium by Bridgman (4), no experimental data are availuble 
at high enough temperatures and pressures for this to be pos- 
sible. We must then turn to theory to determine the proper 
equation of states. If we are interested in the region of den- 
sity where the nondimensional volume v/v* is neat unity, іе; 
densities of the order of liquid density at low pressure, then 
‘the Lennard-Jones and Devonshire theory of liquids and 
dense gas is a very good approximation to the true physical 
situation. Here the main defeet of not allowing for empty 
inttice sites in the theory is not important. Furthermore, 
Wentorf, Buhler, Hirschfelder, and Curtiss (5) have carried 
өші very extensive and accurate calculations for the Lennard- 
Jones and Devonshire theory. We can use their tabulated 
values directly. But for practical caleulations, it would be 
more convenient to put their result in a simple analytic form 
or esay interpolation and extrapolation. This is the main 
purpose of the present note. 

Of course theoretically the equation of states can be directly 
obtained from the formulation of Lennard-Jones and Devon- 
shire theory without having to use the numerical results. 
But the interested range of parameters 7/6, and v/v* is such 
that no simple analytic result can be obtained. This is quite 
different from the case of liquid state where 7/0, is small 
enough for the simple analytic treatment (8) to be successful. 

By using the tabulnted values of Po/ET given by Wentorf 
and collaborators, we can plot T/6; against o/e* for eonstant 
PofkT. The result of this preliminary investigation indieates 
that instead of two variables 7/0; and v/e* in f of Equation 
112], a single variable » is sufficient with 


в = (Трое из 
Then, aecording to Equations [12] and (ІЗІ 


mif Де)-0..... uer 
In Fig. 1, 1/f = (Pv/kT — 1) 7018 plotted against з. We 
‘that the points are grouped around a straight line for 7/9, 
10, 20, 50, 100, and 400 and э/э" near unity. Ta fact, we find 
the approximate equation of states for gas at very high 
temperatures and pressures as 


Po 1 Р 

т”! omy soar ET 

‘The condition of Equation [18] is thus satisfied. This result 
is accurate to about 10 per eent. 

Although the equation of states, Equation [17], is obtained 

for dense gas at high temperature, it may be interesting to see 

how well it behaves for dilute gas. For dilute gas, 2/0" is 
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m 
кі 


large, then s is very large. Therefore for dilute gas at 
h temperatures, we 


ІСІ 


On the other hand, Ше exact equation of states for dilute gas 
ut very high temperatures is given by the virial equtution, re- 
ing only the lending term in the expansion of the serond 
virial eneffcient (7). Thus 


G) T Moser 
Lf зет Gt, ПӘ 


By comparing Equations [18] and [19], it is seen that aside 
from the difference in the exponent of Т/б; our approxi- 
mate equation of dense gas at high temperatures even repro- 
dures some of the characteristics of а dilute gae. Thorefore 
for rough approximations, our equation of states, Eq 
ИТІ. can be even used for the complete range of eA. ОГ 
course, Equation [17 ] cun be true only for high temperatures, 
say Т/Ө > 10. 


3 Other Thermodynamic Functions 


Since the proposed equation of states is approximately true 
for even dilute gas, we may use it to ealewlate other thermo- 
dynamic functions by integrating to1/v*— =. For instance, 
if Eis the energy per molecule, then the general thermody- 


namic law states that 
ər 
NI. 
T G. 


Thus, by differentiating Equation [17], using Equation [15] 


БӘ muss a 1201 
$e)r7 T (ашан — 0177) 
Ez is the energy per molecule when v'r* — =, Le, 


Eq is the energy per molecule calculated for a perfect gas, 
then the energy per molecule due to imperfection of the gas is 


вых = - |" (шуы ші 


By substituting Equation (20] into Equation [21], and by 
considering (E — Ё„)/ЁТ to be a function of » only, we obtain 


ar 1 


(B~ Bab = 6 gae, Qn 


22) 


We observe that although the result involves the use of our 
approximate equation of states for large v/v*, the eontribu- 


Jer Prorvistos 


tion to В — Б, ішке гг" is small, and the error made is 
not as serious as one might concinde at first sight. Tn fact. 
by comparing the computed value using Equation [22] with 
the exset numerical vaiue of the sime funetion tabulated by 
Wentorf and collaborators, the difference is of the order of 10 


the following formuius for molecular 
enthalpy М, molecular heat capacities, е, and ер, molecu 
entropy & 


(Ho Has m RU = ELI 123] 
(cher боты аша осон 
а» = TS = eus 125 
k 1 
P7 Suam cerro 
А отв rail 


лт; аз» — Vd 


‘The above formulas lor heat capacities and entropy ure less 


accurate than for energy and enthalpy Беш 
tiation used in their derivations. 
least consistent among themselves, 


ise of the differen- 
But these equations are at. 
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Thermonuclear Power Plants 


HSUE-SHEN TSIEN! 


Daniel and Florence Guggenheim Jet Propulsion Center, California Institute of Technology, Pasadena, Calif. 


Some of the unique features of thermonuclear power 
planta and the essential problems in the technical design 
of such plants are discussed in this paper. The thermo- 
nuclear reaction rate for the fusion of deuterium is caleu- 
lated on the basis of a similar analysie published by Gamow 
and Teller, The pressure, temperature, and minimum 
dimensions of the necessary rection chamber ure deter- 
mined largely by consideration of reaction quenching and 
energy loss near the walls, Results are presented for the 
power output and the efficiency of a power station utiliz- 
ing the deuterium fusion reaction. The comment by 
Greenstein that follows this paper deals particularly with 
the dificult problem of calculating the reaction quench- 
ing and energy loss rates at the walls. 


1 Introduction 


A GREAT majority of the present discussions and plans 
on the utilization of nuclear energy for power produc. 
tion is related to the fission reaction. Although the nuclear 
fission power plants have many distinet advantages over the 
conventional power plants, the limited world reserve of 
uranium and thorium that can be practically mined makes the 
Jong term prospect of such power plants somewhat uncertain. 
On the other hand, the thermonuclear fusion reaction, par- 
ticularly the "burning" of deuterium into helium, utilizes a 
very abundant fuel. ‘Therefore, if the fusion reaction can be 
made to generate energy for power plants, the prospect of 
world energy supply will be very much brighter. 

But can the fusion reaction be utilized in terrostrial power 
plants? This question has been examined by E. Singer and 
his collaborators (1, 2). However, a critical reading of 
Singer's work will show that part of his analysis ів not valid 
because he has not gone deep enough into the subject. 16 
is the purpose of this note to point out some of the unique 
features of the thermonuclear power plants and the essential 
problems in the technical design of such power plants. It will 
be seen that such engineering projects are truly of stupendous 
proportions and are a challenge to one’s imagination, How- 
ever, the reward to the welfare of the human race by a suc- 
‘cessful development of thermonuclear power plants is во great 
a5 to make the careful examination of this problem a very 
worthwhile research project. 


2 Thermonuelear Reaction Rate 


‘Thermonuclear reactions are reactions between charged 
nuclei. Because of the electric charge, necessarily positive, 
the approach of the nuclei to each other has to overcome the 
Coulomb repulsion between the nuclei, Therefore, only if 
the relative kinetic energy of the nuclei is high; can a close 
enough approach be obtained and а reaction take place. This 
required kinetic energy is so large that even at temperatures 
as high as 10 K only nuclei in the high energy end of the 
Maxwellian velocity distribution can achieve reaction. There- 
fore only a very small fraction of the nuclei participate in the 
reaction. In other words, the reaction rate is quite small. 
‘This observation leads to s great simplification of the calcula- 
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tion: The nuclear distribution can be considered as quasi- 
steady; io, the Maxwellian distribution can in fact bo used 
in spite of the slight lack of thermodynamic equilibrium 
during the reaction. Gamow and Teller (3) have developed 
such a theory of thermonuclear reactions. "Тһе following is a 
slightly modified form of the theory suitable for the present 
purpose. 

Considering the colliding particles as rigid spheres, it is 
well known (4) that the number dN of collisions per unit 
volume per unit time between particles of type 1 and 2 with 
kinetic energy of collision between с and e + deis 


say (ат? «de 
p = ae (BEV зыр 
ay = = ( " ) apa i 


where зи, пу are the number densities of particles of type 1 
and 2, respectively; s is the symmetry number, equal to 2 
if type 1 and type 2 are the same, and equal to 1 if not; м 
is the reduced mass of type 1 and type 2 particles. Du is 
the average diameter of the two types of particles; le, Ж 
D, and Dy are the diameters of type 1 and 2 particles, then 


n 


ж-да. oe oe BL 


‘To put this general formula into a form more useful for the 
present computation, molar fractions »ı and ә; are introduced 
.-.. ы-. 
where n is the total number of particles per unit volume; the 
particles may include electrons besides the nuclei. Further- 
more, if M, and Му аго the mass of particles of type 1 and 2, 
and А, and A, are the corresponding quantities expressed іп 
terras of atomic mass units (“atomic weights” of the nuclei), 
and M is the mass of one atomic mass unit, then 
мм, АА 
ММ, Ata 
“Thus А is the reduced mass expressed in terms of atomic mass 
unite. If V is the relative velocity of tho two colliding par- 
ticles, then е, the relative translational energy, is defined ав 


ne Bae зі 


" M = АМ.. E 


] 
Las [ 
FLUE (5) 
И P is the thermodynamie pressure, then 
п = РД. в) 


Equation. [6] is true only if the assembly of particles is at 
‘thermodynamic equilibrium and if the particles essentially do 
not interact, ie., the assembly is a perfect gas. At the ox 
tremely low gas density that will be considered, this is true 
tow high degree of accuracy. Of course, if the sum of the par~ 
ticles is not at thermodynamic equilibrium, eg, fusion 
product neutrons which hardly collide a sufficient number of 
times with other particles to have a Maxwellian distribution 
of velocity within the dimension of region considered, then 
such particles must not be considered in calculating the total" 
particle density n. The "pressure" produced by such par- 
ticles on the wall of the containing vessel has to be treated 
separately. On the other hand, photons, if any, that are 
almost st thermodynamic equilibrium must be included in 
the particle density m. 
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The most important modification of [1] is the following: 
Nuclear reactions cannot be considered as collisions between 
rigid spheres but are expressed through an effective cross 
section s. The effective cross section for collision of rigid 
spheres is a circle of radius Di. Therefore 


DL [| 


substitu 


14], [8], and [7] into [1], the number V. 
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Tt is important to note that in general the effective cross 
section is not а constant but function of energy e. То par- 
ticular, according to the theory of nuclear reaction, the quan- 
tal penetration of Coulomb harrier gives the effective cross 
section as 


Аз ГА. 


MR? 
“ж 


вуз. 


LN 
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R is the radius of the compound nucleus formed during 
reaction, and cun be estimated us 


ио! 


R= ИТ + 122 (А + Ау] X 107 em., I 


T is the half-width of the nuclear resonance level. 2; and Z 

are the nuclear charges іп units of electronic charge e. 
Зу substituting [D] and [10] into [8], it is seen that the 
variation of dA /de with respect to e is due to the exponential 
QV A J dei 


factor 
e MEC? 


Thero is а minimum of the quantity within the square bracket 
with respect to e which corresponds to the maximum of 
dN/de. I this eis denoted by е". then 


1 лел УА 
aT ей 


or 


из! 


" iE М. amy 
Va 
Near this value of e, the expression in the square brarket of 
112] сап be approximated by 


OLD AM 
Viaje 
Thus, under this approximation, £N can be computed ax 
E [е2 Zu &] 
nur T) exp |У арр 
зУ2кАМ@ТУ^Л 2 Я Fr 
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П 
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ттк чате 


=з, 
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By integrating over all e, we have the number М of effective 
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binary collisions per anit vol per unit time ax 


ух 


From [13] 


L3 gie ZSZMAMYSS 
( ЕС ^) un 
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Equations [16] and [17] together determine the reaction rate, 
There is only one important difference between [16] and the 
original formula due to Gamow and Teller (2); Gamow 
and Teller have not included the symmetry number s und thus 
may be wrong in some eases hy a faetor of 2. 

Tf we denote by x the quantity (k7)', then the tempera- 
ture dependent part of [16] ean be written as 


" Dog СА Ж 
тер oe =|. Us] 


This quantity clearly has a maximum at some хаме of 2, 
say a; mis determined by 


к (e E ied a o Іш 
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Equation [19] gives the optimum reaction temperature 7) 
for maximum reaction rate at vonstant pressure as 


З\? иная 
ЖУ 9 E ш 
By putting in the numerical values of physical constants 
Ty = 1442 X ФАЗА ^K. 2 


Equations [20} and [21] show that the optimum rexetion 
temperature depends only on the reduce mase and charges 
of the nuel ind is independent of the details of the reaction. 
T, is the smallest for proton-proton reaction. (А = Ua 
Za = Zs = 1), for which Ty = 0.721 X 108 K. 

The important parameter im the expression of reuction 
rate is the level width r. This has to be determined experi- 
mentally. However the experimenta] resetion cross sertions 
азе usually expressed as 


-evi 
ee BO, pa] 


where В and C are two empirically determined constants for 
any one reaction, Same as the preceding paragraphs, [8] 
and [22] ена he combined to give the formulas 


fi (2 e 231 
7 Ат, sd 
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GY с $ +90 125] 


Tf the optimum temperature 7) is used as a reference tem- 
perature 


Қ мезет). qu 
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For numerical computation, P^ is usually given in atmos- 
pheres. Thus 


P р 
тїзї ха D em Д 
© xam p | 
В vesually given in units of burns-kilovolts, thus 
B 
E " ря 
a x 10 pat 
Cis nsually given in units of kv", thus 
Te = 1528 X 10807 °K Qui 


Tí E is the energy production of a single binary reaction. 
then the rate of energy production Q per unit vol per wit 
time is obviously 


Q= EN E 


3 Example: Deuterium Reaction 


Because of the abundance of deuterium as a naturally 
occuring stable isotope of hydrogen, it is of interest ta соп- 
sider the burning of deuterium. The accurate reaction data 
wore given recently by Arnolil et al. (5) 


UPS eo BH 


where «is the deuteron energy in kilovoits in the usual laboru 
tory coordinate system, und B = 288 barneky, С” = 457 
ky ^ Since the ein [22] is the relative tic energy de- 
fined by (5) and the ratio of deuterium mass and the reduced 
mass is 2 in а deuteron«leuteron reaction, 


2. 


32) 


‘Therefore, by using Arnokl’s data, the reaction constants B 
and Care 


B = BUS = LH bhameekv 

C= сууз 

Equation [29] immediately gives the optimum temperature 
Т, for deuteron-deuterou reartion as 

T, = 1.600 X 10% К. fm 185] 


зада kv", зі 


According to Arnold et al., the deuteron-deuteron reaction 
branches, with almost equal probability, into two reactions 


ане HE НУ Жар... (36) 
AM Htm Het + on! mi 


Since the masses of the atomic species are given as follows 
дөн?) = 


AGH) = 3016907 | 

AGHen = 3016877 7 

Ap) = 1008142 

Аб) = 
"The reaction [36] then produces 


2 X 204735 — (8.016997 + 1.008142) = 0.04331 amu = 
4.08 Mev = 646 X 10-4 erga.. 


‘The reaction [37] produces 


2 X 2014735 — (1.008062 + 3.010177) = 0.003511 amu = 
321 Mev = 5,21 X 107 ergs 1401 


However, in a thermonuclear reaction chamber, 186] and 
Jury 1956 
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[37] do not represent the end of reactions. The reaction 
products are immediately thermalized by elastic collisions 
"with other particles; thon the following reactions are possible. 


ae? + ou! — Hè + pt ви 
СРО] 
iHe? + Ht — Het + apt... 


At first sight it seems that the reaction [41] depending upon 
both componente of the reaction products of low concentra 
tion will be very much less frequent than [42] and [43] de- 
pending upon only one component of reaction product. 
However at thermal energies corresponding to temperatures 
of the order of 10* К, the cross section of [41] is of the order uf. 
10 barng, while according to Arnold (5), the reaction eros 
sections of (42) and [43] are very much smaller. Therefore 
HA] is in fact the only reaction of importance while [42] 
amd [43] сап be neglected, his heing the ease, then even- 
tually all of the deuteron-deuteron reaction really results in 
the production of tritium according to [30]. ‘Therefore the 
average energy production Е for every deuteron-deuteron 
n is according to [39] 


E = 646 X 10°" orgs. $ ші 


‘The energy produced by burning a unit mass of deuterium 

is thus 

040 x 10 * X 2388 X 107* X 0.605 108 
4020 


еше = 


231 X 109 cal/gr. [a 


Now assume T = Ty = 1000 X 10 K, P = 100atm. The 
feed gas Dz will be completely ionized at this temperature, 
and reacting mixture wil! be composed initially of equal 
numbers of deuterons and electrons. Thus э = 


s= 2. Then using [24], [26], [30] the energy production 
Q per unit vol per unit time ix 


1o 1480 X 107 x 144 
Q = 646 X 107 bA TTEN 
О BAB 10 X СТІ yq 


ELELEE 
3 x 100? 
«=t ergs/em? ме = 0:65 X 10" ergs/om? өсе = 
85 watts/em? = 0874 eal/em? sec... [4] 


It is interesting to note that this volume rate of energy 
generation is only Uu of the rate of generation as in a modern 
aireraft gus turbine combustion chamber using hydrocarbon 
fuel. Therefore ìn spite of the extremely high temperature, 
thermonuclear reaction using deuterium is a relatively slow 
reaction. The reason for this anomaly is the extremely low 
density of the hot gas: Theresimply are not enough deuterons 
in а unit volume to give high reaction rate. However, as 
Sünger (1) has shown, other nuclei generally give even lower 
rates of energy production. 


4 Thermonuclear Reaction Chamber 


"The moderate volume rate of energy production together 
with the extremely high gas temperature naturally сай ones 
attention to the problem of quenching of the "flame" by es- 
cessive cooling, This problem is in fat the central problem 
of thermonuclear reaction chamber. There is certainly в 
ccitical size, say a critical diameter, of the reaction chamber 
helow which the reaction cannot be maintained. As a very 
rough first estimate, one may take the chemical combustion 
ая a model, and use the mean free path as the sizing length. 
Because of the relatively slow thermonuclear reaction, the 
chemical model should be one of poor reactivity. Thus the 
quenching diameter at atmospheric pressure сап be taken as 
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lem. The pressure effect on quenching can be thought of asa 
Reynolds number effect. Then the quenching diameter at 
100 atm will be '/ cm. То translate this value to thermo- 
nuclear reaction chamber, one notes the fact that the ratio of 
mean free path for the two cases is approximately 106. Thus 
the rough estimate of the critical diameter D, of the reaction 
chamber is 


S Ж 
. = ggg X 10 em = 100 meters... НИ 
M the length is to be ten times the diameter, then the thermo- 
nuclear reaction chamber is n. vessel of 100 meters diam and 
1000 meters long built to withstand a pressure of 100 atmos- 
pherest 

‘To examine the quenching problem in some detail, one must 
first estimate the mean free path of the fully ionized mixture 
of deuteron and electron. 17 п is the particle density, and if 
о. is the scattering cross section of the particles, then the 
general equation for the mean free path 115 

po OT _ бт T 


= 241 X 1079 — 88] 
по, о, "v. 


D, 


For fully ionized particles, the eross section e, сап be com- 
puted approximately according to Lin, Resler, and Kantro- 
witz (6) as 


> гү ir fe 
a, = 810 (ш) log (Se Т9) us] 


By taking T = 10 K, о, from H9] is equal to 4.00 x 10-4» 
cmi Then [48] gives a mean free path of f= 603 em. With 
such a large free path, the transfer of energy by collisions is 
extremely slow and inefficient. To improve the chances of 
collision, some particles of larger size must be introduced, 
e.g., atoms of heavier elements. The heavier atoms can have 
their outer electrons stripped (ionized) at the prevailing high 
temperature, but since some electrons remain attached to the 
nucleus, the size of the partially ionized atom can still he of 
the order of d. hen such particles will be a scattering cross 
section of the order of 10 Even with only one per 
vent of such heavier elements in the mixture, the mean free 
path will be brought down to а few centimeters. This is in- 
dead the mean iree path used in the size estimate of the pre- 
ceding paragraph. Needless to say, the heavier atoms in- 
troduced must not capture neutrons appreciably so as not to 
interfere with the very important energy producing reaction 
of {41}. 

However, even with the presence of heavy partially 
ionized atoms, the mixture will be still practically transparent 
to high energy neutrons generated by reaction (37), Tho 
energies carried by them cannot then be “kept” in the gas by 
collision, but rather are received directly by the walls of the 
reaction chamber. ‘This is a direct energy leak and makes 
the quenching problem very much more difficult. In fact, 
out of the reaction [37], only the kinetic energy of Не? is 
kept within the gaseous mixture, This energy is only 1А, 
of the total given by [40], or 1.21 x 10-*ergs. The energy 
produced by the reaction [36] is of course retained in the 
gaseous mixture and is equal to the difference of energies 
given by [39] and [40] or 1.22 X 10-4 ergs. Hence 50 per 
vent of the deuteron-deuteron reactions have an effective 
energy production of only 


(131 + 1.22) x 10-5 = 2.53 x 10-4 ergs..... [501 


‘The average of the reaction energy kept in the mixture is thus, 
using |29) 


à [2.53 + 6.46] X 10t ergs = 4.50 X 1058 ergs... [51] 
Compared with gross energy produetion given by [44], this 
is only 60.6 per cent; 30.4 per cent of energy produced is 
delivered directly to the solid walls of the chamber. 
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Out of the energy kept in the reacting mixture, given by 
151] for one single binary renction or 


1.808 X 109 eal/gr..... + (62) 


a good fraction will be absorbed by the reacting deuterium 
in entering the flame: The deuterium gas is heated, disso- 
ciated, and finally ionized to reach the full flame tempera- 
ture of say 1.600 X 10 К. According to Sanger (1), to heat. 
up to this temperature, the deuterium takes up approximately 


10^ cal/gr = 0.1 X 10" cal/er... B31 


Now the crucial question is: how many grams of deuterium 
have to be heated in order that one gram of deuterium will 
be burned to completion? In other words, what is the com- 
bustion efficiency of the flame in the reaction chamber? By 
comparing [52] with [53], it is seen that if 16.06 grams of 
deuterium have to be heated to flame temperature to get one 
gram of deuterium burned, then there will be no heat left to 
he conducted and radiated to the wall rough the gaseous 
mixture, Rut there must be heat conducted and radiated 
to the wall because the wall, being necessarily of solid ma- 
terial, must be at a temperature, suy 2000 K, which is very 
much lower than the flame temperature of 1.600 X 10% К. 
‘This shows that the ratio of mass to be heated and actually 
burned must be less than 16.06. 

For lack of more accurate information, consider a combus- 
tion efficiency of the flame zone to be Мы That is, six 
grams of deuterium have to be heated to have one gram 
actually burned. Then the energy available for conduction 
and railiation to the wal! per gram of deuterium burned is, 
according to [52] and [53] 


(1.008 — & X 0.1) X 10” eal /gr = 1.006 x 10% cal /gr. 154] 


Therefore, by comparing with [45], only less than one-half 
of the gross energy production ів available for “cooling” 
loss. In fact, with [46], the “cooling” loss energy О, pro- 
duced per unit vol of flame por unit time is 

- “= X 0.874 cal/em* see = 0,382 cal/em* sec .. [55] 
Now let it be assumed that the flame in the 100 m diam reac- 
tion chamber be a cylindrical volume of some 60 m diam and 
120 m long. Then within this 120 m of fame, the wall will 
receive by conduction and radiation through the mixture, a 
heat flux density q, equal to 


“PX 6000: x 0382 
[La 7 989 colom ser 


= 8.75 Btu/in. ee... [56] 


‘This, corresponds to a black body radiation at 3990 К. 

The question is, of course, whether the heat flux g, ac- 
quals that given by [56]. For the specified condi- 
tions in the reaction chamber, if the actual g, is larger than 
[56], then the critical reaction chamber diameter must be 
larger than the assumed 100 m. If less, then the critical 
diameter can be smaller. Therefore, one of the basie prob- 
Jems of thermonuclear reaction chamber design is the calcula- 
tion of g, or radiation heat flux through a gas layer of variable 
composition and variable temperature, The technical com- 
plication here is, of course, the fact that here the radiation 
mean free path is large in comparison with the physical di- 
mensions and therefore the simple method developed by astro- 
physicists for the interior of stars is not applicable. On the 
other band, all essential basic information required for the 
caleulation is now available. The problem is thus only com- 
plicated but not insurmountable, But, in any event, the 
flame is almost transparent due to the low density and almost 
complete ionization. In fact, within the flame, radintion 
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will come almost only from the specially introduced heavy 
atoms which are, however, of very, very low density. There- 
foro, the flame, although of extremely high temperature, is a 
relatively weak radiator. Hence the comparatively low ef- 
fective black body temperature of 3990 K may not be far from 
being correct. 


5 Thermonuclear Power Station 


‘The part of energy directly transmitted to the wall by fast. 
neutrons is the difference between [45] and [52]; thus the 
total energy flux to the wall g is 


231 


ү x 80008 х [ose + 0.874 X 


1e 7 x 10,000 


582 cul/em? sec = 14.89 Bou/in see... |57] 


Although: nearly one-half of this energy is realized by slow- 
ing down the fast neutrons and is thus distributed in a layer 
of wall material, not merely delivered at the surface of the 
wall, nevertheless the tremendous heat density poses а cool- 
ing problem which cannot he solved by conventional cooling 
methods. It seems that the only feasible method is that of 
transpiration cooling. That is, the wall is made of porous 
material, say porous carbon or graphite, and cold deuterium 
gas is forced by pressure through the wall into the reaction 
chamber, Heat in the wall is picked up hy the coolant gas 
and returned to the reaction chamber. By using a large 
enough quantity of coolant gas, the wall temperature can be 
kept at the desired low temperature of, say, 2000 K. In fact, 
the application of transpiration cooling to nuclear rexctors 
has already been considered by Kaeppeler (7). He, however, 
has not included the important "spacing heating" effects of 
neutron slowing-down, 

Behind the section of reaction chamber occupied by the 
flame zone, the heat flux due to neutrons is greatly reduced; 
then the coolant ges forced into the reaction chamber merely 
serves to lower the temperature of the gas from the flame zone 
{exhaust gus). At the end of the reaction chamber, the tem- 
perature across the chamber cross section should be fairly 
uniform and at, зау, 1000 K. The discharge pressure of this 
body of hot gas is of course essentially the chamber pressure 
whieh is taken to be 100 atm in the above discussion. The 
high pressure hot gas can be used to generate power through a 
gas turbine. It is perhaps worth while to note that the pro- 
duct gas is expected to contain only the weakly radioactive 
ҮН? and thus should give no difficulty for the power generat- 
ing machinery. ‘The exhaust from the turbine after being 
cooled by heat exchanger wili pass through the waste extrac- 
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Fig. 17 Schematic diagram of thermonuclear power station. 
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tion system for removing the nuclear "ash." The purified 
gas will contain of course mainly D; but also hes a very 
small concentration of Н, and Т, produced by reaction |30) 
and [41]. ‘This gas together with small amount of make- 
up Ds to replace the deuterium burned is then compressed 
to high pressure and fed through the porous wall back to the 
reaction chamber, ‘This then completes the суше of the 
power plant. Fig. 1 is a diagram representing the com- 
ponents and the process of the system. 

Of course, by cycling the gaseous mixture repeatedly 
through the reaction chamber, the concentration of Hy and 
T: will build-up and eventually participate importantly in 
the energy production through reaction |421, and other 
reactions. These reactions actually produce the nueleur ash 
iHe. Finally the composition of feed gas to the reaction 
chamber will be stabilized at a fixed ratio of Ha, D, and Т, 
with the production of H and T by reactions |301 and [41] 
balanced by consumption of H and T through reaetions |42) 
and others. Then the over-all result is that of feeding in 
deuterium D; and taking out je*. Thus the reaction 
chamber effectively converts deuterons to helium according to 


aH? pa Htc Het + energy... 158} 


and the energy produced per gram of deuterium bured is 
very much larger than given by [45]. Furthermore, in this 
final stage the reaction scheme is considerably more com- 
plicated than that discussed in Section 3 and the volume rate 
of energy generation and heat flux must be somewhat dif- 
ferent from that caleuiated previously. However, these 
calculations will not be attempted here since the purpose of 
this study is merely to give a general outline of the problem, 


6 Ignition 


According to the studies made by Sänger (1), the ignition 
temperature, L.e., the temperature at which the rate nf energy 
production is just balanced by the rate of energy lost, mainly 
through radiation, with the deuteron-douteron reaction is 
approximately 107 K. Naturally the question is how cun 
the thermonuclear reaction be initiated by heating the gaseous 
mixture to this very high temperature. Before the advent 
of nuclear fission and the fission bomb, such high tempera- 
tures seemed unapproachable. But now this is definitely not 
so. It may even be possible to obtain ignition without using 
the fission reaction, But at the moment, one can only зау 
that ignition of the thermonuclear reaction is certainly pos 
sible; no detailed scheme can, however, be suggested. 


т Thermonuclear Power Industry 


‘The rate of energy produetion 0 according to (46] is 0.00365, 
kw/em? in the flame zone. If, as assumed previously, the 
flame zone is a cylinder of 60 m diam and 120 m Joug, the 
total energy production is 


0.00365 X (7/4) X 6000* X 12,000 = 1238 X 10* kw. |09) 


1f the thermodynamic cfficiency of the power plant «vele is 
25 per cent, the power of the station is 


025 X 1.238 X 10! kw = 0.309 X 10° kw qoi 


Thus continuous operation of the plant will product annually 
electric energy of the amount 


0309 X 10° X 24 X 865 = 221 X 10% kw hr... [6L] 


Та 1954, the annual electric energy production in the United 
States was approximately 0.5 X 10!?kw hr. ‘Thusin one ther 
monuelear power plant, perhaps one of minimum size, the 
capacity is over five times the total effective capacity of the 
United States! This points to the extreme importance of 
determining the critical quenching size of the thermonuclear 
reaction chamber accurately, The speculations in the pre- 
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ceding sections are based upon an assumed diameter of 100 m 
for the reaction chamber. Smaller size and lower flame tem- 
perature will naturally reduce the scale of the power plant. 
However for the deuteron-deuteron reaction, the ignition 
temperature is roughly 10° K. For steady burning, the 
flame temperature cannot he below this temperature. 

To conclude this discussion, comparison of thermonuclear 
energy and other energy sources will be made: According to 
[45], the fusion energy of deuterium is 


231 X 10" X 1,8 Btu/lb = 4.16 X 10" Выль of 


[3 


The fission of one pound of U-235 gives 3.14 X 10% Btu. 
‘Therefore fusion energy is almost 4/3 times as large as fission 
energy. Since the natural isotope concentration of deu- 
terium in hydrogen is 1:7000, in terms of natural hydrogen, 
the fusion energy is 

(416 X 10")/7000 = 5.94 X 10* Btu/Ib of hydrogen. . [63] 
ог, referred to water 


(5.94 X юм 


6.60 ж 10* Btu/lb of HO. ви 


If the average chemical energy of coal is taken as 11.000 Btu/ 
Ib, one pound of water is potentially equivalent to sixty pounds 
of coal! But even all this is based upon only partial burning of 
deuteron to triton and proton. With complete burning into 
He, the thermonuclear energy of deuterium will be still larger. 
‘Therefore, if thermonuclear power plants can actually bec 
structed, then the source of fusion energy far exceeds the other 
tervestial energy resources, chemical or fission. 
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1956 FH, REAM Р OARK AALS ANARA kA 
ӨЗ, Же ЕЖЕ. 2Я1Н%, SHRERREABSAS A, HRM RARER 
яваа, MTT ЖИЕН. Е-ЛЖЕХИНЯ, EUR HUE SEU 1955 
£10 88HSNES, CAS URRAT - SUR ELT BL JE POE E S UAR 
URE, 1959 FBR A, HMR, RUE RUSO ТЕРЕЗЕ Ж. 

1957 #, ЖЕЖИЖ CLE E Ub» ДРЕН AREER BR. ORG 
ТЕНК РВА, %-%6Л, ФЕВР ЕТА АЛЖ, KE 
REFER, AFOA, НЕЕ АЖЕ (FAC) Жу ХФ ЕЩ #ЖЛЮй— 
IFAC АХ, 1961 FPR AALESRUT AS, —RPSRPR AEE 
mak. 

EO FRAMERH EMOTE, RERRERU SPDR KG y EM, Ф 
E-AMAZARARR BDA, Nc ORE RARER. BPH 
Ht E. AAR- MLR T ARH. ФӨЛЖФЯФЕЛКИЖЯ 
РЕВ, ИКИ ДЕЛИ, ERFARNE- 
Ap Rp AM RAAT REAM BARE EI, HEA A ft AT ETT BE 
ХЖЯ: HH UE OX AE RAKE, КА ТЕРАК. PARARE 
ЖЕ. 1955 #12 727 Н. УЖИН ИЛИИ. PTT REAR T E 
ARARIRE. 1956 £24178, ЕИЕЖЕЮНЫМТ, Жж 
AWM OBI TARRER, AER EMP REP ЖЕЛИ ИЕ, ӘН 
BRS TAT MLR ИИТ УВЕЛА» (SHARERL, Д.Ш ЕТ” 
AMIR AK, FAG RAMA EMAAR). ELP) EE RS MEL 
de RV MRL ZA, HERA- MEKAH RHR ARRARRAY E DRA 
ЛЕКАЛ ЯЖ ИЕ, ЕЙ, LARTA RA THR MEATY, ERU 
RAKE. «ЖИ» GRUB T AUI ACE T An HARER, ЖАННА 
FR HLT T ЖИДЕКТІ 21 ASH, HERR, FR, 
Eq. жен ДЖЕ, FR, HAWS. CELE) хит, HE 
ЖАЗ 1956 3A 14 HER EH PA ESSAIS, AXSSE EE, RES 
AObBACEREN БИН ЕВА AARNA AAEL LER, ERAT 
cd) HL, 2) AL, 3) EFD. 1956 £4 Д13Е, BARRI 
ТАЖИ EGCNAUET WE RS (ШАЛ), ЖИЕ HER, 

1956 2%, MAREE RARPRAZASRAGR, ATA FEA ARAK 
4 — «1956 # 1967 ECEBOR ALRGR EU Е) MET 57 TRECE REY 
RRES. RERER, ЖЕН. ИЛ. EMREWSHE TART 8 37 XR( CRAB 
ЖЖЖЖ) НИМ, BERS EXOTECE RUE ЛЕНИН: AA 
PXHRRKRARAOGELYBAERA E АА КИМ, ЯЗ. 
RARAAKRA, ЖЯ ЖЫ AUR, ЮАМ ШИ. CLT RAASRARR, 
RAMS ИНДИЯ”; “КАНАТА 
BABAR, DUE 12 FARRER ХЕК Ж Ей RARER RE RA 
HMAERRAEURRE ABE: MAKES ARE US EUR АЯУ. 
HPRH ен ЖӨ АЛЫН. HES RL UA HAD TAI, BA 
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ЖАҢ Bolt: “1963—1967 9 ЕНТ, ААТ ЕЕ 
БЕЕН. АЧНА: ARAME EBD AUR ААТА 
ИРЕ. AB 1956 RIER, 1960 ÆR”. 1956 #5 A108, X 
лн ATRIRGSRTALENWH EL), FARVAMATUERS 
тйл тил, АДЕН; ЖИИ АЙ, RPRERK. KER 
fide f ERE AKG НЯ НИНЯЕЯХИ. 1956 #10 A 
8 Н, ЕЖЕН ШЕ — HARE AT, RARAMRHSHERMARA. u— 
ХИН 156 CAPSS SRS WHAM TRA SE, ERS 
CPM MDD. £1942 Fi MELA MARANA 14 EZE, RERI 
ЗЕНОН -НХИ, ЗЕЯЖАЯЯЯ, PARKS. RHR 
HABA, ЕЖАЯЖИХИ, З УКАЖИ Т. 1957 #2 Л 18 B, Ж 
BGDGUEAG EAR. ВЗЛЕТ Е ИК. Ай. EHR 
ЖАН, ЖЕЛИЕНЯЕТ, RFRA T EARP OAH, ФКК 
ЛЕКА. 1957 4 11 16 EJ ARREARS RE YB BOT 
Ф. 1958 5 А 29 Н, ЖИЛИН, RER- AMET ROR — 
HUES RHEL. 1960 #11 А5 Н, ЕЯЛИЯИЖНЯЗТ, ИЖЕ 
ЕЛЕР, Abk. BER. EPAMECMKRBREAD, CREARA RH 
HART RE RAH ЖИЗНИ НЕЕ. EWRRRLMERRER AREA 
PRR. EATHAR, URTAESCHIENE- AGM, ХЕРЕК 
E-+BEMRGA. 19646298, AE — B TRIN EME BHAT X 
ARBRE Ry. 1966 210 А 27 B, MRA RARE MAUR, ДНЯХ, ВЕ 
$. FRR OER, ВЗВ ЯНВ. CARRERAS TA PRE 
ЗЕЛЕНИ ARPS CAR, SAUTER, ЖЕЙМИ ЕА 
SE. ЗРЕНИЮ, REPPRTHATATREWSRERS, e 
Ж (1956 £ 1967 ФКА НАИ) HUE "1963—1967 PEREA 
НЕТ, Écndb(puibe MEE EE E, GEB B CIL fed o Sn 
d — 4 BRE ER. BORN 1966 #10 F 28 E fs CANAD, RUE UTE 
ШІЗ-ЖАЖЫ-ф 15 SPEROR SAR, HORS ARARE A ЯНА, 
ТДК, REARS WMH, 1950—1955 45 EF, RAKIM ACT 
жне жн ЖЖ, ЖЕЙ ЯШЕ RATT UE, ЭБЗЕ ИЗ EE, В 
TAMERS, ЖЕЛ ЖЕШИН Om d Ln 

FE 1953 4, REAR TEMA Bib TA. 1958 +, ФЕЯЖИЯ 
TURPERADK, ROLES T ЖУКИ ЕЛЕ, АИЖЯЛЕТЯ, BRA 
ЖЛЕ ЛИ ИШЕ RENS. HAMA, 1961 £6 А. ERFA MUS 
SEGRE, PARA DTG 12 ДИЕТЕ, ВЕДЕ OAR 
KOLEKTA (CPRPRRAA EMMA KH АЛАЯ) НХ. 1963 #, 
PHPERRIT HATH. RHA, RFR AAR SHERMTE RS, HAL 
ТЕ АТД, ERAT RRM, 1965 41 ASA, ЖУЖЕАНИХ 
RERE, ДЕННИ ЛЕНЯЯНЯЯЯЛЕЖЕХ. RERE ен 
KARE 1957 10 НАНА -MABHRE E VU, ФЕЯФИАНЯФЕЯЯ 
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TRAM BUR BU Ho E, AMES. WEAR, AIEA NTI EK 
FARO Ae WEE, HRA EILE, ү ЛЕ, ARIE, ADR, AI 
Ж. CHRAHRATLAMRLA RA, JUERIAGCCIAUA. WEEE. Ж 
ЖАЫЯЯАЗФВЕЯ-жНЖН, ЗАБИ, WERMOOATEAE 
EHDGREE, EGLIEE AORE A, МАЛ ЕРЕЕН, Tel Let ORUM. 
FARE. ПЯТ ТАША аР RIR, AM RES, RARA 
ХЕШЕ ЕК ЖЕ ЖЕ”. ЖЕ ХОР ЖЖЖИ, BREA ELA 
Vit. ERRER. 1965 #4 Д 29 Н, Яр ТЕН ФЕТ 
WR. BER, ЖЕЛАЕВ, BIET td EA ND ES THER E 
Ж. RUT E 1970 FR 1971 ДЕЕ 100 АЛЛЕН ИЛЕННЕЕ 
HRE. PREMBRST 1965 65 Лан, 5 НА 12 AARNE Лон, 
10 ННЯЫЯ 13 KAR, Rie] RGR -MABUVE MMAR, ИЕ 
1970 ЕЖ НАНЕ SAUENBUUR, READABLE HIRES ХИК 
AM AMADR ERT 2M. do, KART EUER КЕ", £1966 & 
SATA, AMRIT AREER CAATR RAY CAR, HATE 
ЗЕЛ ТЖЕ НЯ, BERRY, stib PARC HARERTRERA 
TRE, RGSUESUTAY, RARALERARA, PAIRA, ЖЫЛАН. Е 
RSA UAB, BARRERA, AXLAR AARETE, BR 
HECKÉS, ЯФ АЕТ 2 HHT RET. RIE TRUSTE. i, Bou 
Я, “KEG RAR. 1969 £7 Я 17 B, 18 Н, 19 825 E, ЖЕЖ 
RPEH A АЯЛАЙ, MAL RPAROASAR, ЖК ЖЫЕП 
ФИ ФЕДЕ ЕЕ ҖЕ АА ЖИ, DOSES H 22 ERU E ASI, 1970 
ЖЕМ ЮЖ АЗЕ И ХЕТ. RFR FRR OES. CHR, ЖАНАП 
ERMG BRET R- BAG LEMRH LE. 1970 фа A 24E, Hie 182 
TER REBATE RA Roy, RR A AU A RRR, Ж 
ЖТИ ЖШН, I PRL, ERRER, ЕЖЕН ЕКЕШ 
LIRR CHRES рЫ ай Бе СГ RAIE GAEREN CK 
JA» db. SETH РЫШ ЖТ KAR, 

НАЖАЛИ APRS PARSE AL ARE ce 
BRAKE, ЕЕ 
Xo НЖЖЯ ARR, RT LA WARAE ARR, 

&#Ж 1965 2 Д 15 НЕТУ ИК, 1968 He Oe ЕН 
МРК, 1970 #6 12 B EBIWAUEHCR ERAI E, 1982 FEA 
FRRIVERAAERRERAMSH (0987 47 ЖАНЫ), dE FII 
RPG Sc. ЖЕ. ААС ЕЕС СЕТИ 

1979 4 Y SRR IK т HET BE AERAR" (The Distinguished Alumni 
Award), 

1985 +, RFRA MRA AERA LH. EAR ИЛЕТ, WA 
Ж. МЕБ. REA, GEM. BÁCH ESAS, 

1986 £4 A118, HRA RKB PUN ROKSMDSRSMARS RAH 
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ER, AAR, PHRUBEKSMARASE 1986 66 A 27 Н SE BUE E 
AP ERR. 

1989 +6 А 29 Н, & XE AHH 1989 FB ES HUR 5 OR АА ТЕ 
ЖАН М.Р. АЖЖ (Rockwell, Jr) RH Fort RRA НАЕЛ, 
RELA ЖКА КУ, ROM KAS КЖ, MARK A RRL BB I E 
ШКО, AAP NBL ER EAM, 8. ARR Е А Е 
HOM PA UR УЕ ЛЕША ЕИ ЖЖ. CAA KGAA ИТ Р, XX 
RRS, BIATRFRAR. RF AKM A ELLO CP SCR TARR 
ФА. НКЕ. A BLCROERUEHUL EU T Eo REG IE CET 

ЖЖЕНИЕ. №Х 300 жй. 

АКН, ВЖЖ. ПЕНИЕ 
RABARI. Иля, -JERKER P. Rte NÉS. 
ЯЙ ЫРШ. ESAE GERA, RADE, REPRE 
Xd kde. HTREAMA ESL ЖАЛЫ. ARE. tT em 
AER. 
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199055 #8, 2 T CELE Hy EAL #1 HH EY < ЕНЕ SRD PARI " Gd n 
ЖЫ, BARE RE BE DLA ЛЮ E OE EE TT AE, Be ЖЕН a Et 
Балка ыса лик ал елеу AHOZ ER, ДЕЕ ЗЭ ШЕ ЗЕ Ж} ee YSIS 
Jf, EER RHE Л ВОВ ЖОЙ MET I XE RP ЕЖЕН =. TEE ЕДЕ В 
Ji," ERATE, — Dy PEN, Ee 5380488, EINES SO 28 
f. A LAS КЖ BUG DE MO T ЗВ, GE ЗРЕНИЯ 
B" GRRR" Sk «BAEC BUS " — Ж, K198241 ARK BAER) Ж 
3325, BEM MAL). SK, ATL E B PUER eo PEARS TEMPER, 
Өн AE NE SI 3 2 ЛЕ Б Ж ШӘ B E LR DURER, лу ац s RR 
Ляж. 
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FERTAR, SMF Rik, МК, ИН] ЗЕ ЖЕБЕ KORARA, HA БУЕ 
Ж ТАБ, BF AB RUE. 

38 AAS IRISH, BAL RAF X Ed a HES A ALE BERE НЕНІҢ ECE 
№, ПЕНЫ. OBA SiS A Engineering Cybernetics— 5, 11954 1 McGra- 
w-Hill Book Company i ; 213 HT 3 tf MUA ARR, BAA ТЕ ИР». 
195842 h REPE Ш REAL НЯ, AA AR CHE. @19584F Princeton University Ргезв Mi 
№, HH.W.EmmonsAi3 B) Fundamentals of Gas Dynamics, Volume Ill :High 


Speed Aerodynamics and Jet Propulsion —#, № The Equations of Gas 
Dynamics — Ж, ЖЕН] MER ATS; KRG REMAX, ВЯ CA 
LEES E MEDI Tp Tap НЯ, УЖ А.Ж Ж. © ERE A TE! 
TE Be1943~ 1944, 1944— 194575 F ОА ЕЕ BL FEE Jet Propulsion- — А 
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